arXiv:1501.05129vl [gr-qc] 21 Jan 2015 


Symmetries of Differential equations and Applications in Relativistic 

Physics. 


Andronikos Paliathanasis 


Athens, 2014 





Ill 



IV 


Preface 

This thesis is part of the PhD program of the Department of Astronomy, Astrophysics and Mechanics of the 
Faculty of Physics of the University of Athens, Greece. 



In memory of my grandmother Amalia 



VI 


Abstract 

In this thesis, we study the one parameter point transformations which leave invariant the differential equations. 
In particular we study the Lie and the Noether point symmetries of second order differential equations. We 
establish a new geometric method which relates the point symmetries of the differential equations with the 
collineations of the underlying manifold where the motion occurs. This geometric method is applied in order 
the two and three dimensional Newtonian dynamical systems to be classified in relation to the point symmetries; 
to generalize the Newtonian Kepler-Ermakov system in Riemannian spaces; to study the symmetries between 
classical and quantum systems and to investigate the geometric origin of the Type II hidden symmetries for 
the homogeneous heat equation and for the Laplace equation in Riemannian spaces. At last but not least, we 
apply this geometric approach in order to determine the dark energy models by use the Noether symmetries as 
a geometric criterion in modified theories of gravity. 
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Chapter 1 


Introduction 


1.1 Summary 

In this thesis, we study the geometric properties of the Lie and the Noether point symmetries of second order 
differential equations. In particular, we find a connection between the point symmetries of some class of second 
order differential equations with the collineations of the underlying manifold where the ’’motion” occurs. 

The novelty here is that we provide a geometrical method to determine the symmetries of dynamical systems. 
The importance of Lie and Noether symmetries is that they offer invariant functions which can be used to find 
analytic solutions of the dynamical system. 

The above mentioned geometric method is applied in order the two and three dimensional Newtonian 
dynamical systems to be classified in relation to the point symmetries; to generalize the Newtonian Kepler- 
Ermakov system in Riemannian spaces; to study the symmetries between classical and quantum systems and to 
investigate the geometric origin of the Type II hidden symmetries for the homogeneous heat equation and for 
the Laplace equation in Riemannian spaces. At last but not least, we apply this geometric approach in order to 
determine the dark energy models by use the Noether symmetries as a geometric criterion in modified theories 
of gravity. 

The plan of the thesis is as follows. 

1.1.1 Summary of Part I: Introduction 

In Part I we give the basic properties and definitions of one parameter point transformations. 

In Chapter [2j we study the geometry of the one parameter point transformation, the properties of Lie 
algebras and the invariant functions. Moreover, the Lie and the Noether symmetries of ordinary and partial 
differential equations are analyzed and two schemes for using Lie symmetries to construct solutions are presented. 
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Furthermore, we study the action of point transformation on linear differential geometry object. 

1.1.2 Summary of Part II: Symmetries of ODEs 

In Part II we study the geometric origin of the Lie and the Noether point symmetries of second order ordinary 
differential equations. 

In Chapter [3l we consider the set of autoparallels - not necessarily affinely parameterized - of a symmetric 
connection. We find that the major symmetry condition relates the Lie symmetries with the special projective 
symmetries of the connection. We derive the Lie symmetry conditions for a general system of second order 
ODE polynomial in the first derivatives and we apply these conditions in the special case of geodesic equations 
of Riemannian spaces. Furthermore we give the generic Lie symmetry vector of the geodesic equations in terms 
of the special projective collineations of the metric and their degenerates and the generic Noether symmetry 
vector of the geodesic Lagrangian in terms of the homothetic algebra of the Riemannian space. Finally we 
apply the results to various cases and eventually we give the Lie symmetries, the Noether symmetries and the 
associated conserved quantities of Einstein spaces, the Godel spacetime, the Taub spacetime and the Friedman 
Robertson Walker spacetimes. 

In Chapter [4l we generalize the results of the previous chapter in the case of the equations of motion of a 
particle moving in a Riemannian space under the action of a general force F l . We apply these results in order 
to determine all two dimensional and and all three dimensional Newtonian dynamical systems which admit 
Lie and Noether point symmetries. We demonstrate the use of the results in two cases. The non-conservative 
Kepler - Ermakov system and the case of the Henon Heiles type potentials. 

In Chapter 0 we generalize the two-dimensional autonomous Hamiltonian-Kepler-Ermakov dynamical sys¬ 
tem to three dimensions using the sl( 2, R) invariance of Noether symmetries and determine all three-dimensional 
autonomous Hamiltonian-Kepler-Ermakov dynamical systems which are Liouville integrable via Noether sym¬ 
metries. Subsequently, we generalize the autonomous Kepler-Ermakov system in a Riemannian space which 
admits a gradient homothetic vector by the requirements (a) that it admits a first integral (the Riemannian Er¬ 
makov invariant) and (b) it has sl( 2, R) invariance. We consider both the non-Hamiltonian and the Hamiltonian 
systems. In each case, we compute the Riemannian-Ermakov invariant and the equations defining the dynamical 
system. We apply the results in general relativity and determine the autonomous Hamiltonian-Riemannian- 
Kepler-Ermakov system in the spatially flat Friedman Robertson Walker spacetime. We consider a locally 
rotational symmetric spacetime of class A and discuss two cosmological models. The first cosmological model 
consists of a scalar field with an exponential potential and a perfect fluid with a stiff equation of state. The 
second cosmological model is the/(i?.)-modified gravity model of Ab c CDM. It is shown that in both applications 
the gravitational field equations reduce to those of the generalized autonomous Riemannian-Kepler-Ermakov 
dynamical system which is Liouville integrable via Noether integrals. 
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1.1.3 Summary of Part III: Symmetries of PDEs 

In Part III we study the geometric origin of the Lie and the Noether point symmetries of second order ordinary 
differential equations. 

In Chapter 0 we attempt to extend this correspondence of point symmetries and collineations of the space to 
the case of second order partial differential equations. We examine the PDE of the form A u u,j — F{x l , it, Ui ) = 
0,where u = u (ad) and Uij stands for the second partial derivative. We find that if the coefficients Aij are 
independent of u then the Lie point symmetries of the PDE form a subgroup of the conformal symmetries of 
the metric defined by the coefficients A^. We specialize the study to linear forms of F(x l ,u,Ui) and write 
the Lie symmetry conditions for this case. We apply this result to two cases. The Poisson/Yamabe equation 
for which we derive the Lie symmetry vectors. Subsequently we consider the heat equation with a flux in an 
n-dimensional Riemannian space and show that the Lie symmetry algebra is a subalgebra of the homothetic 
algebra of the space. We discuss this result in the case of de Sitter space time and in flat space. 

In Chapter [3 we determine the Lie point symmetries of the Schrodinger and the Klein Gordon equations 
in a general Riemannian space. It is shown that these symmetries are related with the homothetic and the 
conformal algebra of the metric of the space respectively. We consider the kinematic metric defined by the 
classical Lagrangian and show how the Lie point symmetries of the Schrodinger equation and the Klein Gordon 
equation are related with the Noether point symmetries of this Lagrangian. The general results are applied to 
two practical problems a. The classification of all two and three dimensional potentials in a Euclidian space 
for which the Schrodinger equation and the Klein Gordon equation admit Lie point symmetries and b. The 
application of Lie point symmetries of the Klein Gordon equation in the exterior Schwarzschild spacetime and 
the determination of the metric by means of conformally related Lagrangians. 

In Chapter [8j we study the geometric origin of Type II hidden symmetries for the Laplace equation and for 
the homogeneous heat equation in certain Riemannian spaces. As concerns the homogeneous heat equation, we 
study the reduction of the heat equation in Riemannian spaces which admit a gradient Killing vector, a gradient 
homothetic vector and in Petrov Type D, N, II and Type III spacetimes. In each reduction we identify the 
source of the Type II hidden symmetries. More specifically we find that (a) if we reduce the heat equation by the 
symmetries generated by the gradient KV the reduced equation is a linear heat equation in the nondecomposable 
space, (b) If we reduce the heat equation via the symmetries generated by the gradient HV the reduced equation 
is a Laplace equation for an appropriate metric. In this case the Type II hidden symmetries are generated from 
the proper CKVs. (c) In the Petrov space-times the reduction of the heat equation by the symmetry generated 
from the nongradient HV gives PDEs which inherit the Lie symmetries hence no Type II hidden symmetries 
appear. For the reduction of the Laplace equation we consider Riemannian spaces which admit a gradient 
Killing vector, a gradient Homothetic vector and a special Conformal Killing vector. In each reduction we 
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identify the source of Type II hidden symmetries. We find that in general the Type II hidden symmetries of the 
Laplace equation are directly related to the transition of the CKVs from the space where the original equation 
is defined to the space where the reduced equation resides. In particular we consider the reduction of the 
Laplace equation (i.e., the wave equation) in the Minkowski space and obtain the results of all previous studies 
in a straightforward manner. We consider the reduction of Laplace equation in spaces which admit Lie point 
symmetries generated from a non-gradient HV and a proper CKV and we show that the reduction with these 
vectors does not produce Type II hidden symmetries. We apply the results to general relativity and consider 
the reduction of Laplace equation in locally rotational symmetric space times (LRS) and in algebraically special 
vacuum solutions of Einstein’s equations which admit a honrothetic algebra acting simply transitively. In each 
case we determine the Type II hidden symmetries. We apply the general results to cases in which the initial 
metric is specified. 

1.1.4 Summary of Part IV: Noether symmetries and theories of gravity 

In Part IV, we apply the Noether symmetry approach as a geometric criterion, in order to probe the nature of 
dark energy in modified theories of gravity. 

In Chapter [9l we discuss the conformal equivalence of Lagrangians for scalar fields in a Riemannian space 
of dimension 4 and n respectively. In particular we enunciate a theorem which proves that the field equations 
for a non-minimally coupled scalar field are the same at the conformal level with the field equations of the 
minimally coupled scalar field. The necessity to preserve Einstein’s equations in the context of Friedmann 
Robertson Walker spacetime leads us to apply, the current general analysis to the scalar field (quintessence 
or phantom) in spatially flat FRW cosmologies. Furthermore, we apply the Noether symmetry approach in 
non minimally coupled scalar field in a spatially flat FRW spacetime and by using the Noether invariants we 
determine analytical solutions for the field equations. Moreover we apply the same procedure for a minimally 
coupled scalar field in a spatially flat FRW spacetime and in Biachi Class A homogeneous spacetimes. 

In Chapter [lUl a detailed study of the modified gravity, f(R ) models is performed, using that the Noether 
point symmetries of these models are geometric symmetries of the mini superspace of the theory. It is shown 
that the requirement that the held equations admit Noether point symmetries selects definite models in a self- 
consistent way. As an application in Cosmology we consider the Friedman -Robertson-Walker spacetime and 
show that the only cosmological model which is integrable via Noether point symmetries is the Ab c CDM model, 
which generalizes the Lambda Cosmology. Furthermore using the corresponding Noether integrals we compute 
the analytic form of the main cosmological functions. 

In Chapter I 111 we apply the Noether symmetry approach in the / (T) modified theory of gravity in a spatially 
flat FRW spacetime and in static spherically symmetric spacetime. First, we present a full set of Noether 
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symmetries for some minisuperspace models and we find that only the / (T) = T n model admits extra Noether 
symmetries. The existence of extra Noether integrals can be used in order to simplify the system of differential 
equations as well as to determine the integrability of the model. Then, we compute analytical solutions and 
find that spherically symmetric solutions in f(T) gravity can be recast in terms of Schwarzschild-like solutions 
modified by a distortion function depending on a characteristic radius. 

Finally, in Chapter [12] we discuss our results. 


CHAPTER 1. INTRODUCTION 



Chapter 2 


Point transformations and Invariant 
functions 

2.1 Introduction 

Lie symmetry of a differential equation is a one parameter point transformation which leaves the differential 
equation invariant. Lie symmetries^ is the main tool to study nonlinear differential equations. Indeed Lie 
symmetries provide invariant functions which can be used to construct analytic solutions for a differential 
equation. These solutions we call invariant solutions. One such example is the solution u ( x , y ) = e kl ' t ~ x ' > of the 
wave equation 

Uxx U'tt = 0 

which is found by applying the Lie symmetry X = d x + kud u . 

The structure of the chapter is as follows. In section [2~2l we study the geometry of the one parameter point 
transformation, the properties of Lie algebras and the invariant functions. Invariant functions are functions 
which remain unchanged under the action of a point transformation. In section 12.31 the Lie symmetries of 
ordinary and partial differential equations are analyzed and two schemes for using Lie symmetries to construct 
solutions are presented. In section 12.61 Noether symmetries, a special class of Lie symmetries, are discussed. 
Noether symmetries are adnrited only by systems whose equation of motion result from a variational principle. 
Noether symmetries are important because they produce conservation laws and can be used to simplify the 
differential equations. 

In section [277l the action of point transformation on linear differential geometry ob ject is examined. Collineations 
are point transformations which do not leave necessary invariant a geometric object. In particular we study the 

1 In the following sections, by Lie symmetry we mean point symmetry. There are also generalized Lie symmetries which are not 
point symmetries. 
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collineations of the metric (Conformal motions) and of the Christoffel symbols (Projective collineations) of a 
Riemannian space. 


2.2 Point Transformations 


Let M be a manifold of class C p with p X 2 and let U be a neighborhood in M. Consider two points 
P,Q £ U with coordinates ( xp,yp ) and [x'q, i/q) respectively. A point transformation on U is a relation 
among the coordinates of the points P,Q £ U which is defined by the transformation equations 


x' Q = x' (x P , y P ) , y' Q = y' {x P , y P ) 


where the functions x' (x, y ), y' (x, y) are C p 1 and 


det 


d[x',y') 

d{x,y) 


t^O. 


( 2 . 1 ) 


Condition m ) means that the functions x' (x, y ), y' ( x , y) are independent. A special class of point transfor¬ 
mations are the one parameter point transformations defined as follows [T] . 


Definition 2.2.1 The one parameter point transformations are point transformations that depend on one ar¬ 
bitrary parameter as follows 

x' = y'(x,y,e) , y' = y'[x,y,e) ( 2 . 2 ) 

where e £ R and the transformation satisfies the following conditions, 

a) They are well defined, that is, that if 


x' (xi,yi,e) = x’ (x 2 ,y 2 ,e), y' (xi,yi,e) = y' {.x 2 ,y 2 ,e) 


then X\ = y\ and yi = y 2 . 

b) They can be composed, that is, that if 

x' = y' (x, y, e) , y'=y'(x,y,e) 

and 

x" =x"(x',y',e') , y" = y"(x’,y’,e’) 

are two successive one parameter point transformations, there is a one parameter point transformation parametrized 
by the real parameter e" = (e, e') so that x" = x" (x, y, e "), y" = y" ( x , y, e"). 

c) They are invertible, that is, for each one parameter point transfoi'mation 


x' = y' (x, y, e) , y' = y'{x,y,e ) 
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there exists the inverse transformation 

X (X ,y ,£ inv ) = X , y (x ,y ,£inv) = y 
d)There is the identity transformation defined by the ucdit J^| £ = £o, that is 

x'{x,y,s 0 ) = x , y (x, y, £ 0 ) = y. 

From the above it follows that the one parameter point transformations form a group. A group of one 
parameter point transformation defines a family of curves in M , which are parametrized by the parameter £ and 
are called the orbits of the group of transformations. These curves may be viewed as the integral curves 
of a differentiable vector field X £ M. 

2.2.1 Infinitesimal Transformations 

Let x ( x , y, e ), y (x, y , e) be the parametric equations of a group orbit through the point P ( x , y , 0). The tangent 
vector at the point P = P (x, y, 0) is given by 

A ip = —\ e ^,od x \p + -rp\ e ^od y \p. 

The vector Xp defines near the point P ( x , y , 0) a point transformation 

x = x + efp , y = y + eyp (2.3) 

where we have set 

<-> 

The point transformation (12.31) is a one parameter a point transformation which is called an infinitesimal 
point transformation. The vector field Xp is called the generator of the infinitesimal transformation (12.31) 
along the orbit through the point P. Evidently, the infinitesimal transformation moves a point along the orbit 
of the group through that point. 

Example 2.2.2 Compute the generator of the infinitesimal transformation for the one parameter point trans¬ 
formation 

x = x cos £ — y sin £ 
y = xsin£ + ycose. 

Solution: We have 

dx 

f{.x,y) = £^7 |e—fO = {x sin spy cos e) jg—f 0 — y 

, . dy. , . . 

y{x,y) = — | e ^o = (zcose - ysm£) | £ ^ 0 = x 

from which follows that the generator of the infinitesimal transformation is X = —yd x + xd y . 

2 Without abandoning generality, we can take Eg = 0. 
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It has been showed that a one parameter point transformation fixes an infinitesimal generator up to a 
constant depending on the parametrization of the group orbit. In the following section, it will be shown that 
the converse holds true, that is, for an infinitesimal generator there always exists a unique one parameter point 
transformation. 

Integral curves 

Consider a differentiable vector field X £ M given by X = X l di. At each point of P £ M, X determines a 
smooth curve 'yx (e, P) = c l x (e, P) <9,;, where £ £ J e and J E is an open intevral of R, as follows 

dC *^ ,P) = X i (4 4 P)) , 4 (0, P) = x i (P) ■ (2.5) 

The curve jx (Je, P ) is called the integral curve of X through P. 

Equation (12.51) defines an autonomous system of ordinary differential equations (ODEs) with solutions 
(t, P) subject to the initial conditions c l x (0, P) = x l (P). The existence and uniqueness of integral curves is 
given by, the following theorem [2j. 

Theorem 2.2.3 Let 71 (J±, P) and 72 (J 2 , P) be two integral curves of the vector field X on M, with the same 
initial condition x 1 (P). Then 71 (Ji, P) and 72 (J 2 , P) are equal on J\ D Ji, where Ji, J 2 are two open intervals 
ofR. 

In the case where -)x (J e ,P) defines a one parameter point transformation, the system (12.51) defines the 
generator of the infinitesimal transformation. Due to the uniqueness of the solution there exists only one 
parameter point transformation for each vector field X. 

Example 2.2.4 Consider the space R 2 with coordinates (x,y) and the vector field X = yd x +xd y . Find the 
integral curve of X through the point P = (xo,yo). 

Solution: Let 7 p (e) = (x (e), y (e)) be the integral curve of X passing through P. The system of autonomous 
first order equations defining the integral curves are 

dx dy 

Te =V ’ Te= X 

with the initial condition x (0) = Xg , y (0) = yo. The solution of this system is 

x(e) = xo cosh e + yo sinhe (2.6) 

y(e) = xo sinh e + y 0 cosh e. (2.7) 

Equations \2.61), (2. 7|) define the rotation in the hyperbolic space. 
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2.2.2 Invariant Functions 

Let F ( x , y) be a function in M. Under the one parameter point transformation 

x = x{x,y,e), y = y(x,y,e) 

the function becomes F (x,y). 


Definition 2.2.5 The function F is invariant under the one parameter point transformation if and only if 
F ( x , y) = 0 when F ( x , y) = 0 at all points where the one parameter point transformation acts. Equivalently, 
the generator X of the point transformation is a symmetry of the function F if 


X (F) = 0 , modF = 0 


( 2 . 8 ) 


The symmetry condition (12.81) is equivalent to the first order partial differential equation (PDE) 


,BF BF 


(2.9) 


In order to determine all functions which are invariant under the infinitesimal generator X one has to solve 
the associated Lagrange system 


dx 


dy 


f{x,y) rj (x, y)' 

The characteristic function or zero order invariant W of X is defined as follows 


dW = 


dx 


dy 


£{x,y) y{x,y)~ 


( 2 . 10 ) 


The zero order invariant is indeed invariant under the X, that is A' (W) = 0. Therefore, any function of the 
form F = F (W) , where W is the zero order invariant satisfies (12.91) and it is invariant under the one parameter 
point transformation with generator X. 


2.2.3 Lie Algebras 

In section [2T2l we considered the one parameter point transformation which depend on one parameter e. However 
transformations can depend on more that one parameter, as follows 

x = x(x,y, E) , y = y(x,y, E) (2.11) 

where E = e^Bp, is a vector field in the = 1...K with the same properties of definition 12.2.11 is a multi 

parameter point transformation, 

For every parameter of the multi parameter point transformation (12.111) an infinitesimal generator can 
be defined 

Xp = ip {x, y) B x + r)p (x, y) 3 y 
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where 

^ = ’ V0 = d^^°- 

Let F (x, y ) be a function in M which is invariant under a multiparameter point transformation. Since the 
multi parameter transformation can be described as m one parameter point transformations, F is invariant 
under m infinitesimal generators. 

Definition 2.2.6 A Lie algebra is a finite dimensional linear space G, in which a binary operator, denoted [ , ] 
has been defined which has the following properties 

i) [X, X) = 0 for all X e G 

ii) [X, [Y, Z]] + [Y, [Z, X]] + [Z, [X, Y]] = 0 for all X,Y,Z £ G. 

Hi)If X A , Xb £ G then [X^,Xb] = C^ B Xc, Xq £ G. The quantities C^ B are constants and are called the 
structure constants of the Lie algebra. 

The operator [ , ] is called the commutator and it is defined by the following expression 

[X A , X b ] = X A X B - X B X A = - [X B , X n ] . (2.12) 

From the definition of the commutator (12.121) and from the requirements of the Lie algebra, it follows that 
the structure constants are antisymmetric in the two lower indices, i.e. 

C AB + C BA = 0 (2-13) 

and they have to satisfy the Jacobi identity 

G ab Gde + C BD C AE + C BA C BE = 0. (2-14) 

The structure constants characterize the Lie algebra because every set of constants C^ B which satisfy (12.131) 
and (12.141) defines locally a unique Lie group. An important property of the structure constants is that they do 
not change under a coordinate transformation. The structure constants do change under a transformation of 
the basis; this property is useful because it can be used to simplify the structure constants of the given group. 

Definition 2.2.7 Let G,H be closed Lie algebras with elements {X^}, {Y a } respectively. If dim. H < dimG 
and Y a £ G then H is called a Lie subalgebra of G. 

Suppose that the vector fields X, Y leave invariant a function F = F (x,y). If [X, Y] = Z with Z /X, Y, 
i.e. the generators X, Y do not form a closed Lie algebra, then F is also invariant under the action of Z. This 
process can be used to find extra symmetries. 

Example 2.2.8 The vector fields 

X\ = sin Odj, + cos 6 cot (fdg , X- 2 = cos 9d</, — sin 9 cot </><dg , X 3 = dg 
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span the so (3) Lie algebra with structure constants Cf 2 = Cfi = C 23 = 1, i.e. the commutators are 

[X 1} X 2 ]=X 3 , [X 3 ,X 1 ]=X 2 , [X 2 ,X 3 ]=X x 

If the function F = F(0,(j>) is invariant under the infinitesimal generators Xi,X 3 , then it is also invariant 
under the action of X 2 - In that case, it is easy to see that F = Fq, where Fq is a constant. 


2.3 Lie symmetries of differential equations 

Previously, we studied the case when a function F £ M is invariant under the action of a one parameter point 
transformation. In the following we consider the case of differential equations (DEs) which are invariant under 
a group of one parameter point transformations. 


2.3.1 Prolongation of point transformations 

In order to study the action of a point transformation to a differential equation H (x, y, y ',..., y^) where y = 
y(x), we have to prolong the point transformation to the derivatives y^ n L The infinitesimal transformation 
m in the jet space Bm = {z, y, y ',..., y ^ } is 


x = x + 
y = x + £T] 
yW = y W -f £7 7 W 


yO) = yO) 


■ £T] V 


where y 1 ”) = 4-K, ?/") = 4^ and 

& n.fr. a n.fr. 


„[ii - „n _ d y (n) 


d£ ’ ’ ' d£ 

That means that the variation equals the difference of the derivatives before and after the action of the one 
parameter transformation. For the first prolongation function 77 W we have 

'1 

£ 


7 ?W = lim 
e-MJ 


i( 5 «« _,(■.) 


dx dx 


Similarly for ?y n J we have the expression 


= 


drj 


,n -1 


y 


in] 


>1 = 


dx dx dx n 

Finally, the extension of the infinitesimal generator in the jet space Bm is 


(2.15) 


I [nl =X + r^d vW +...+r)Wd y[ n 
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The field X>1 e B M is called the nth prolongation of the generator X, where 


x = £ 0, y) dx + v {x, y) d v 


is the infinitesimal point generator in the space {x, y}. 

It is possible to write the prolongation coefficients in terms of the partial derivatives of the components 
£ (x, y), y ( x, y). The first and the second prolongation are expressed as follows 




X- 


v,x + 2/ {1) {y,y - ix) - y {1)2 u 


d y w 


X [2 I = A' [1] 


y,xx “t” 2 (?7 )X y £,ccx) y^ ^ "fi (77,yy 77^ ^ fi 

- y^iyy + (v,y ~ ~ 3?,y2/ (1) ) V {2) 


9y(,2) 


(2.16) 


where the comma ”, ” denotes partial derivative. 

Some important observations [3J for the prolongation coefficient are: 

(a) is linear in y 

(b) is a polynomial in the derivatives y^\y^ whose coefficients are linear homogeneous in the 
functions £ (x, y ), 77 (x, y) up to nth order partial derivatives. 


Multiparameter prolongation 

In the case the differential equation H depends on n independent variables {x* : i = l..n} and to dependent 
variables { u A : A = 1...to}, i.e. H = H (x l , u A , u A , u A j, ..) , we consider the one parameter point transformation 

^ = E i (x\u A ,e) , u A = (x\u a ,£) . 

In this case the generating vector is 

X = C (x fe , u A ) di + r] A (x fe , u A ) Da (2-17) 


where 


<92 1 


l ’ e ) 


<9$ (x'Vu' 3 4 , e) 


e i~° ’ ^ 


| £—>-0 • 


To extend the generator vector in the jet space = |x% u A , u A , u A j ,.., u A ^ in } we apply the same proce¬ 
dure as in section [2. 3. II Therefore the vector field jN £ B 

x [n] = x + nfd Ui + ... + v A , ln d Uij „ iri 

is defined as the nth prolongation of the generator (12.171) . whenjfl 


77 f = B>m A - u A Di 


(2.18) 


3 Where D t = A + + uf. + ... + uf, i —y 

OX z z ou " l J du . Z J- - l n du 


jk..i 
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vtin = D in r )?j..i n _ 1 - u ij .. k I) it ,e. (2.19) 

In terms of the partial derivatives of the components £* {x k , u A ) , y A [x k , u A ) of the generator vector (12.171) . 
the first and the second prologations of (12.171) are expressed as follows 




- uA i uB i^.B ) 8 


,i 


( 2 . 20 ) 


X [2] = jW + 




+ 2 y 


A V B 


Z%K k + ri^cKiKi ~ 2 Qm u n u A+ 


11 1,c _ 






,B„,A n ,A 


.BcKiKiKk + V.B 


Am B . - 9A k . . 




,B ( u fk U ! 


• 2 «fA 


( 2 . 21 ) 


2.3.2 Lie symmetries of ODEs 


In the previous sections we analyzed the invariance of functions under the action of a point transformation. In 
the following we define the invariance of ordinary differential equations (ODEs) under a one parameter point 
transformation. 

Consider the TV—dimensional system of ODeJ^I 

x O)i = u i x k y ± k ,x k ,..., x^- 1 ^ ( 2 . 22 ) 

where x 1 = yff- , x 88 = and the infinitesimal point transformation with infinitesimal generator X is 

t = t + sf(t,x k ) (2.23) 

x 1 = x + eif(t,x k ) (2.24) 

Theorem 2.3.1 Let 

X = Z(t,x k )d t +r 1 i (t, X k )d i (2.25) 

be the infinitesimal generator of point transformation 12.23]) - {2.2$ and 

X ^ = A' + rfadii + ... + rf^d x (.n)i 


be the nth prolongation of X, where rf< ■> is given by (2.ISM . We shall say that the N — dimensional system of 
ODEs 12.22]) is invariant under the point transformation \2.23\) . {2.2$ if and only if there exists a function A 
such as the following condition holds 


when 


X W,A 

( 


= XA 


(2.26) 


A = ^ +x*^ + ... W (t,x k ,x k ,x k ,...,x( n 


dx( r 


In that case we say that X is a Lie point symmetry of the N — dimensional system of ODEs it 2. 221) . 


4 In the following equations, t is the independent parameter and x z = x 1 ( t ) the dependent parameters. 
5 For Hamiltonian systems, the operator A is called Hamiltonian vector field. 
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If P is a solution of the system (12.221) . i.e. Af l = 0, then condition (12.261) becomes X ( Af l ) = 0, that is, 

vU) = (t,x k ,x k ,x k ) ...,x( n - 1 ») . (2.27) 

Equations (12.271) are called the determining equations. The solution of the determining equations (12.271) gives 
the infinitesimal generators of the transformation (I2.23D - (12.24[) . 

In general, a function H (t,x k ,x k , = 0 is invariant under the transformation (I2.23P - (12.24D if and 

only if 

X [n l ( H) = A H , modH = 0. (2.28) 

where A is a function to be determined [4j. 

Below we give an example in which the Lie symmetries are calculated using the symmetry condition (12.271) . 

Example 2.3.2 Find the Lie symmetries of the ODE x = 0. 

Solution: Condition \2.2 7| ) gives rj^] = 0. From \2.16\) the following condition is found 

rj,a + 2 {V,tx - £,tt) x + (?? )XX - 2^ tx ) x 2 - ± 3 ^ xx = 0 (2.29) 

since x = 0. Functions are dependent only on the variables {t, x}, hence equation \2.29\) is a polynomial of 
x. This polynomial must vanish identically hence the coefficients of all powers of x must vanish. Therefore, we 
have the following determining equations 


(i)° 

O 

II 

Or) 1 

• V,xy £>,tt 0 

(i) 2 

• T]iXX 2 ^' n tx = 

Or) 3 

o 

II 

B 

B^ 

W> 


whosw solution is 

£{t,x) = a\ + a 2 t + a^t 2 + a^x + a$tx 
r](t,x) = ae + ap + asx + astx + U 5 X 2 . 

We conclude that the second order ODE x = 0 has eight Lie pont symmetries generated by the generic vector 



X = (ai + a- 2 t + a^t 2 + a^x + a$tx) dt + (ae + art + asx + a^tx + 05 a; 2 ) d x . (2.30) 

These vectors are the generators of the projective algebra si (3, R) of the 2-d Euclidian plane. Furthermore, this 
is the maximum number of symmetries that a single second order ODE (in one variable!) can have. 


6 As many as the unspecified constants in the expression of the generic symmetric vector. 
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Lie symmetries can be used to find invariants or to reduce the order of an ODE. Furthermore an ODE 
is characterized by the admitted algabra of Lie symmetries. For second order ODEs we have the following 
theorem. 

Theorem 2.3.3 If a second order ODE admits as Lie point symmetries the eight of si (3, R ), then, there exists 
a transformation which brings the equation to the form x*" = 0 and vice versa. 

For instance the equations 

x -\ — x 2 = 0 
x 

x + 3xx + a; 3 = 0 
x + uj qX + sint = 0 

(4 + x 2 + t 2 ) x — 2 tx 3 + 2xx 2 — 2 tx + 2x = 0 

are equivalent to the equation of motion of a free particle [5H3, because they are invariant under the action of 

the Lie algebra si (3, R). The transformation where the admitted si (3, R) algebra is written in the form (12.301) 

,2 

is a coordinate transformation on M : (t,x) —> ( r,y ) which transforms the ODE to the form = 0. This 
procedure is called linearization process (see [HIE] an d references therein). 

Below we present two methods where the use of Lie symmetries reduces the order of an ODE. 


Canonical coordinates 

Definition 2.3.4 Let X be a vector field with coordinates X = £ (t, x) dt + p ( t , x) d x . If under the coordinate 
transformation {t , x\ —> {r, s} holds that 

Xr = 0 , Xs = 1 (2.31) 

then, we say that {r, s} are the canonical coordinates of X, i.e. X = d s . 


Canonical coordinates can be used to reduce by one the order of an ODE. Consider the nth order ODE 
(n >r 2) 

^ ds d n ~ 1 s\ 

(2.32) 


= w r, s 


dr 2 \ dr’ ’ c?r ra_1 ^ 

Let Xq = d s be a Lie symmetry of (12.321) written in canonical coordinates. The nth prolongation of the symmetry 
vector is X^ = Xc, so condition (12.271) sets the constraint 


d _ f ds d n 1 s\ 
^ V ,S ’ A 7 ’’"’ dM- 1 ) 


= 0 . 


This implies that the function ui is independent of s, consequently (I2.32[) can be written in the form 

d^S _ _ f dS_ d n ~ 2 S \ 
dr n ~ l \ ’ dr ’ ’ dr J 


(2.33) 


which is a (n — 1) order ODE, where S is defined by S 


ds 
dr * 
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Example 2.3.5 Use the canonical coordinates of the Lie symmetry X = xd x — tdt to reduce the order of the 
ODE 

x + xx = 0 


Solution: The canonical coordinates of X are 


x = e s , t = re s . 


For the first and the second derivative of x (t) we compute 


x = 


e 2 V 
1 — rs' 


d 3s 


X 


1 — rs') 


[( 2s '2 + s ") (1 — rs') + s' (s' + rs")] 


where s' = 4 s -. 

ar 


Replacing in \ 2.341 we find, the reduced equation 

(2 S 2 + S') (1 - rS) + S (S + rS') + S (1 - rS ) 2 = 0 


(2.34) 


(2.35) 


where we have set S = s'. Equation \2.35 \ ) is an Abel equation of the first kind JlOf invariant under X = fh. 


Invariants 


As in the case of functions in M (see section 12.2.21) , condition (12.281) is equivalent to the following Lagrange 
system 

rl+ rlnr rl'r rlAO 

(2.36) 


dt dx dx 

€ 1 V[i] 


V[n 


The Lagrange system (12.361) provides us with characteristic functions 

WW(t,x), W [1]i (t,x,x), W [n] (t,x,x,...,x^ n A 

where W [”! is called the nth order invariant of the Lie symmetry vector. If (|2.25[) is a Lie symmetry for the 
ODE 

x^ = lo (t, x, x, ..., (2.37) 

it follows that (12.371) can be written as a function of the characteristic functions W ^,..., W^ n \ of (12.2511 . 

Let u = V0°1 , v = WW, where W^°\ are the zero and the first order invariants of a Lie symmetry 

repetitively. From the invariants u, v,we define the differential invariants 

dv d n ~ 1 v 


du ’ ’ du n 1 


(2.38) 


dv 

du 


dv 

dt 


dv_ r 
dx u 


dv ■■ 

d± x 


dv 


dv . 


where 
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The differential invariants are functions of x^ n \ hence, it is feasible that (12.371) may be written in terms of 
the differential invariants (I2.38|) . i.e. 


d n 1 v f dv d n 1 v\ 

du n_1 \ ’ W ’ du ’ du n_1 / 


(2.39) 


which is a (n — 1) order ODE. 


Example 2.3.6 Use the first order invariants of the Lie symmetry X = xd x — ntdt to reduce the order of the 
Lane-Emden equation 

x + + x 2n+1 = 0 

where n ^ — i, 0. The Lane-Emden equation arises in the study of equilibrium configurations of a spherical gas 
cloud acting under the mutual attractions of its molecules and subject to the laws of thermodynamics EMUS- 
Solution: The first prolongation of X is 

X W = xd x — ntdt + (n + 1) xd x 


hence, the corresponding Lagrange system is 

dt dx dx 
—nt x (n +1) x 

The zero and the first order invariants are found to be 

— ■ l+i 

u = xt n , V = xt ". 


The differential invariant is defined as 

dv _ (l + x + tx 
du + 

n 

Substituting in the Lane-Emden equation we obtain the first order ODE 

v' (u + nv ) — (1 — n) v + nu 2n+1 = 0. (2.40) 

where v' = Equation is an Abel equation of the second kind f 1 Of . 

An interesting application of the Lie invariants to the classical Kepler system can be found in m where the 
authors derive the Runge-Lenz vector using the first order invariants of a point transformation. 

It is possible an ODE to admit many symmetries which span a Lie algebra G m of dimension m > 1. The 
following theorem relates the Lie point symmetries of the reduced and of the original equation. 

Theorem 2.3.7 Consider an ODE which admits the Lie point symmetries X\, X 2 which are such that [X l5 X 2 ] = 
C\ 2 X\. Then, the reduction by A'i leads to a reduced equation which admits X 2 as a Lie symmetry whereas re¬ 
duction of the ODE by X 2 leads to a reduced equation, which does not admit X\ as a Lie symmetry. 












22 


CHAPTER 2. POINT TRANSFORMATIONS AND INVARIANT FUNCTIONS 


In case the generators Xi,X 2 form an Abelian Lie algebra, i.e. [Xi, X 2 ] = 0, then, the reduction preserves 
the Lie symmetries. Theorem 12.3.71 is important because it gives a hint as to which generator the reduction of 
an ODE must start in order to continue the reduction process with the reduced equation. 

Since the reduced equation is different from the original equation, it is possible the reduced equation to 
admit extra Lie symmetries, which are not Lie symmetries of the original equation. These new Lie symmetries 
have been named Type II hidden symmetries. Type II hidden symmetries can be used to continue the 
reduction process and - if it is feasible - to find a solution of the original equation [14]. 

There are other methods to apply Lie symmetries; a quite intriguing application of Lie symmetries is to 
produce integrals or Lagrangian functions for a system of ODEs by the method of Jacobi’s last multiplier 
(see HM2 and references therein). 


2.4 Lie symmetries of PDEs 


A partial differential equation (PDE) is a function H = H (a:*, u A , u A , u A j ,.., in ) in the jet space B^, where 

x l are the independent variables and u A are the dependent variables. As in the case of ODEs we define the 
invariance of a PDE under the infinitesimal point transformation 


u A 


= x i +eC(x k ,u B ) 

= U A + er] A (x k , U B ) 


(2.41) 

(2.42) 


(2.43) 


with generator X as follows. 

Definition 2.4.1 Let 

X=C (x k ,u B )d t +r 1 A ( x k ,u B )d B 
be the generator of the infinitesimal point transformation \ 2 - 41 ty - j 2 - 42 [ ) and 

X^ = X + rj^dzi + ... + 

be the nth prolongation vector, where i , is given from \2.19\) . Then, the transformation leaves 

invariant the PDE 

H (a : l ,u A ,u A ,u A j,..) =0 (2.44) 


if there exist a function A where the following condition holds, 

X [n] (H) = XH , modH = 0. 

The infinitesimal generator X is called a Lie point symmetry of the PDE 
In case the PDE (12.4411 can we written in solved form, i.e. 

h A (x\u B ,u B ,u B j ,..,u B j _ in _ 1 ' S ) 


(2.45) 
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then the Lie condition (12.451) is equivalent to the following system of equations 

= X [n ~ 1] h A . 


frij-.-i 


(2.46) 


Consequently the family of all solutions of (12.441) is invariant under (12.411) - (12.421) if condition (12.451) holds. 
In the example below we compute the Lie symmetries of the homogeneous heat equation. 


Example 2.4.2 Find the Lie symmetries of the 1+1 heat equation 

H (uj,U'Xx) • U iX x 'W ,t — o. 


(2.47) 


Solution: Let 

X =£ t (t, x , u) d t + C (t, x , u)d x + r] ( t, x, u ) d u 
be a Lie symmetry of Then condition {2.46Q gives 


V[xx] V[t] — 0. 

Substituting r/^, ij[ X x] from 12.201) . 12.211) and collecting terms of derivatives of u(t,x) we find the following 
determining equations 

& = 0 , ^ = 0 , Cv = o » ^t« = 0 

£,t = ~27 q iXU , = —ff t , rj^uu = 0 

V,xx = j ^V,tu 4“ fitt = 0. 

The solution of the system of equations is 

t*(t,x,u) = 

C(t,x,u) = 

V (L x i u ) = 

where b (t, x) is a solution of the heat equation. The generic vector of the infinitesimal transformation which 
leaves invariant the heat equation is 


a\t~ + 2(i2^ 4* 
aitx 4- a 2 X + afi + as 


~ [t + L x - 


CI 4 

u - —XU 


- agu + b (t, x) 


X 


(ait 2 + 2 a 2 1 + 03 ) dt + (a\tx 4- a 2 X + afi + as) d x 4- 


4- 


— I t + -x‘ 


<24 / \ 

u - —xu + a$u + 0 (t, x) 


d„- 
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Invariant solutions 

In section 12. 3.2 1 it has been explained how to use the canonical coordinates to reduce the order of an ODE. The 
infinitesimal generator X 3 = dt is a Lie symmetry of the heat equation (12.471) . written in canonical coordinates. 
Nevertheless (12.471) cannot be reduced as it happened with the case of ODEs. However, one can calculate from 
the Lie symmetry X3 the zero order invariants, which are y = x , w = u. We select y to be the independent 
variable and w = w (y). Substituting the invariants in (12.471) we get the ODE w vv = 0. Then, the following 
solution can be found easily 

u (x) = c\X + C 2 (2.48) 

which is independent on the variable t. That is, the use of the Lie symmetry X3 reduces by one the number of 
independent variables but not the order of the PDE. The solution (|2.48l) is called an invariant solution. 

Definition 2.4.3 The function u = U (ad) is an invariant solution corresponding to the infinitesimal generator 
\2.f (?[ ), if and only if U ( x *) is an invariant of the infinitesimal generator, i.e. X (U) = 0 and solves the 

pde rap . 

By definition, a Lie symmetry maps a solution onto a solution. The action of the point transformation with 
infinitesimal generator X3 on a solution u of (12.471) is u (t, x) = u (t + e, x), that is, X 3 u = 0 or u jt = 0, hence 
the use of Lie point symmetries gives a constraint equation. However, if a solution of a PDE is already known 
we can apply the point transformation to obtain a family of solutions. This new solutions will depend on at 
most as many new parameters as there are in the symmetry transformation used. 

Theorem 2.4.4 Assume that the PDE f 2-441 ) admits a Lie point symmetry and let u = u (a; 1 ) he a solution 
of \2.44\) which is not invariant under this Lie symmetry. Then, under the transformation \2.fl\ )- l2.42\) the 
solution u (a; 1 ) defines a family of solutions of the PDE. 


For instance, the point transformation corresponding to the Lie symmetry 


Xi = t 2 d t + txd x — - ( t + -ar ) ud , 


1 


of the heat equation (12.471) is 


t = t(l — £t) 1 , x = x(l — et) 1 


r - - e® 

u = uy/I — £te 4 < 1 - et ). 

Then, if u c = u c (t, x) is a solution of (12.471) , which is not an invariant solution, the function 


:0M) 


i 


y/1 - et 


g4(l —et) u 


t 


1 — et' 1 — et 


is also a solution of (12.471) . 
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2.5 Lie Backlund symmetries 

So far we have considered point transformations which depend on the variables of the base manifold only. 
However there exist point transformations who are defined in the jet space and depend also on the derivatives. 
The infinitesimal transformation 

x l = x l -\-eC (2.49) 

U = U + £T] [X l , U, U t i, (2.50) 

is called Lie Backlund transformation. This point transformation does not concern the present work but 
for the completeness we we give the basic definitions. 

Definition 2.5.1 The generator X = £ (a;*, u, u^, di+r] (x l ,u,u y i,u y ij...) d u generates a Lie Backlund, 

symmetry for the DE H (x l , u, u^, = 0, if and only if there exist a function A (x z ,u,u i i,u t ij..f) such as 

the following condition holds. 

[X, H}=\H , modH = 0. 

It follows from the above definition that a Lie Backlund symmetry preserves the set of solutions u of the DE, 
i.e. X (u ) = Cu , where C is a constant. A special class of Lie Backlund symmetries are the contact symmetries. 
Contact symmetry is a Lie Backlund symmetry where the generator depends only on the first derivative of 
u t i, i.e. the generator of transformation (12. 4911 - (12. 491) has the form X = £ (x l , u, u.f) di + y (x l , u, u t i ) d u . 

Proposition 2.5.2 The generator X = (rj — £, k u y k) d u is the canonical form of the operator X = fdj + yd u . 

The operator Di = di + u y id u + u y ijd Ui +... is always a Lie Backlund symmetry (the trivial one, since Di in the 
canonical form is Di = ( u ^ — u y i)d u + ... = 0), hence f l (x l ,u,u ! i,u i ij...) Di is also a Lie Backlund symmetry. 
If X = £di + yd u is a Lie Backlund symmetry, then the generator X , 

X = X-fD i= (Z k - f k ) d k +(y~ f k u k ) d u + ... 

is also a Lie Backlund symmetry. Since f k is an arbitrary function we set f k = and obtain 

X = (77 - fc) d u - 

We can always absorb the term £ k u k inside the 77 and have the final result that X = Z (x l , u, u y i, u y ij ...) d u 
is the generator of a Lie Backlund symmetry. 

For a PDE the generator of a Lie point symmetry is 

X = £ (. x\ u) di + y (: x\ u) d u 

then in this case the vector X can be written as 

X = (77 ( x\ u ) - £ k ( x l , u) u fc ) d u 
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which is linear in the first derivative; that is, for PDEs, Lie symmetries are equivalent to contact symmetries 
that are linear in the first derivative Uk (that property does not hold for ODEs). For example, the Lie point 
symmetry X = of a PDE is equivalent to the Lie Backlund symmetry X = — u^ x -^. 


2.6 Noether point symmetries 

In the following sections we consider the Lie symmetries and the conservation laws of systems admitting a 
Lagrangian function, i.e. systems whose equations of motion follow from a variational principle (e.g. Hamilton 
principle). 


2.6.1 Noether symmetries of ODEs 

In Analytical Mechanics the Lagrangian L = L (t.,x k ,x k ) is a function describing the dynamics of a system. 
The equations of motion of the dynamical system follow from the action of the Euler Lagrange vector Ei on the 
Lagragian L , i.e. 

Ei (L) = 0. (2.51) 


where the Euler Lagrange vector 

__ d__d _ d_ 

1 dt dx i dx l 


(2.52) 


If the Lagrangian is invariant under the action of the transformation (|2.23l) - (|2.24j) . then, it is easy to observe 
that the Euler Lagrange equations (12.511) are invariant under the transformation (I2.23I) - (I2.24I) . E. Noether 
proved that if the action of a one parameter point transformation leaves invariant the Euler Lagrange equations 
(12.511) then there exists a conserved quantity corresponding to the point transformation. 


Theorem 2.6.1 Let 

X = £ (t,x k ) dt + rf (t,x k ) di (2.53) 

be the infinitesimal generator of transformation 12.231) - j2.241 ) and 

L = L(t,x k , x k ) (2.54) 

be a Lagrangian describing the dynamical system 112.51}) . The action of the transformation 12.231) - f 2. 241 ) on 
WM ] E leaves the Euler Lagrange equations 12.511) invariant, if and only if there exist a function f = f ( t,x k ) 
such that the following condition holds 

AWl + if = f (2.55) 

dt dt 

where XM is the first prolongation of \2.53\) . 


7 For the application of Noether theorem in higher order Lagrangians see m 
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If the generator (12.531) satisfies (I2.55[) , the generator (12.531) is a Noether symmetry of the dynamical system 
described by the Lagrangian (12.541) . Noether symmetries form a Lie algebra called the Noether algebra. If 
the dynamical system (12.511) admits Lie symmetries which span a Lie algebra G m of dimension m F 1 then the 
Noether symmetries of (12.511) form a Lie algebra Gh , h > 0, which is a subalgebra of G m , Gh C G m . 

Theorem 2.6.2 For any Noether point symmetry 12.53 I) of the Lagrangian j2.54\ ) there corresponds a function 
</) (t, x k ,x k ) 

(256) 

which is a first integral i.e. ^ = 0 of the equations of motion. The function 12.5(A) is called a Noether integral 
(first integral) of \2.51\) . 


Since a Noether symmetry leaves the DEs (12.511) invariant, it is also a Lie symmetry of (12.511) and from 
(12.261) we can say that (12.561) satisfies the condition X (cf>) = 0, that is, Noether integrals are invariant functions 
of the Noether symmetry vector A'. 

The existence and the number of Noether symmetries characterize a dynamical system. If a dynamical 
system (1 2.51 1) on n degrees of freedom admits (at least) n linear independent first integral^ <j>j, J = l...n, 
which are in involution, i.e. 

= 0 (2.57) 

where { , } is the Poisson bracket, then the solution of the dynamical system can be obtained by quadratures. 
We calculate the Noether symmetries of the free particle and of the harmonic oscillator. 

Example 2.6.3 Find the Noether symmetries of the Lagrangian L = \x 2 . 

Solution: The Lagrangian corresponds to the equation of motion of the free particle x = 0. In examvle \2.3.2\. 
the Lie symmetries of the free particle were calculated. The generic Lie symmetry vector is applied to condition 
\2.55}) and it is found that the generic Noether symmetry of the free particle is 

X — -)- 2a4.t F a§t 2 ) F (02 F a^t F a^x F a^tx) d x . (2.58) 

From the generic vector 12.58\) and 12.5(A) . it is found that the corresponding Noether integral is 

</> = aii 2 F a2X F 03 (tx — x) F 04 (tx 2 — xx ) + a 5 (t 2 x 2 — 2 txx F x 2 ) 


Example 2.6.4 Find the Noether symmetries of the one dimensional harmonic oscillator with Lagrangian 

(2.59) 


r 1-2 1 2 

L = -x - x . 

2 2 


Solution: To derive the Noether symmetries of \2.59\) we apply theorem \2.6.1\ Let X = t; (t,x) dtFrj (t, x) d x 
be the infinitesimal generator. The first prolongation A’I 1 ! is 

X [1] = £<9 t + r]d x F r][i]d x . 


8 Not necessarilly Noether point integrals. 
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where t]m = [rjj + x (rj tX — ~ x 2 f tX \ . For the terms of \2.55}) we have 

df 


dt 


= f,t+xf,x- 


X [1] L = X7it + x 2 (rj >x - C,t) - X 3 ^ x - XT] 

L ii =- r ^‘+- r 2±( -- 


Replacing in 12.55}) we find: 


0 = - 


XV + + /,t 


V,t - ^X 2 ^ x - 


Px r] tX £,< 




The determining equations are 


£,x — 0 5 ^,t — 0 

V,t - \x 2 ^x - f,x = 0 , xr] + \x 2 f, t t + f,t = 0 . 


(2.60) 

(2.61) 


The solution of the system of equations \2.60\) - f2.61\) gives the generic Noether symmetry F1.9J / 

X = ( a\ + 04 cos 2 1 + a 5 sin 2 1) d t P 

+ (cl 2 sin t + a 3 cos t — a 4 X sin 2 t + a$x cos 2 1 ) d x (2.62) 

with the corresponding gauge function 

f ( t , x) = a 2 X cos t — a 3 sin t — 03 a ; 2 cos 21 — a$x 2 sin 21 . 

It should be underlined that the free particle and the harmonic oscillator have the same number of Noether 
symmetries. It can be easily noticed that the Lie algebras (12.581) and (12.621) are the same Lie algebra in different 
representations. 


2.6.2 Noether point symmetries of PDEs 

In case of PDEs 

H [x 1 , u, Ui, Uij) = 0 (2.63) 

which arise from a variational principle the following theorem holds. 

Theorem 2.6.5 The action of the transformation j2.4H )- f2.42[ ) on the Lagrangian 

L P = L P (x k ,u, u k ) (2-64) 

leaves H2.63\) invariant if there exists a vector field F l = F 1 ( x 1 , u ) such that 

X^Lp + LpDiC = D Z F\ 
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The generator of the point transformation {2.41]) - j2.42\ ) is called Noether symmetry. The corresponding 

Noether flow is 

(2 ' 65) 

and satisfies the condition Di<L l . 

The implementation of Noether flows in PDEs differs from that in the ODEs. Conservation flow (12.651) is 
used to reduce the order of (12.631) by defining a new dependent variable v ix 1 ). It has been proved that the 
solution of the system 

v }i ( x k ) = <f>j ( x k ,u,u k ) (2.66) 

is also a solution of (12.631) . Furthermore, it is feasible new symmetries to arise from the system (12.661) which are 
not symmetries of (12.631) . These new symmetries have been called potential symmetries [20] , 

2.7 Collineations of Riemannian manifolds 

Previously, we studied the case when a function is invariant under a point transformation. In the following 
subsections we consider the cases in which a function is invariant under a point transformation. In order to do 
this we shall need the concept of the Lie derivative. In particular, the geometric objects which will be considered 
the metric tensor gij and the connection coefficients T l - k in a Riemannian space. 

Definition 2.7.1 Consider an n dimensional space A n of class C p . An object is called a geometric object 
of class r (r < p) if it has the following properties . 

i) In each coordinate system {x 1 } , it has a well determined set of components Ll a (x fc ). 

ii) Under a coordinate transformation x l = J* (x k ) the new components f l a of the object in the new 
coordinates | are represented as well determined functions of class r' = p — r of the old components f l a in 
the old coordinates {x 1 } , of the functions J* and of their sth derivatives (1 < s <p), that is, the new components 
fP of the object can be represented by equations of the form 

n a ' = $ a (n k ,x k ,x k 'Y (2.67) 

in) The functions <f ,a have the group properties, that is, they satisfy the following relations 

$ a (fl, x k , x k ') ,x k ,x k '^j = $ a (n, x k , (2.68) 

$ Q (F (n, x k , z fe ') , x k ‘, x k ^j = fl a (2.69) 

The coordinate transformation law $ [vt,x k ,x k ^ characterizes the geometric object. In case that the 
function *I> contains only f 1 and the partial derivatives of J k with respect to x k , the geometric object is said to 

be a differential geometric object. 
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Furthermore, we say that a geometric object is linear if for the transformation law $ yO,x k : x k j it holds 

(n, x k ,x k '\ = J b ° (x k , x k '^j n b + C (x k ,x k '^j . (2.70) 

When the transformation law is 

$ a (n,x k ,x k '^ = j b ° (x k ,x k '^j n b (2.7i) 

we say that the geometric object is a linear homogeneous geometric object. One important calss of linear 
homogeneous geometric objects are the tensors. 


2.7.1 Lie Derivative 

Let ft be a geometric object in A n with transformation law (12.6711 and consider the infinitesimal transformation 

x* = x i + ef (x k ) . (2.72) 

where £ = £* are the components of the infinitesimal generator. From the transformation law (12.671) . the 
geometric object in the coordinate system x l = x l is $ x k ,x k ) . The Lie derivative of the geometric object 
il with respect to £ is defined as follows 


L x O = lim 
£—>-0 £ 


$ 


( 'n k ,x k ,x k ') 


- n 


(2.73) 


In order for the Lie derivative of a geometric object to be again a geometric object (not necessarily of the 
same type) it is necessary and sufficient that the geometric object be linear , 21] . 

By definition, the Lie derivative of a geometric object depends on the transformation law. The transformation 
law (12.671) for functions is /' (a/) = / (a; 1 ), l ience > under the point transformation (12.721) we have 

/' (V) =f(x i + eC) = f (x l ) + 6f,iC + O (e 2 ) . 

From (12.731) the Lie derivative of functions / along the vector held £ is computed to be 

£*/ = /, i€ = £(/)• 


The transformation law for a tensor held T of rank (r, s ) is 


rp l l--- l r _ T l l J l r jj 1 tJs rpi\...i r 

1 J *1 '" Ji v *” J js 1 


where J is the Jacobian of the transformation. Thus, from (12.731) . the Lie derivative of T with respect to £ is 


ckrpi\...i r _ rpm...i r _ rpi\m...i r £i 2 _i_ 

S ^ Oj n , -*■ ni j-S m 1 '>-• 'i, S m ' 


Ji • • -3s ,k 


■ ■■ +T 


£m 


sSjl 


rpi\...i r £m 

1 jim...j s ^j 2 


(2.74) 
















2 . 7. COLLINEATIONS OF RIEMANNIAN MANIFOLDS 


31 


In case of vector fields X and 1-forms u expression (12.741) gives 

LtX = £ k X%-X% = [£,X] 

= £, k u) i} k — 

For a second order tensor T.jj , expression (12.741) becomes 

l<T,j = T iJt k t, k + + T hj $. 

The connection coefficients r® fc are linear differential geometric objects with transformation law 

. / Fft 

-pi _ ji p jk -pi U,L u _ 

/ fc ' -A Jj'Jk' jk + ^ dx j' dx k'- 


(2.75) 

(2.76) 

(2.77) 

(2.78) 


Connection coefficients have different transformation law from tensor fields, that is, the Lie derivative L ^jk 
will be different from that of tensors. Applying (I2.73l) .we find that the Lie derivative T® fc is expressed as 
follows 

LzT) k = Cjk + Y],.A' - CJ'jk + + OA'js- (2.79) 

In case of symmetric connection L® fc = r^. -, condition (12.791) can be written in the equivalent form 


- "jkiZ 


(2.80) 


where R l - kl is the curvature tensor and the semicolon ”; ” means covariant derivative. 


Collineations 

In section f2. 2. 21 we gave the conditions under which a function is invariant under a one parameter point trans¬ 
formation. Similarly for linear (homogeneous) differential geometric objects there is the following definition. 

Definition 2.7.2 A linear differential geometric object ( x l ) is invariant under a one parameter point trans¬ 
formation 

x 1 = x l (x k ,e) (2-81) 

if and only if fi (a:®) = f l (a;®) at all points where the one parameter point transformation acts. Equivalently, 
the Lie derivative of the geometric object LI with respect to the infinitesimal generator of \2.81\) vanishes, that 
is, L^Ll = 0. 


A direct result which arises from the definition of the Lie derivative and the transformation law of linear 
differential geometric objects is that if a linear differential geometric object f 1 is invariant under the transfor¬ 
mation (12.811) , then there exist a coordinate system with respect to which the components of LI are independent 
of one of the coordinates. 
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One can generalize the concept of symmetry in the sense that one does not require the Lie derivative to be 
equal to zero, but to another tensor. That is, the Lie derivative of the linear differential geometric object Q 
with respect to the infinitesimal generator £ is 


t 

where \t r has the same numbers of components and symmetries of the indices with fl. In this case the infinitesimal 
generator £ is said to be a collineation of Cl, the type of collineations being defined by d/. Collineations are a 
powerful tool in the study of the geometric properties of Riemannian manifolds. 

In Riemannian geometry, the geometric object Cl can be the metric tensor g^ or any other geometric object 
defined from it (e.g. the connection coefficients). 

Definition 2.7.3 All collineations involving geometric objects Cl derived from the metric gij of a Riemannian 
space shall be called geometric collineations. In particular, the collineation defined by the metric L^gij 
is called the generic collineation because any other geometric collineation can be written in terms of it. 
Furthermore, the geometric collineations can be written in terms of the irreducible parts if, Hij as follows 

L^gij = 2 if gij + 2 (2.82) 

where the function if is called the conformal factor and H^ is a symmetric traceless tensor. 

The role of the quantities if, Hij is important because they can be used as the variables in terms of which 
one can study any geometric collineation. To do that, one has to express the Lie derivative of any metric tensor 
in terms of the generic symmetry variables if, Hij and their derivatives. 

In the following we shall be interested in geometric collineations, particularly in the collineations of the 
metric and of the connection coefficients of a Riemannian space. 

2.7.2 Motions of Riemannian spaces 

Consider an n dimensional Riemannian space V n with line element 

ds 2 = gijdx l dxU (2.83) 


where gij is the metric tensor. 

Definition 2.7.4 The point transformation I2.81\) is called a motion ofV n , if and only if the line element is 
invariant under the action of \2.81\) . Equivalently, the Lie derivative of the metric tensor gij with respect to the 
infinitesimal generator £ of \2.81\) vanishes, i. e. 


L/idij — 0 . 


( 2 . 84 ) 
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The point transformations (12.811) which are motions of V n form a group named the group of motions. 
Since gtj is a metric, condition (12.841) can be written in the equivalent form 

L^gij = 2 £(j;j) = 0. (2.85) 

This equation is known as Killing equation and £ is called an isometry or Killing Vector (KV). The KVs 
of a metric form a Lie algebra, which is called the Killing algebra. 

Motions are important in physics. For instance, the Euclidian space admits as motions the group of transla¬ 
tions and the group of rotations T (3) ® so (3) and this implies the conservation of linear and angular momentum 
respectively. As a second example in Cosmology the assumption that the universe is isotropic and homogeneous 
about all points leads to the Friedmann Robertson Walker (FRW) spacetime. 

The maximum dimension of the Killing algebra that V n can admit is given in the following theorem. 

Theorem 2.7.5 If an n dimensional Riemannian space V n admits a Killing algebra Gkv> then, 0 < dimG/^-y < 
\n (n + 1). 

A Riemannian space which admits a Killing algebra of dimension ^n (n + 1) is called a maximally sym¬ 
metric space. For example, the Euclidian space E 3 and the Minkowski spacetime M 4 are maximally symmetric 
spaces. 

A special class of KVs are the gradient KVs. A KV £ is called gradient iff ( l: j = 0, that is, 

^ and £[z;j] 0- 

For every gradient KV £, there exists a function S so S.kg lk = C and S-ij = 0. 

Theorem 2.7.6 IfV n admits p gradient KVs (where p < n) then, V n is called ap decomposable space and 
in this case there exists a coordinate system in which the line element 12.83\) can be written in the form 

ds 2 = M a pdz a dzP + h AB (y A ) dxAdxs 

where a, (3 = 1, 2 ,.,p, A, B = p + 1, ...n and M a g = diag (ci, C 2 ,..., c p ), c±, C 2 ,..., c p are constants. 

Example 2.7.7 Compute the KVs of the Euclidian sphere with line element 

ds 2 = d(j> 2 + sin (f 2 dd 2 . (2.86) 

Solution: In order to find the KVs we solve the Killing equation 12.851) . This leads to the system of equations 

# = 0 

2+ 2 f e sin 9 cos 9 = 0 
^+^-2^cot0 = O. 

whose solution are the elements of the so( 3) Lie algebra (see example ) 2.2. 8\) . 

The 2D Euclidian sphere (12.861) admits a three dimensional Killing algebra, hence, it is a maximally sym¬ 
metric space. Moreover, all spaces of constant curvature are maximally symmetric spaces. 
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Conformal motions 

When the point transformation (12.811) does not change the angle between two directions at a point, the trans¬ 
formation (12.811) is called a conformal motion. Technically we have the following definition. 

Definition 2.7.8 The infinitesimal generator £ of the point transformation \2.81\) is called Conformal Killing 
Vector (CKV) if the Lie derivative of the metric g^ with respect to £ is a multiple of gij. That is if, 

L H9ij = tyga (2.87) 

where if = ~£ k k - In the case where ip-^j = 0, £ is a special CKV (sp. and if ip =constant, f is a Homothetic 

Killing Vector (HV). 

The CKVs of a metric form a Lie algebra, which is called the conformal algebra, Gcv ■ Obviously the KVs 
and the homothetic vector are elements of the conformal algebra Gcv- If Ghv is the algebra of HVs (including 
the algebra Gkv of KVs), then the following theorem applies. 

Theorem 2.7.9 Let V n be an n dimensional Riemannian space, n > 2, which admits a conformal algebra 
Gck, a homothetic algebra Ghv and a Killing algebra Gkv , then 

i) Gkv C Ghv C Gcv- 

ii) for arbitrary n, Gh-k = Ghv ~ Ghv O Gkv> then 0 < dim Gh-k < 1; that is, V n admits at most one 
HV. 

in) V 2 admits an infinite dimentional conformal algebra Gcv> 
iv) for n > 2, 0 < dim Gcv < § (n + 1) (n + 2) . 

In the following by the term proper conformal algebra we mean the algebra of CKVs which are not HV/KVs. 
A generalization of theorem 12. 7. Gl for spaces which admit a gradient CKV is the following. 

Theorem 2.7.10 IfV n admits a gradient CKV then there exists a coordinate system in which the line element 
can be written as follows 

ds 2 = f 2 ( x n ) [dx n + h AB (x A ) dx A dx B ] 

f n 

where A, B = 1, 2, ...n — 1. In these coordinates the CKV is Xc = d x n with conformal factor ip = ■ In the 

case in which f ( x n ) = exp(a: n ), then ip = 1, hence, Xc becomes HV and if f ^ = 0, Xc becomes KV. 

Two metrics g-ij , g l: j are conformally related if g^ = N 2 gij where the function N 2 is the conformal 
factor. If £ is a CKV of the metric gij so that L^gij = 2ipgij, then £ is also a CKV of the metric g v j , that is 
L^gij — 2 4 ’gij with conformal factor ip ( x k ) 

ip = ipN 2 — i\Wj£L (2.88) 

®For the conformal factor of a sp.CKV holds L-ij = 0, that is, i\>,i ' s a gradient KV. A Riemannian space admits a sp.CKV if 
and only if admits a gradient KV and a gradient HV m- 
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The last relation implies that two conformally related metrics have the same conformal algebra, but with dif¬ 
ferent subalgebras; that is, a KV for one may be proper CKV for the other. This is an important observation 
which shall be useful later. A special class of conformally related metrics are the conformally flat metrics. A 
space V n is conformally flat if the metric g^ of V n satisfies the relation gij = N 2 Sij where Sij is the metric of 
a flat space which has the same signature with g^. 

For conformally flat spaces the following proposition aplies. 

Proposition 2.7.11 Let V n be an n-dimensional Riemannian space, n > 2, 

i) If V n , n > 2 is conformally flat then V n admits a conformal algebra of dimension | (n + 1) (n + 2) . 

ii) A three dimensional space is conformally flat if the Cotton-York tensor 

C ij = 2e ikr (& k -\sl) 

vanishes. 

Hi) V n , n > 4 is conformally flat if the Weyl tensor 

2 2 
Rijkr Oijkr T “ ^ {fli\kfl^r]j 9j[k^r]i) ~ l)~(n T) ^^ l \kIJr];j 

vanishes. 

iv) IfV n , n > 3 is a maximally symmetric space then V n is conformally flat. 

v) All two dimensional spaces are conformally flat . 

A result which will be used in subsequent sections is the following. 

Example 2.7.12 (The conformal algebra of the flat space.) Consider a flat space of dimension n > 2 
with metric 

ds 2 = edt 2 + 6ABdy A dy B , £ = ±1. 

The conformal algebra of the space consists of the following vectors 
n— gradient KVs, 

K q = d t , k a = d A 

n ( n ~ 1 ' ) n on gradient KVs (rotations). 

X l R A = y A d t - etd A 
x r b = y B d A - y A d B 

h = td t + Y J v A d a 

A 


one gradient HV 
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n special CKVs 

x c = \ - £ Y1 (y A ) 2 ^j d t + tJ2v Ad A 

x£ = ty A d t + \(et 2 + ( y A ) 2 - ^ (y B ) ) d A +y A £ y B d B 

V B^A ) B^A 

where y A = 1 ...n — 1 with conformal factor ipQ = t and if A = y A . 

For n > 2 the flat space does not admit proper (non special) CKVs. 

For n = 2 the vector field 

X = [fi (t + iy/ex) - / 2 (t - iy/ex ) + c 0 ] d t + iy/e [fi (t + iy/ex) + / 2 (t - iyfex )] d x 
is the generic CKV, that is, it includes the KVs, the HV, and the CKVs. 


2.7.3 Symmetries of the connection 


Let £ be the generator of an infinitesimal transformation of (12.811) . In a Riemannian space with metric (jij we 
have the identity 


L i r jk = 9 


(L^grkj.j + {L^grj). k 




(2.89) 


If £ is a HV or KV then from (12.891) follows that T l - k vanishes, which implies that the T l - k are invariant 
under the action of transformation (12.811) . 


Definition 2.7.13 The infinitesimal generator f of the point transformation \2.81\) caries a geodesic into a 
geodesic and also preserves the affine parameter iff the Lie derivative of connection coefficients F* fc with respect 
to £ vanishes, that is iff 

Li T) k = 0 (2.90) 

The infinitesimal generator £ is called an Affine Killing vector or Affine collineation (AC). 

ACs of V n form a Lie algebra, which is called Affine algebra, Gac- Obviously the homothetic algebret^l 
Ghv , is a subalgebra of Gac , Ghv Q Gac■ We shall say that a spacetime admits proper ACs when dim Ghv -< 
dim Gac- 

For instance, in the case of flat space condition (12.901) becomes ff k = therefore, the general solution 
is = Ajxl +B 1 where A*, B l are n (n + 1) constants. Therefore the flat space admits a n ( n + 1) dimensional 
Affine algebra (including the KVs and the HV). We have the inverse result. 


Theorem 2.7.14 If an n dimensional Riemannian space V n admits an Affine algebra Gac o- n d dim Gac = 
n(n + 1), then V n is a flat space. 


10 Note that the proper CKVs do not satisfy condition 112. 9011 . 

















2. 7. COLLINEATIONS OF RIEMANNIAN MANIFOLDS 


37 


A generalization of affine symmetry which is of interest is the Projective collineation. 


Definition 2.7.15 The infinitesimal generator £of the point transfoi'mation \Z.81\) is called a Projective 
Collineation (PC) if there exists a 




(2.91) 


or equivalently 


The function <j> is called the projective function. If the projective function satisfies the condition 0-ij = 0, 
then we say that £ is a special PC (sp.PC). Projective transformations transform the system of geodesics (auto 


parallel curves) ofV n into the same system but they do not preserve the affine parameter. 


The PCs of V n form a Lie algebra which is called Projective algebra, Gpc ■ The affine algebra Gac is a 
subalgebra of Gpc , Gac C Gpc- 

In flat space condition (12.911) gives the generic projective collineation 


£i = A i:j x J + ( BjX 3 ) Xi + Ci 


where Aij,Bj,Ci are n (n + 2) constants. 

Theorem 2.7.16 If an n dimensional Riemannian space V n admits a projective algebra Gpc, then dim Gpc < 
n(n + 2). In case dim Gpc = n (n + 2) then V n is a maximally symmetric space \2Stf . 

Some useful propositions for the existence of sp. PCs are the following P3H25) . 

Proposition 2.7.17 Let V n be an n dimensional Riemannian space, then 

i) If V n admits ap<n dimensional Lie algebra of sp.PCs then also admits p gradient KVs and a gradient 
HV and if p = n the space is flat (the reverse also holds true). 

ii) A maximally symmetric space which admits a proper AC or a sp.PC is a flat space. 

A Riemannian space is possible to admit more general collineations, e.g. Curvature collineations. A full 
classification of the collineations of a Riemannian space (with definite or indefinite metric) can be found in [25]. 
A summary of the above definitiosn is given in Table 12.11 

We note that the Lie symmetries ( sl(3,R )) of the free particle form the projective algebra of the two 
dimensional Euclidian space. Therefore, the natural question which arises is the following: 

Is there any connection between the Lie symmetries of differential equations of second order and collineations? 

In the following chapters this will be confirmed and will be used to apply the Lie symmetries of DEs in 
various areas of Geometry and Physics. 

11 In general, £ is PC if there exists a one form Wi such that = 2 ui^jSL. In a Riemannian space, the one form u>j is 

necessarily closed, that is, there exist a function cf> such as iv; = 0 ,;. 
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Table 2.1: Collineations of a Riemannian space 


Collineation A = B 

A 

B 

Killing Vector (KV) 

9ij 

0 

Homothetic vector (HV) 

9ij 

to 

II 

O 

Conformal Killing vector (CKV) 

9ij 

2^ 9ij 5 'Ipii 7^ 0 

Affine Collineation (AC) 

1 jk 

0 

Proj. Collineations (PC) 

ri 

1 jk 

20 

Sp. Proj. collineation (sp.PC) 

ri 

1 jk 
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Chapter 3 


Lie symmetries of geodesic equations 


3.1 Introduction 

In a Riemannian space the affinely parameterized geodesics are determined uniquely by the metric. Therefore 
one should expect a close relation between the geodesics as a set of homogeneous ordinary differential equations 
(ODEs) linear in the highest order term and quadratic non-linear in first order terms, and the metric as a second 
order symmetric tensor. A system of such ODEs is characterized (perhaps not fully) by its Lie symmetries and 
a metric by its collineations. Therefore it is reasonable to expect that the Lie symmetries of the system of 
geodesics of a metric will be closely related with the collineations of the metric. That such a relation exists it is 
easy to see by the following simple example. Consider on the Euclidian plane a family of straight lines parallel to 

i2 

the x— axis. These curves can be considered either as the integral curves of the ODE = 0 or as the geodesics 
of the Euclidian metric dx 2 + dy 2 . Subsequently consider a symmetry operation defined by a reshuffling of these 
lines without preserving necessarily their parametrization. According to the first interpretation this symmetry 
operation is a Lie symmetry of the ODE y = 0 and according to the second interpretation it is a (special) 
projective symmetry of the Euclidian two dimensional metric. 

What has been said for a Riemannian space can be generalized to a space in which there is only a linear 
connection. In this case the geodesics are called autoparallels (or paths) and they comprise again a system of 
ODEs linear in the highest order term and quadratic non-linear in the first order terms. In this case one is 
looking for relations between the Lie symmetries of the autoparallels and the projective or affine collineations 
of the connection. 

The above matters have been discussed extensively in a series of interesting papers. Classic is the work 
of Katzin and Levin [271429] . Important contributions have also been done by Aminova [30H34] . Prince and 
Crampin [3S] and many others. More recent is the work of Feroze et al [3B]. In [SB] they have considered the 
KVs of the metric and their relation to the Lie symmetries of the system of affinely parameterized geodesics of 
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maximally symmetric spaces of low dimension. In the same paper a conjecture is made, which essentially says 
that the maximally symmetric spaces of non-vanishing curvature do not admit further Lie symmetries. 

In the following we consider the set of autoparallels - not necessarily affinely parameterized - of a symmetric 
connection. We find that the major symmetry condition relates the Lie symmetries with the special projective 
symmetries of the connection. A similar result has been obtained by Prince and Crampin in [35] using the 
bundle formulation of second order ODEs. 

Furthermore, because the geodesic equations follow from the variation of the geodesic Lagrangian defined by 
the metric and due to the fact that the Noether symmetries are a subgroup of the Lie group of Lie symmetries 
of these equations, one should expect a relation / identification of the Noether symmetries of this Lagrangian 
with the projective collineations of the metric or with its degenerates. Recent work in this direction has been by 
Bokhari et all (37l[38l in which the relation of the Noether symmetries with the KVs of some special spacetimes 
is discussed. 

In section [3721 we derive the Lie symmetry conditions for a general system of second order ODE polynomial 
in the first derivatives. In section T3.41 we apply these conditions in the special case of Riemannian spaces and 
in Theorem 13. 4. II we give the Lie symmetry vectors in terms of the special projective collineations of the metric 
and their degenerates. In section 13.4.11 we give the second result of this work, that is Theorem 13.4.21 which 
relates the Noether symmetries of the geodesic Lagrangian defined by the metric with the homothetic algebra 
of the metric and comment on the results obtained so far in the literature. Finally in section 13.51 we apply the 
results to various cases and eventually we give the Lie symmetries, the Noether symmetries and the associated 
conserved quantities of Einstein spaces, the Godel spacetime, the Taub spacetime and the Friedman Robertson 
Walker spacetimes. 

3.2 The Lie symmetry conditions in an affine space 

We consider the system of ODEs: 

n 

x l + T i jk x j x k + ]T i- 71 • ■ ■ X jm = 0 (3.1) 

m=0 

where r* fc are the connection coefficients of the space and j m (t,x 1 ’) are smooth functions completely sym¬ 
metric in the lower indices and derive the Lie point symmetry conditions in geometric form using the standard 
approach. Equation m is quite general and covers most of the standard cases autonomous and non au¬ 
tonomous equations. For instance for all P = 0 equation ED becomes 

x + r jk x j x k = 0 (3.2) 

which are the geodesic equations. In case P x =F l and P^ Jm = 0 equation ED becomes 

x + T) k x j x k + F i (t,x*) =0 


(3.3) 
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which are the equations of motions of a particle in a curved space under the action of the force F. Furthermore 
because the r*- fc ’s are not assumed to be symmetric, the results are valid in a space with torsion. Obviously they 
hold in a Riemannian space provided the connection coefficients are given in terms of the Christofell symbols. 

Following the standard procedure (see e.g. |1 3j) we find that the Lie symmetry conditions for the values 
of m < 4 arqll 





L^P 1 + 2U P l + £P\ t +r,\ tt +rf, t P) -- 

= 0 

(3.4) 

Lr,Pj 

+up; 

+ ^, t + (a<5} 

+ 2^ Si) P k + 2rf , t y -Ut Si + 2 V k , t P) k = 

= 0 

(3.5) 

L,p; k 

+ L V rj fc 

+ ^(fc + ?)(fe 

^|d|) P d j) + £P l kj,t ~ 2 <5fc) + 3 ri d , t P l dk j = 

= 0 

(3.6) 


Lr^Pijkd — £>* Pjkd + 

! b\ k P e dj) + £P l j k d,t + 4?? e ,t P l jkde — £( ,j| kS l d ) - 

= 0 

(3.7) 

> 4 






vl.. 

• + P l 

3m ' 31 

...j m ,t£ + (2 - m 




+ £ r (2 — (m — 


+ (m + 1 ) Pj 1 ...j m+ 1 v :i ,r +1 +ijPji...j m -i s jm 

= 0. 

(3.8) 


From the above general relations it is possible to extract the Lie symmetry conditions for the various values 
of functions P. For example the Lie symmetry conditions for the geodesic equations m are as follows. 


r)\tt = 0 (3.9) 

= 0 (3.10) 

L,r jk - 2£, t(j 5 l k) = 0 (3.11) 

folfcfy = 0- (3-12) 

Moreover, the symmetry conditions for the system m are 

L v F i + 2£, t F i + £F\ t +r] i ,tt = 0 (3.13) 

(f >fc <5} + 2£„ 5{) F k + 2 V \ tlj -U S{ = 0 (3.14) 

L r} T) k -2U {j Sl ) =Q (3.15) 

( 3 -! 6 ) 


In the same manner we work for more terms of P. We note the appearance of the term in these 

expressions. 


lr The detailed calculations are given in Appendix l3.AI 
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3.3 Lie symmetries of autoparallel equation 

Consider a C p manifold M of dimension n , endowed with a T*- fc symmetrical connection. In a local coordinate 
system {x 1 : i = 1,... ,n} the connection T* fc <9i = V jdk and the autoparallels of the connection are defined 
by the requirement 

x l + T l j k x^x k + (j) (t) x l = 0 ( 3 - 17 ) 

where 1 is a parameter along the paths. When (j) ( t ) vanishes, we say that the autoparallels are affinely 
parameterized and in this case t is called an affine parameter, that is one has (13.21) . Consider the infinitesimal 
transformation 

t = t + (t,x k ) , x 1 = x l + erf (t, x k ) 

with infinitesimal generator 


X = £ (t.,x k ) dt + rf (t,x k ) d t . 
The autoparallels (13.171) are invariant under transformation (13.181) if 

X [2] ( x i + T) k x j x k + (f(t)x i ) = 0 


(3.18) 

(3.19) 


(3.20) 


where is the second prolongation of (13.191) . For 7” )m = 0 for to ^ 0 and = </>(t), T l - k ( x k ) + 
Pjk (t - xk ) = r jk (p, x k ) and from conditions (13.4D - (13.8I) we have the Lie symmetry conditions for the autoparallel 
equations (13.171) 



Vjt + = 0 

(3.21) 


ittS; - &, t 6) - 2 [ V % + r, k T\ kj) ] - te'tS*. = 0 

(3.22) 


+cr(fcj),t + 2 C.t(i^fc) 

(3.23) 

Define the quantity 

o 

II 

-dyT 

(3.24) 


$ = o - <pc 

(3.25) 

Then condition (13.231) is 

written (note that = 0): 



L Am = 2 *^i)-F\k j) ,v 

(3.26) 


If we consider the vector (which does not have components along df) we compute 

= &U),t 


2 The coefficients T* fc in general are not symmetric in the lower indices. In the autoparallel equation (I3/17|) the antisymmetric 
part of r^. fc j (the torsion) does not play a role. 
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hence (13.261) is written 

L x r m =2^ u 5l y (3.27) 

We observe that this condition is the condition for a projective collineation of the connection along 

the symmetry vector X and with projecting function <f>. Concerning the other conditions we note that (13.221) 
can be written in covariant form as follows: 


- Ht m = 0 ( 3 - 28 ) 

where if t ^ - = rf^ + b .) is the covariant derivative with respect to T( fc ^ of the vector rf t . Condition (13.241) 
implies that £,, is a gradient KV of the metric of the space x l . Condition (13.211) is obviously in covariant form 
with respect to the index i. 

We arrive at the following conclusion. 

a) The conditions for the Lie symmetries of the autoparallel equations (13.171) are covariant equations because 
if we consider the connection in the augmented n + 1 space {x l , t}, all components of T which contain an index 
along the direction of t vanish, therefore the partial derivatives with respect to t can be replaced with covariant 
derivatives with respect to t. 

b) Equation (13.211) gives the functional dependence of rf on t and the non-affine parametrization function 
(fit). 

c) Equation (13.241) gives that the vector is a gradient Killing vector of the n— dimensional space { x *}. 

d) Equation (13.221) relates the functional dependence of rf and £ in terms of t. 

e) Equation (13.231) is the most important equation for our purpose, because it states that the symmetry 
vector \3.18\) is an affine collineation in the jet space {t,x 1 } because it preserves both the geodesics and their 
affine parameter. In the space { x l } the vectors rf (t,x)d x i are projective collineations because they preserve the 
geodesics but not necessarily their parametrization. 

In the following we restrict our considerations to the case of Riemannian connections that is the T* fc are 
symmetric and the covariant derivative of the metric vanishes. 


3.4 Lie and Noether symmetries of geodesic equations 


We compute the Lie symmetry vectors of geodesics equations m with affine parametrization; that is, we 
assume <j> = 0 and T l - k t = 0. The later is a reasonable assumption because the r*' fe 's are computed in terms of 
the metric which does not depend on the parameter t. Under these assumptions the symmetry conditions for 
the geodesics equations m are (13.9I) - (13.12I) . We proceed with the solution of this system of equation jf|. 

Equation (13.91) implies 


rf{t, x) = A l (x)t + B l (x) 


3 See also |35l Table II. 


(3.29) 
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where A l (x),B l (x) are arbitrary differentiable vector fields. 
The solution of equation (13.121) is 


£(t,x)=Cj(t)S J (x)+D(t) 


(3.30) 


where Cj(t ), D(t ) are arbitrary functions of the affine parameter t and S J (x) is a function whose gradient is a 


gradient KV, i.e. 

S J (; r)| (iJ) = 0. (3.31) 

The index J runs through the number of gradient KVs of the metric. Condition (13.101) gives 

2A(x)\ j = [Cj(t), tt S J (x ) + ] 5). (3.32) 

Because the left hand side is a function of x only, we must have 

D(t),tt = M =>■ D(t) = — Mt 2 + + L where M, K , L constants (3.33) 

Cj(t),tt = Gj = constant =» Cj{t) = ^ Gjt 2 + Ejt + Fj where Gj, Ej , Fj constants. (3.34) 

Replacing in (13.321) we find 

2 A[x% = ( GjS J (x) + M) 5} =► A{x) i , j = ^ ( GjS J (x ) + M) 9ij (3.35) 


where we have lowered the index because the connection is metric (i.e. gij\k = 0). The last equation implies 
that the vector A{x) 1 is a conformal Killing vector with conformal factor ij; = i( GjS J {x ) + M). Because 
A(x)[i.j ] = 0 this vector is a gradient CKV. 

We continue with condition (13.111) and replace rf (t, x) from (13.291) 


L A T) k t + L B T) k = 2£, t u Y k) = 2 [{Gjt + Ej) S J (x ) + Mt + K] |( . Y k) = 2 (Gjt + Ej) S J (x)^ =► 

L A Y) k = 2GjS J (x) tU 6 i k) (3.36) 

L B T i jk = 2EjS J (x) t{j 8 i k) . (3.37) 


The last two equations imply that the vectors A 1 (x), B 1 (x) are special projective collineations or affine 
collineations of the metric - or one of their specializations - with projective functions GjS J (x) and EjS J (x) or 
zero respectively. Note that relations (13.361) . (I3.37J) remain true if we add a KV to the vectors A l (x), B l (x) , 
therefore these vectors are determined up to a KVo 

It is well known that in a Riemannian space a CKV K l with conformal factor ip{x l ) satisfies the identity: 


L K^\jk) = 9 lS [i>,j9ka + fp.kgjs - 1p, s gjk] ■ 
4 Because A 1 is a projective collineation and a CKV it must be a HV. 


(3.38) 
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Applying this identity to the CKV A 1 we find: 

GjS J (x),k = 0 => GjS J {x) = 2p = constant. (3.39) 

This implies that A 1 is a gradient HV (not necessarily proper) with homothetic factor p + ^ M . Furthermore 
(13.351) implies: 

2A i = (2 p + M)x i + 2 L l =► 

A i = (p+ \M)x i + U (3.40) 

where L 1 is a non-gradient KV. 

We continue with the special projective collineation vector B l . For this vector we use the property that for 
a symmetric connection the following identity, holds 

r -pi _ r>i p* tdI 

>^B-L (jk) ~ n -jk ~ n jkl n • 

Replacing the left hand side from (13.371) we find 

B) jk - R) kl B l = 2 EjS J (x) t{j 5i y (3.41) 

Contracting the indices i, j we find 

(B i .-(n + l)E J S J (x)). k =0 (3.42) 

which implies 

B(i = (n + l)EjS J (x) + 2b (3.43) 

where b =constant. In case this vector is an affine collineation then B\ = 2b. Using the above results we find 
for f(t,x) 

£(t, x) = Cj(t)S J + D(t) 

= 0 Gjt 2 + Ejt + Fj'j S J + hit 2 + Kt + L 

= \{GjS J + M)t 2 + ( EjS J + K)t + FjS J + L 
We summarize the above results in the following Theorem. 

Theorem 3.4.1 The Lie symmetry vector 

X = £(t, x)d t +r) l (t 1 x)d x i 

of the equation of geodesics \3.2\ ) in a Riemannian space is generated from the elements of the special projective 
algebra as follows. 
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Case A. The metric admits gradient KVs. Then 

a. The function 

£(i, x) = \ ( GjS J + M) t 2 + [EjS J + K] t + FjS J + L, (3.44) 

where Gj, M, b, K, Fj and L are constants and the index J runs along the number of gradient KVs 

b. The vector 

rf(t, x ) = A l {x)t + B l (x) + D l (x) (3.45) 

where the vector A z (x) is a gradient HV with conformal factor xp = 1 ( GjS J + M) (if it exists), D l (x) is a 
non-gradient KV of the metric and B l {x) is either a special projective collineation with projection function 
EjS J (x) or an AC and Ej = 0 in \3.jJf) . 

Case B. The metric does not admit gradient KVs. Then 

a. The function 

£(t, x) = i Mt 2 + Kt + L (3.46) 

b. The vector 

rj l (t, x) = A l {x)t + B l (x) + D l (x), (3.47) 

where A 1 (x) is a gradient HV with conformal factor ip = D l {x) is a non-gradient KV of the metric and 
B l ( x ) is an A C. If in addition the metric does not admit a gradient HV, then 

f{t) =Kt + L (3.48) 

r] i (x)=B i (x) + D i (x). (3.49) 

3.4.1 Noether symmetries and conservation laws 

In a Riemannian space the equations of geodesics (13.211 are produced from the geodesic Lagrangian: 

L = i gijX l x 3 . (3.50) 

The infinitesimal generator 

X = £ (t, x k ) d t + rf (t, x k ) d x i (3.51) 

is a Noether symmetry of Lagrangian (13.501) if there exists a smooth function f(t,x l ) such that 

A'W L+^L = %- (3.52) 

dt dt 

where 

X [1] = f (t, x k ) d t + rf (t, x k ) d x i + ( 77 ^) d&i 
is the first prolongation of X. We compute 

X [1] L = i ^ il k gij,kx l x 3 + 2^-g ik x l - 2x l x j< ^g i ^j . 






3.4. LIE AND NOETHER SYMMETRIES OF GEODESIC EQUATIONS 


49 


Replacing the total derivatives in the rlis 


we find that 


X^L = 


1 


The term 


^-it+± k ik 

^=v: t +i k v: k 


( . ., \ 

il gij,kX l x J + 2g l t g lJ x 3 + g l r g ik x k x r + 

^ +V l }r gkjX k x r - 2^ t gijX l x J - 2^ k g ij x l x J x k J 


^ L = \ (it + x k i k ) gijX l x J . 


Finally the Noether symmetry condition (13.521) is 

-2/,t + [2 rf^j ~ 2 f,i] x 3 - i k gijx l x 3 x k + [g k gij, k + g^gtk + g^gkj - g,jLt ] x l x 3 = 0. 

This relation is an identity hence the coefficient of each power of x 3 must vanish. This results in the 
equations: 


ik = 0 


L^gij — 2 ( £,t ) 9ij 


V’.tdij = f,i 
f,t = 0 


(3.53) 

(3.54) 

(3.55) 

(3.56) 


Condition (13.531) gives i k = 0 =>■ £ = £ (t). 

Condition (13.561) implies / ( x k ) and then condition (13.531) gives that rf is of the form: 

7 li = f,it + K i {x>). (3.57) 

Then from (13.541) follows that must be at most linear in t. Hence £(f) must be at most a function of t 2 . 
Furthermore from (13.541) follows that rf is at most a CKV with conformal factor tpu = i (At + B), where A, B 
are constants. We consider various cases. 

Case 1: Suppose £ =constant=Ci. Then g l is a KV of the metric which is independent of t. This implies 
that either / ,; = 0 and / =constant = A = 0 or that j\i is a gradient KV. In this case the Noether symmetry 
vector is: 

X* = C x d t + g i3 (fjt + Kj(x r )), 

where K l is a non-gradient KV of gij. 
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Case 2: Suppose £ = 2 1. Then rf is a HV of the metric gtj with homotlietic factor 1. Then rji = Hrfx 3 ) , 
/, = 0 =>■ / =constant= 0 where H' is a HV of gij with homothetic factor ip, not necessarily a gradient HV. In 
this case the Noether symmetry vector is: 

X i = 2iptd t +H i (x r ). 

Case 3: £(i) = t 2 . Then rf is a HV of the metric (the variable t cancels) with homothetic factor 1. Again 
f\i is a gradient HV with homothetic factor ip and the Noether symmetry vector is 

J V = ipt 2 d t +g ij fjt. 

Therefore we have the result. 

Theorem 3.4.2 The Noether Symmetries of the geodesic Lagrangian follow from the KVs and the HV of the 
metric g^ as follows: 

X = (C 3 ipt 2 + 2C 2 rft + Ci) dt + 

+ [ CjS J ’ 1 + CjKV 11 + Cuts J ’ i + Ca-ff 4 + C 3 t(GHV) l \ (3.58) 

with corresponding gauge function 

f(x k ) = C 1 +C 2 + C I + C J + [C ZJ S J ] + C 3 [GHV\, (3.59) 

where S J ' 1 are the Cj gradient KVs, KV 11 are the Ci non-gradient KVs, H l is a HV not necessarily gradient 
and (GHVy is the gradient HV (if it exists) of the metric gij. 

The importance of Theorems 13.4.11 and 13.4.21 are that one is able to compute the Lie symmetries and 
the Noether symmetries of the geodesic equations in a Riemannian space by computing the corresponding 
collineation vectors avoiding the cumbersome formulation of the Lie symmetry method. It is also possible to 
use the inverse approach and prove that a space does not admit KVs, HVs, ACs and special PCs by using the 
calculational approach of the Lie symmetry method (assisted with algebraic manipulation programmes) and 
avoid the hard approach of Differential Geometric methods. In Section 15751 we demonstrate the use of the above 
results. 

Noether Integrals of geodesic equations 

We know that, if the infinitesimal generator (13.511) is a Noether symmetry with Noether function /, then the 
quantity: 

<“°> 

is a First Integral of L which satisfies X<p= 0, ^ = 0. For the Lagrangian defined by the metric gij, i.e. 
L = ^gijHxrf we compute: 

<t> = ^9ijX l x 3 - gijrfx 3 + /. 


(3.61) 
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In (13.581) we have computed the generic form of the Noether symmetry and the associated Noether function for 
this Lagrangian. Substituting into (13.611) we find the following expression for the generic First Integral of the 
geodesic equations: 


<t> = ^ [C 3 ipt 2 + 2C 2 ipt + Ci] gijX l x 3 
+ [ CjS J ’ 1 + CjKV 11 + Cuts J ’ ; + C 2 H i (x r ) + C 3 t{GHV )’ 4 ] 9ij x> 
+ C 1 +C 2 +C I + C J + [CuS J ] + C 3 [GHV\. 


From the generic expression we obtain the following first in 



(3.62) 


C 7 ^ 0 :</> Cl = KV/x' - Ci (3.63) 

Cj £ 0 : gijS^V-Cj (3.64) 

Cu ± 0 : t 9ij S J ^ - S J (3.65) 

Ci ^ 0 : = ^9ijX l x 3 (3.66) 

C 2 7 ^ 0 : 4>c 2 = tipgijX l x 3 — gijH l x 3 + C 2 (3.67) 

C 3 ^ 0 : (f>c 3 = ^tpgijtfx 3 - t{GHV), i x i + [GHV]. (3.68) 


We conclude that the first Integrals of the Noether symmetry vectors of the geodesic equations are: 

a) linear, the 4>i,4>j,(I)ij 

b) quadratic, the <t> c i,4 > c2,4 > 3- 

These results are compatible with the corresponding results of Katzin and Levine [29]. 

In a number of recent papers I39H-1 1 1 . the authors study the relation between the Noether symmetries of 
the geodesic Lagrangian. They also make a conjecture concerning the relation between the Noether symmetries 
and the conformal algebra of spacetime and concentrate especially on conformally flat spacetimes. In [41] it is 
also claimed that the author has found new conserved quantities for spaces of different curvatures, which seem 
to be of non Noetherian character. Obviously due to the above results the conjecture/results in these papers 
should be revised and the word ‘conformal’ should be replaced with the word ‘homothetic’. 


3.5 Applications 

We apply the general Theorems 13.4.11 and 13.4.21 in various curved spaces where we determine the Lie and the 
Noether symmetries of the corresponding geodesic equations. 


5 GHV stands for gradient HV 











52 


CHAPTER 3. LIE SYMMETRIES OF GEODESIC EQUATIONS 


3.5.1 The geodesic symmetries of Einstein spaces 

Suppose Y is a projective collineation with projection function </>(x fc ), such that 


/. v r ; , - o.A • ojA' r 

For a proper Einstein space {R^ 0) we have R a b = g a b from which follows 

n( 1 — n) 


Lyg a b = 

Using the contracted Bianchi identity 


R 


-<t>-,ab ~ L Y QnR)g a b- 


(3.69) 


R l ° - M 3 
2 y 


= 0 


J \j 


it follows that in an Einstein space of dimensiorO n > 2 the curvature scalar R =constant and (13.6911 reduces to 

Lyg* = 

K 

It follows that if Y l generates either an affine or a special projective collineation, then <f>. a b = 0. Hence X a 
reduces to a KV. This means that proper Einstein spaces do not admit HV, ACs, special PCs and gradient KVs 


The above results and Theorem 13. 4. II lead to the following result. 

Proposition 3.5.1 The Lie symmetries of the geodesic equations in a proper Einstein space with curvature 
scalar R ^ 0 are given by the vectors 


X = (.Kt + L)d t + D i (x) d t 

where D l (x) is a nongradient KV and K,L are constants 

For the Noether symmetries of Einstein spaces we have the following 

Proposition 3.5.2 The Noether symmetries of the geodesic equations in a proper Einstein space with curvature 
scalar R ^ 0 are given by the vectors 


X = Ld t + D l (x) di , f = constant 

Proposition 13. 5. II extends and amends the conjecture of |36] to the more general case of Einstein spaces. 
We apply the results to the maximally symmetric space of Euclidian 2d sphere. 


Recall that all two dimensional spaces are Einstein spaces. 
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Euclidian 2d sphere 

The geodesic Lagrangian of the Euclidian 2d sphere is 

L (^>, <j>, 9, 9^j = -<f > 2 + sin 2 <j> 9 2 

and the geodesic equations are 

(j> — i sin 2(f) 9 1 = 0 
6 + cot <j> 4>9 = 0 

The Euclidian 2d sphere is an Einstein space with curvature scalar R = 2, therefore propositions (13. 5. Ill and 
(I3.5.2[) apply. The KVs of the Euclidian 2d sphere are the elements of the so (3) Lie algebra (See examnlc l2.7.7l) 

X\ = sin 98^ + cos 8 cot <j> 8 g , A '2 = cos 98$ — sin 9 cot <f>dg , X 3 = dg. 

Consequently the Lie symmetries of geodesic equations are the elements of the so (3) plus the vectors 9 t , td t . 
Likewise the Noether symmetries are the elements of so (3) plus the vector <9 t . The corresponding Noether 
integrals are 

(f>i =9 sin 2 <f> 

(f >2 = </>sin 9 + —9sm2(f>cos8 
4>3 = <j> cos 9 — -9 sin 2</> sin 9 

and the Hamiltonian constant. 

3.5.2 The geodesic symmetries of Godel spacetime 

The Godel metric in Cartesian coordinates is 

ds 2 = — dt 2 — 2 e ax dtdy + dx 2 — ^e 2 ax dy 2 + dz 2 . 

The geodesic Lagrangian is 

L = i (-t ' 2 - 2e ax t'y' + dx 2 - ^e 2 ax y ' 2 + z ,2 ^j (3.70) 

where ' means where ”s” is an affine parameter. The geodesic equations are 

t" + 2 at'x' + ae ax x'y' = 0 
x" + ae ax t'y' + i ae 2ax y 12 = 0 

y" - 2 ae~ ax t' x = 0 
z" = 0. 
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Table 3.1: Lie algebra of the Gdel geodesic symmetries 


[Xi,Xj] 

x 4 

a 2 

A 3 

X 4 

A 5 

A 6 

a 7 

A 8 

a 9 

A10 

X1 

0 

Ar 

0 

0 

0 

0 

0 

0 

As 

0 

X 2 

-Ad 

0 

-A 3 

0 

0 

0 

0 

0 

-a 9 

0 

X 3 

0 

a 3 

0 

0 

0 

0 

0 

-Ad 

A 10 - A 2 

-a 3 

x 4 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

X 5 

0 

0 

0 

0 

0 

A5 

-A 7 

0 

0 

0 

X 6 

0 

0 

0 

0 

—a 5 

0 

aX 7 

0 

0 

0 

X 7 

0 

0 

0 

0 

a 7 

-aX 7 

0 

0 

0 

0 

X 8 

0 

0 

A] 

0 

0 

0 

0 

0 

0 

As 

Xg 

-As 

Ag 

O 

1 

CN 

* 

0 

0 

0 

0 

0 

0 

a 9 

X10 

0 

0 

x 3 

0 

0 

0 

0 

-Ag 

—Ai 9 

0 


The special projective algebra of the Godel metric has as follows: 

V 1 = d z ,Y 3 = d x - ayd v , Y 4 = d t , Y 5 = d v , Y 6 = zd z 


Y 2 = I- e~ ax 

a 


d t + yd x 


2 e 2ar — a 2 y 2 
2 a 


d y 


where Y 1 is a gradient KV (Si = z), Y 2 ~ 5 are non gradient KVs and Y 6 is a proper AC. The Godel spacetime 
does not admit proper sp.PC [23] . 

Applying theorem (13.4.11) we find that, the Godel spacetime admits ten Lie point symmetries as follows 


Xi = d s , X 2 = sd s , X 3 = zd s , X 4 = Y 4 
X 5 = Y 2 , X e = Y 3 , X 7 = Y 5 
A 8 = Y 1 , X 9 = sY 1 , X 10 = Y 6 
whose Lie algebra is given in Table 13.11 

There are two Lie subalgebras. One spanned by the vectors {X 4 , X 4 , X 5 , X 6 , X 7 , X$, Ag} and a second 
spanned by the vectors {X 2 , A3, Xio}. It can be shown that the first subalgebra consists of the Noether sym- 
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metries of the Lagrangian (13.701) . The corresponding Noether integrals are 

08 = z' 

0 9 = Sz' — Z 

04 = t' + y'e ax 
0 6 = x' + a y 07 

07 = e““ (V + \y'e ax ^ 

05 = -e~ ax t' + -y' +2yx' + ay 2 ^. 
a a 

The Noether constant corresponding to the Noether symmetry X\ = d s is the total energy i.e. the Hamiltonian. 

3.5.3 The geodesic symmetries of Taub spacetime 

Consider the Taub spacetime with line element 



ds 2 = x 2 (— dt 2 + dx 2 ) + x {dy 2 + dz 2 ) . 

(3.71) 

The geodesic Lagrangian is 




L =\ (* (- 1' 2 + x' 2 ) + x (y' 2 + 0 2 )) 

(3.72) 

and the geodesic equations are 




y" + -y'x' = o 

X 

z" + -z'x' = 0 

X 


In order to find the Lie symmetries of the geodesic equations for the Taub spacetime (13.711) we need to 
have the special projective algebra of (13.711) . The spacetime (13.711) admits a five dimensional special projective 
algebrgQ which consists from four non gradient KVs F 1-4 and a non gradient HV Y 5 1 431 . 


Y\ = d t , Y 2 = zd y - yd, 

Y A = d v , Y 4 = d z 

4 4 11 

Y 5 = -td t + ~xd x + -yd y + -zd z ,0 = 1 . 


7 The spacetime (13.7111 does not admit proper AC or sp.PC. 
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Table 3.2: Lie algebra of the Taub geodesic symmetries 


[Xi,Xj] 

Xx 

a 2 

X 

X 4 

X 5 

X 6 

x 7 

Xi 

0 

Ai 

0 

0 

0 

0 

0 

x 2 

-Ad 

0 

0 

0 

0 

0 

0 

X 3 

0 

0 

0 

0 

0 

0 

CO 

^|co 

X 4 

0 

0 

0 

0 

X 6 

-X B 

0 

X 5 

0 

0 

0 

-X 6 

0 

0 

ix 5 

X 6 

0 

0 

0 

X s 

0 

0 

ix 6 

X 7 

0 

0 

- 5 X 7 

0 

- 1*5 

-5*6 

0 


Applying theorem (13.4.111 we find that the geodesic equations of (13.7ip admit seven Lie symmetries 


X x = d s , X 2 = sd s , X 3 = d t , X 4 = zd v - yd z 

4 4 11 

X 5 = d y , X 6 = d z , X 7 = -td t + -xd x + -yd v + -zd z 


with Lie algebra is given in Table 13.11 

Similarly from Theorem l3.4.2l we have that the geodesic Lagrangian (13.721) admits a six dimensional Noether 
algebra, with elements 


X!, X 3 , X 4 , X 5 , X 6 , X 8 = 2X 2 + X 7 


and correspoding Noether integrals 


03 


01 

08 


x 2 1' , 05 = xy' 

xz' , 04 = x {zy' - yz') 

x~* (~t' 2 + x' 2 ) + x (y 12 + z' 2 ) 

1 _i 3 

s 0i — z;X 2 4xx' + x 2 (yy 1 + zz') — 4 tt! 

o 


3.5.4 The geodesic symmetries of a 1+3 decomposable spacetime metric 

We consider next the metric which is a 1+3 decomposable, that is it has the form: 


ds 4 = —dr 2 + U 2 8 a pdx a dx& 


(3.73) 

















3.5. APPLICATIONS 


57 


Table 3.3: The conformal algebra of the 1+3 metric 


K 


CKVs of dsl 

1p3 

# 

CKVs of dsf +3 

1pl+3 

1 


H = x a d a 

ip+(H) = U( 1 - \x a x a ) 

1 

H+ =—ip+ (H) cos rd T + H sin r 

ip+(H) sinr 

1 


H = x a d a 

ip+(H) = U( 1 - \x a x a ) 

1 

iy+ = i/j + (H) sin t8 t + H cos r 

ip+(H) cos T 

1 

C M 

= (S“ - \Ux„x a ) d a 

ip+(C„) = -Ux^ 

3 

Qj = —ip+(Cp) cosrdr + C M sinr 

ip+(Cfj,) sinr 

1 

c„ 

= (tf“ - ±t/x M a+) d a 

ip+{C^) = -UxT 

3 

Q ++3 = ip+ (Cp) sin rd T + cos r 

Ip+lCp) COST 

-1 


H = x a d a 

ip-(H) = U(l + ±x a x a ) 

1 

HL = ill- ( H ) cosh rd T + H sinh r 

1 p-(H) sinhr 

-1 


H = x a d a 

= l + \x a x a ) 

1 

H 2 = ip- ( H ) sinh rd T + H cosh r 

ip-(H) coshr 

-1 

C, 

= ($“ + \U Xll x a ) d a 


3 

Q~ = ip- (C M ) cosh rd T + C ' M sinh r 

ip-(Cy) sinhr 

-1 

C, 

= (<5“ + \U Xll x a ) d a 

V>-(C' M ) = C/x' 1 

3 

Q~ + 3 = ip- (C M ) sinh rd T + C M cosh r 

%p-(Cp) coshr 


where Greek indices take the values 1, 2, 3. It is well known [33] that this metric admits 15 CKVs. Seven of these 
vectors are KVs (the six nongradient KVs of the 3-metric r /; „, 1^ plus the gradient KV d T ) and nine proper 
CKVs. The vectors of this conformal algebra are shown in Table 13751 

According to Theorem l3. 4.21 this metric admits the following Noether symmetries 


r) cf) p T f) 

U S j OU T , ±[11/ 5 *-[l 5 

with first integrals 

<Ps = ^9ijrf l x' 3 

(f) T — T , 0r+l — ST T 

, (j) r = y {ab) .x' 3 . 

The Lie symmetries of the geodesic equations of (13.7311 are the Noether symmetries plus the vectors sd s , rd s . 


3.5.5 The geodesic symmetries of the FRW metrics 


In a recent paper Bokhari and Kara [58] studied the Lie symmetries of the conformally flat Friedman Robertson 
Walker (FRW) metric with the view to understand how Noether symmetries compare with conformal Killing 
vectors. More specifically they considered the conformally flat FRW metri<jf| 


8 The second metric ds 2 = —t 3 dt 2 + dx 2 + dy 2 + dz 2 they consider is the Minkowski metric whose Lie and Noether symmetries 


are well known. 
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Table 3.4: The conformal algebra of a flat 3d metric 


CKV 

Components 

# 


Comment 

Pi 

di 

3 

0 

gradient KV 

tab 

2 S( A x B ]d d 

3 

0 

nongradient KV 

H 

x a d a 

1 

1 

gradient HV 

K r 

[2 xjx d - Sf(x a x a )] d d 

3 

2 xi 

nongradient SCKV 


ds 2 = —dt 2 + t 3 (da ; 2 + dy 2 + dz 2 ) 
and found that the Noether symmetries are the seven vectors 

d s , S J , tab 


where Sj are the gradient KVs d x d y , d z and tab are the three nongradient KVs (generating so (3)) whereas the 
vector d s counts for the gauge freedom in the affine parametrization of the geodesics. Therefore they confirm 
our Theorem 13.4.21 that the Noether vectors coincide with the KVs and the HV of the metric. Furthermore 
their claim that ‘ ...the conformally transformed Friedman model admits additional conservation laws not given 
by the Killing or conformal Killing vectors ’ is not correct. 

In the following lines, we compute all the Noether point symmetries of the FRW spacetimes. To do that we 
have to have the homothetic algebra of these models [45]. There are two cases to consider, the conformally flat 
models ( K = 0) and the non conformally flat models (K ^ 0). 

In the following we need the conformal algebra of the flat metric, which in Cartesian coordinates (See 
example 12.7.121) is given in Table 13.41 
Case A: K ^ 0 
The metric is 

ds = R 2 (t) 


—dr 2 + 


(l + \Kx i x i \ 


{dx 2 + dy 2 + dz 2 ) 


(3.74) 


For a general R(t) this metric admits the nongradient KVs Pj, (see Table 4) and does not admit a HV. 
Therefore the Noether symmetries of the geodesic Lagrangian 


L 


--R 2 (r) t' 2 + 


1 R 2 (r) 

2 (l + \Kx i Xi ) 2 


(x' 2 + y' 2 + z' 2 ) 


? Pj i r nv 


of the FRW metric (|3.74f) are: 
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Table 3.5: The special forms of the scale factor for —K—=1 


K 

Proper CKV 

# 

Conformal Factor 

R(t) for KVs 

R(t) for HV 

±1 

Pr =d T 

1 

(In R(t)), t 

c 

exp (t) 

1 

H t 

1 

b+(H) 

R(r) 

(R (t) cost) , t 

c 

cos r 

$ 

1 

H 1 

1 

V>+(H) 

R{t) 

■ (R (r) sin r) , T 

c 

sin r 

$ 

1 


3 

V>+(C M 

R{r) 

- (R (r) cost) , t 

c 

cos r 

$ 

1 

Q^+3 

3 

V>+(C„ 

—TtT 

- (R (t) sinT) , T 

c 

sin r 

$ 

-1 

Hr 

1 

tf-(H) 

R(r) 

(R (t) coshT) , T 

c 

cosh T 

$ 

-1 

h 2 - 

1 

V--(H) 

R(r) 

( R(t ) sinhT) , T 

c 

sinh r 

$ 

-1 

% 

3 

+ (C,) 

R(t) 

(R (t) cosIit) , t 

c 

cosh T 

$ 

-1 


3 

iM CO 

R(r) 

■ (R (t) sinh t) , t 

c 

sinh r 

$ 


with Noether integrals 

</> s = ^ 9 ijX n x ,J , </>/ = P[x n , (\> r = V( AB)i x' 3 . (3.75) 

Concerning the Lie symmetries we note that the FRW spacetimes do not admit ACs [3S] and furthermore does 
not admit gradient KVs. Therefore they do not admit special PCs. The Lie symmetries of these spacetimes are 
then 

d s , sd s , P/ , 

For special functions R(t) it is possible to have more KVs and HV. In Table 1531 we give the special forms 
of the scale factor R(t) and the corresponding extra KVs and HV for K = ±1. 

From Table 1X51 we infer the following additional Noether symmetries of the FRW-like Lagrangian for special 
forms of the scale factor 

Case A(l): R(t) = c =constant, the space is the 1+3 decomposable. 

Case A(2) K = 1, R(t) = exp(r). In this case the space is flat and admits as Lie point symmetries the 
si (4 + 2, R). 

Case A(3a) K = 1, R(t) = In tins case we have the additional non-gradient KVs H+, Q+. Therefore 
the Noether symmetries are: 


d s , Pi , i> ,Hf, Q+ 
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with Noether Integrals 

0s , 4>i , 4>r , <t> H + = ( H i)i xn ancl 0 q+ = ( Qt)i X ' Z ■ 

The Lie symmetries are 

d s , sd s , P/ , r llv ,H+, Q+ 

Case A(3b) K = 1, R(t) = Vy. In this case we have the two nongradient KVs H 2 , Q^ +3 . The Noether 
Symmetries are 

d s , Pi , IV Q+ +3 : / = constant 

with Noether Integrals 


0s ) 0/ > 0r j 0jy+ (-^2 )V 9-Ild 0Q+ +3 — ■ 

The Lie symmetries are 

ds 5 $d s , P/ , I* [ii/ , H2 ■ Q [i+ 3- 

Case A(4a) K = —1, R{t) = cos c h - . In this case we have the two additional nongradient KVs , Q-. 
The Noether Symmetries are 

ds j P/ ■ r fj,v )H 1 , Q^ 

with Noether Integrals 

0s , 0/ , 0r , <t> H - = (Hi) i x n and 0 Q - = (Q~).x'\ 

The Lie symmetries are 

ds 1 sd s , P 1 5 y[ iv ■ II1 , Qfi- 

Case A(4b) K = —1, R{t) = Vy, we have the nongradient KV H 2 , <2^ +3 . The Noether Symmetries are 

3s j P/ j *V 1^2 > Q [i+3 


with Noether Integrals 


0s , 0/ , 0r , <$> H - = (H 2 ).x n and 0 q - +3 = ( Q „ +3 ).ar'*. 

The Lie symmetries are 

3 S ■ s3 s , P/ , r^,y ,H 2 , x _(_3 - 

Case B: A' = 0 

In this case the metric is 

ds = i? 2 (t) (—(it 2 + da; 2 + dy 2 + dz 2 ) 

and admits three nongradient KVs Pj and three nongradient KVs Therefore the Noether symmetries are 


d s ,P 1 , r+B ■ f = constant 
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Table 3.6: The special forms of the scale factor for K=0 


# 

Proper CKV 

Conformal Factor if) 

R(t) for KVs 

R (t) for HV 

1 

II 

(In R(t)), t 

c 

exp (r) 

3 

— x^dj- + t<9q; 

2 +(In R(t)), t 

c 


1 

H = P r + a: a d a 

r(lni?(r)) + 1 

c/t 

$ 

1 

K r = 2rH + ( x c x c — r 2 ) d T 

-(In R(t )) jT (-t 2 + r 2 ) + 2er 

$ 

$ 

3 

K m = 2a+H - (x c x c - r 2 ) 

2a+ [r(lni?(r)) jT + 1] 

c/t 

1 


with Noether Integrals 

4>s = , 4> Pl = P/x’ 1 and (j> F = (rAfl)j x H . 

The Lie symmetries are 

d s , sd a , P/ , v AB . 

Again for special forms of the scale factor one obtains extra KVs and HV as shown in Table [STBl 
From Table ITTT7T1 we have the following special cases. 

Case B(l): R(t) = c =constant. Then the space is the Minkowski space and admits as Lie symmetries the 
si (4 + 2 ,R). 

Case B(2): R (t) = exp (r). Then P r becomes a gradient HV [i/j = 1, gradient function \ exp (2r)) . Hence 
the Noether symmetries are 

d s , Pj , r AB , 2 sd s + P T , s 2 d s + sP r 

with Noether Integrals 

cj) s , <j) Pl , (j> F , <j)p T = sgijX n x ,J - gij (Pt) 1 x'° and 4>y+i = ^s 2 g i jX i x 3 - s (P T ) i x' % + P T . 

The Lie symmetries are 

d s , sd s , P/ , r AB , P r ,s 2 d s + sP r 

Case B(3): R (t) = t~ 1 . Then we have four additional nongradient KVs, the H, and K M , and the Noether 
symmetries are: 

8 S , P/, r AB , H , K m 

with Noether Integrals 

(ps , <t>P! , 4>f , <t> h = (H ) i x n and <j > K „ = (K /1 ) i x n . 
d s , sd s , P i, r AB , H , K p . 


The Lie symmetries are: 
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3.6 Conclusion 

We derived the symmetry conditions for the admittance of a Lie point symmetry by the equations of autoparallels 
(paths) in an affine space. The important conclusion is that the Lie symmetry vector is an Affine Collineation 
in the jet space {t, x 1 } ( it preserves both the autoparallels and their parametrization) while in the space { x *} 
the vectors rf'{t. x)d x i are projective collineations (they preserve the autoparallels but not necessarily their 
parametrization). 

The symmetry conditions are applied to the geodesics of a Riemannian space were they are solved and the 
generic Lie symmetry vector is obtained in terms of the special projective algebra (and its degeneracies KVs, 
HKV, ACs) of the metric. Furthermore we derived the Noether symmetries of the geodesic Lagrangian and it 
was proved that Noether symmetries are generateted from the homothetic algebra of the metric. We applied 
the results to the case of Einstein spaces and obtained the Lie symmetry vectors in terms of the KVs of the 
metric, in agreement with the conjecture made in (36;. 

Finally, the Lie and the Noether symmetries of the geodesic equations were computed in the Godel spacetime, 
the Taub spacetime and the Friedman Robertson Walker spacetimes. In each case the Noether symmetries were 
computed explicitly together with the corresponding first integrals. 
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3.A The determining equations 


Below we calculate the determining equations for the system (13.11) . Let X = £ ( t,x k ) d t + rf [t,x k ) d t be the 
infinitesimal generator of a one parameter point transformation. X is a Lie symmetry of (13.11) if the following 
condition, holds 


vU = ~ xil] r i^ k + E4 


m=0 


where 


XP^X + rjlfa+rifadu 

is the second prolongation of X and rf ^, r/pj are the prolongation functions 

V[i] = (jl]t) + (jl]k - itS l k ) x k - fa) x l x 3 

V[ 2 \ = (v'tt) + (Htj ~ tttSj) x 3 + (rf tjk - 2ItjSl) x 3 x k + 
- (ij k ) x l x 3 x k + (r/j - £,j± l ) x? - 2x l (£, jx 1 + £, t ) ■ 

Replacing x 1 from ED we find eventually 

*7f 2 ] = tftt-rijP* +KtP*) + 

+ (2rf >tr - Itt - VjPr + ijP j K + KrP 1 + Kt p r) ^ + 

\ 


[ 


+ 


1 frk - - rfjPrh ~ 


\ +OA4 + KrPl + KtKk + KtP % rk j 

\ 


x s x r x k 


N x 31 x 3 


' -irkSl-r,^P 3 ks + i J P 3 k 5i+ 

+ 

V +KrPks + Kt p rks + KrPjih ) 

+ - (it P h-jJ :Jl ■ ■ ■ E P n 

\ m—4 / m=3 

n / n 

+ 2 Y, ■■■*- + 2 «,< E P L 

7n=3 \ m= 4 

We have computed the lhs of (13.761) . It remains to compute the rhs 

x [11 (v) k x 3 x k + X ii... jm x 3 ' ] - aw (i>;V) + xw ( £ p^ji'.... 


771 =0 


\m =0 


Analysis of the term A'W (^T l - k x 3 x k ^j : 

XW{r jk x 3 x k ) = X (r jk ) x 3 x k + 2T) k x 3 5± k 

= (£ t* m + Jr m ) ± 3 ± k + 21 ^*^. 


(3.76) 
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XM {T) k x j x k ) = 2T i rs r)° t x r - 2T i rs ^ r x s x r x r + 

+ (£r* M + rj l Kk,i + 2KsV% - 2r*^ it ^) x r x k . 


Analysis of the term X^W P- 


* w E 4 


'T*-?! 'Y’Jm 


= E (* 4 ....;J 


x 31 ... x 3m + 


The first term becomes 




nf»3 1 ry»3 TTL 


E m 4l...Jn 


yjl / Jm 


= E( p L-i.,>(+ p L .i-X)**'■■■**" 

m =0 

= (4^ + PW) + (4,t£ + P lrV T ) ± k + 

+ (Pks,t£ + P ks,r r f ) 2 ^ 2 ^ + ( P ksl,ti + P ksl,r r f ) X k X S X l 
n 

+ E( 4 ...; m . he...h-. 


X 31 . . . X 3m . 


The second term 


rnP j 1 ...j m (^x 31 ) ... Sx 3m = m Pji...j m r f,t ■ ■ ■ x 3 ™— 1 + 

m —0 m—0 

n 

+ E m 4 ...*» (4 - 

m—0 
n 

E ' ' ■ 2 J "' 2 "'s.s- 


The term mP^ j m x 31 ■ ■ .x 3m ~ 1 rj 3 ^ 1 can be written as 


E = p;,'b + ip;,jijx' + ^ p Lv k t x s x r + 


+4Prksrf t X S X k X l + ^ 


X 31 ... x 3m . 


E "' 4 ..,/,,, (4 ^# 0 ) • • • x J - X s = n (//;. -< 4 V)p + 2 P* r (4 - jft t )pp + 

m—0 

+3Pfe r ; « s - <%*) * a i r i‘ + 

n 

+ E mP h-3m (4 _ £,t) X s ■ ■ ■ X 3m 


that is 
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m —0 


- E ■ ■ ■ X Jm X S is = - ( P kis) X k X S + 

-2 (PIXs) x k x r x s - ( E rnPl 


nn3 1 rp3Tfl 


Finally we have 

4 t p L, 


pjl Ap3m 


3m 


\m =0 


\m =3 


/ 


= ((PK + PX) + pg) + 
/ 


p U + p Lv r + 


V +2 PLv^+nWs- 

\ 


p L^ + p LX + 3P ksXt+ 

\ +2 Hrto-s&J-Hi, ] 

( \ 

P ksl,t ^ + P UX + 4 P rkslV: t + 

K + 3 p L fe - <% t ) - 2P* r e iS ) 

( n \ 

e { p L.j m ,tt+ p Ls m • 

rc=4 

n 

+ E mP h....i'i J .t 


x k x s + 


x k x s x l + 


m=5 


V 


+ E mpi h...j m {vis -H'it)x s ...i jm + 

m= 4 


-( E mP h...jm. ±n ■■■X Jm X S ^ ! 

m =3 


/ 


i s e, s 


Collecting terms and setting the coefficient of each product of x J1 equal to zero we obtain determining 
equations (I3.4I) - (I3.8I) . 


(* 4 )° : 


0 = ( V % - rfjPi + 2^) + ((Fj£ + P> r ) + P^ k t ) 
= L r) P i + 2 ItP* + P*S + Pirj k + rE. 


(P ) 1 : 


0 



[2^*r + 2r* a r?f t - iuSi] - rfjPi + C,PE + 2£, r P’ + 2£ t i»] + 

+ P U + P lrV r + 2PLv k t + p l {V k s ~ Ssit) 

(Ht\r - laSi) + L v pl r + 2P Lv k t + {ir pr Si + 2^ + P^ + ■ 
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(Pf : 


0 = L V T 


the rest terms gives 


')k + + [—2£,trfik] 

+Ki P r k + P L, t £ + Pi " 
(Lx r: 


-rf 

'1,3 r rk 


• 1J I n,j L '"J 

tx + 3 PLrft + 2 PL - sXt) - Hi 

%-KtA)+L v Pi k +P'to, t Z + 3PLr): t + {i ' 


+ [^P/4 + 2^ r P*] 

' <%t) - P 


0 = 


[irkSi + £, r p fc8 ] -+ i’,,+ KtHk, + Hai,t£ + 

+H.l,rV r + iHkerft + 3Hrl fe - Fait) ~ ^U,s + K*Pkr 

[ €,r-|fc^s] + Lr]Pkrs ~ Pkrsit + ijPrk^s + Pksl,t£ + ^PrkslVj- 


0 = 


E { L * P L + E .<<)* 

m—4 m=4 

( n n 

2 

m=4 m=4 

/ n n 

( 2 E E A /> 

l-l 
n 

E ^ 


X J1 . . . X Jrn + 


X=m—1 


K—m— 1 


E r/ • vP' 


m+2 


l ^ ~ 31-3K” 

K—m—1 



Chapter 4 


Motion on a curved space 


4.1 Introduction 

The study of Lie point symmetries of a given system of ODEs consists of two steps: (a) the determination of the 
conditions, which the components of the Lie symmetry vectors must satisfy and (b) the solution of the system 
of these conditions. These conditions can be quite involved, but today it is possible to use algebraic computing 
programs to derive them (for a review see [37])• Therefore the essential part of the work is the second step. For 
a small number of equations (say up to three) one can possibly employ again computer algebra to look for a 
solution of the system. However for a large number of equations such an attempt is prohibitive and one has to 
go back to traditional methods to determine the solution. 

In Chapter [3] the Lie and the Noether point symmetries of the geodesic equations were calculated in terms 
of the special projective algebra of the space. The purpose of the present chapter is to extend the previous 
results and to provide an alternative way to solve the system of Lie symmetry conditions for the second order 
equations of the form 

& +T i * jk x j x k =F\ (4.1) 

Here P) fc ( x r ) are general functions, a dot over a symbol indicates derivation with respect to the parameter t 
along the solution curves and F' l {x 3 ) is a C p vector field. This type of equations is important, because it contains 
the equations of motion of a dynamical system in a Riemannian space, in which the functions Tj k (x r ) are the 
connection coefficients of the metric and t being an affine parameter along the trajectory. In the following we 
assume this identification of r„fl 

The key idea, which is proposed here, is to express the system of Lie symmetry conditions of m in a 
Riemannian space in terms of collineation (i.e. symmetry) conditions of the metric. If this is achieved, then the 

1 Of course it is possible to look for a metric for which a given set of Tj k are the connection coefficients, or, even avoid the metric 

altogether. However we shall not attempt this in the present work. For such an attempt see [9]. 
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Lie point symmetries of ED will be related to the collineations of the metric, hence their determination will 
be transferred to the geometric problem of determining the generators of a specific type of collineations of the 
metric. One then can use of existing results of Differential Geometry on collineations to produce the solution 
of the Lie symmetry problem. 

The natural question to ask is: If the Lie symmetries of the dynamical systems moving in a given Riemannian 
space are from the same set of collineations of the space, how will one select the Lie symmetries of a specific 
dynamical system? The answer is as follows. The left hand side of Equation ED contains the metric and 
its derivatives and it is common to all dynamical systems moving in the same Riemannian space. Therefore 
geometry (i.e. collineations) enters in the left hand side of (14.11) only. A dynamical system is defined by the 
force field F'\ which enters into the right hand side of ED only. We conclude that there must exist constraint 
conditions, which will involve the components of the collincation vectors and the force field F l , which will select 
the appropriate Lie symmetries for a specific dynamical system. 

Indeed Theorem 14.2.21 (see section 14.21) relates the Lie symmetry generators of (14.11) with the elements of 
the special projective Lie algebra of the space where motion occurs, and provides these necessary constraint 
conditions. 

What has been said for the Lie point symmetries of ED applies also to Noether symmetries. The Noether 
symmetries are Lie point symmetries which satisfy the constraint 

+ = f. (4.2) 

dt dt y J 

Theorem 14.3.21 (see section 14.31) relates the generators of Noether symmetries of (14.11) with the homothetic 
algebra of the metric and provides the required constraint conditions. 

In the following sections we apply Theorem l4.2.2l and Theorem l4.3.2l to determine all two dimensional (section 
ED and all three dimensional (section 14.51) Newtonian dynamical systems moving under the action of a general 
force F l , which admit Lie and Noether point symmetries. In section T4.6I we apply the results to determine the 
conservative dynamical systems which move in a two-dimensional space of constant non-vanishing curvature and 
admit Noether point symmetries. The case of a conservative force has been addressed previously for the two 
dimensional case by Sen = 48] and more recently by Damianou et al [49] and for the three dimensional by [50]. 
As it will be shown both treatments are incomplete. We demonstrate the use of the results in two cases. The 
non-conservative Kepler - Ermakov system [5X1453] and the case of the Henon Heiles type potentials [54][55]. In 
both cases we recover and complete the existing results. 

4.2 Lie symmetries of a dynamical system in a Riemannian space 

I section 1X01 the Lie symmetry conditions were calculated for a general system of ODEs polynomial in the 
velocities, therefore the Lie symmetry conditions (determining equations) for equation (14.11) with F l = F l ( 't , x k ) 
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are 


L v F i + 2Z, t F*+{jF) t +rf, tt = 0 

(4.3) 

(U rfj + SI) F k + 2rf, tb -U S) = o 

(4.4) 

L ^\ jk ) = 2 ^u 5 i) 

(4.5) 

o 

II 

•g~> 

(4.6) 


Equation (14.511 means that rf is a projective collineation of the metric with projective function £ it . Further¬ 
more, equation (14.61) means that is a gradient KV of g b \ that is, rf is a special projective collineation of the 
metric. Equation (14.31) givefi 

{L v g ij ) Fj + + 2 + fg'-'F,, + rj% = 0. (4.7) 

This equation restricts rf further because it relates it directly to the metric symmetries. Finally equation (|4.4[) 
gives 

- S% tt + (ijSi + 25% k ) F k + 2 V % + 2 rj fe ? 7 fe t = 0. (4.8) 

Equations (1X71).(TOl) are the constraint conditions which relate the components £, rf of the Lie point 
symmetry vector with the vector F l . 

Proposition 4.2.1 The Lie point symmetries of the dynamical system j4-l\ ) where F l = F l ( t,x k ) , are gener¬ 
ated from the special projective algebra of the space where the motion occurs. 

In the case where the dynamical system m is autonomous and conservative, that is, F l = g l ^V b ( x k ) 
and Vj is not a gradient KV of the metric, the solution of the determining equations is given by the following 
theorem (for a proof see Appendix 14. Al) . 

Theorem 4.2.2 The Lie point symmetries of the equations of motion of an autonomous conservative system 

xf + T) k x j x k = g ij Vi (4.9) 

in a general Riemannian space with metric g b , are given in terms of the generators Y l of the special projective 
Lie algebra of the metric g b as follows. 

Case I Lie symmetries due to the affine algebra. The resulting Lie symmetries are 

X = Qdiait + dfj d t + ai Y i d i (4.10) 

where a± and d\ are constants, provided the potential satisfies the condition 

LyV^+diV’* = 0 . 


2 Recall that L v Fj = Fj k rf + rf,j Fk ■ 


(4.11) 
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Case Ha The Lie symmetries are generated by the gradient homothetic algebra and Y l ^ V' 1 . The Lie 
symmetries are 

X= 2ip j T (t) dtd t + T (t) Y i d i (4.12) 

where the function T (t) is the solution of the equation T it t = afT provided the potential V(x l ) satisfies the 
condition 

LyV* + tyV* + ai Y* = 0. (4.13) 

Case lib The Lie symmetries are generated by the gradient HVY 1 = kV where k is a constant. In this case 
the potential is the gradient HV of the metric and the Lie symmetry vectors are 


X = ^-ci^cos ^2^ j-tj + C 2 \fipk sin ^2y j-t.J J d t + ^Ci sin ^2^ -j^tj + c 2 cos ^2 ^ —tj J H' l di. 

(4.14) 

Case Ilia The Lie symmetries due to the proper special projective algebra. In this case the Lie symmetry 
vectors are (the index J counts the gradient KVs) 






Xj = (C ( t ) Sj + D (t)) dt+T (: t ) Y% 

where the functions C(t),T(t), D[t) are solutions of the system of simultaneous equations 

D,t = ~^d\T ’ = ai ^ > -T* = c > -O.tt = d c C , Cj, = cto T 

and in addition the potential satisfies the conditions 

L Y V’ i + 2a 0 SV' i + dW 4 + a x Y i = 0 
(5 )fc <Sj + 2 S,j Si) V’ k + (2 Y* ; j - a 0 S5 }) c 2 - d c 5) = 0. 


(4.15) 


(4.16) 


(4.17) 

(4.18) 


Case Illb Lie symmetries due to the proper special projective algebra and Yj = A SjV’ 1 , where V ’* is a gradient 
HV and S’J is a gradient KV. The Lie symmetry vectors are 

Xj = (C(t)Sj + d 1 )d t +T(t)\S J V’ i d i (4.19) 

where the functions C (t) and T(t) are computed from the relations 

T itt + 2C, t = XiT , T t = X 2 C , C,i=a 0 T (4.20) 

and the potential satisfies the conditions 


LvjV’* + XrfjV’ 1 = 0 
C (Ai SjS) + 2 Sj,j V >*) + A 2 (2A SjjV* + (2A Sj - a 0 Sj ) <Sj) = 0. 


(4.21) 

(4.22) 
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An immediate important application of Theorem 14.2.21 concerns the important case of spaces of constant 
curvature. As we have seen already (see also [23]) the special projective algebra of a space of constant curvature 
consists of non-gradient KVs only. Therefore we have the following corollary. 

Corollary 4.2.3 The Lie point symmetries of the equations of motion of an autonomous conservative system 
B in a space of constant curvature are elements of the non-gradient KVs algebra. 

This implies that in spaces of constant curvature it is enough to consider Case I only. 

If the system (EH is autonomous but not conservative moving under the action of the external force F l 
the previous results remain valid except the cases lib, Mb which are not applicable. We emphasize that (with 
appropriate adjustments) the results apply to affine spaces in which there exists a connection T* fc but not 
necessarily a metric. 

4.3 Noether symmetries of a dynamical system in a Riemannian 
space 

Consider a particle moving in a Riemannian space with metric gtj under the influence of the potential V ( t , . 

The Lagrangian describing the motion of the particle is 

L = i gijX l x J - V (t, x k ) . (4.23) 

A Lie symmetry vector X = £ (t,x k ) dt + if ( t,x k ) d x i is a Noether symmetry of the Lagrangian if it satisfies 
the condition 

+ = ^ (4.24) 

dt dt 

where XM is the first prolongation of X. It can be shown that condition (14.2411 is equivalent to the system of 
equations: 

V k r, k + Vlt + £P* = -f it (4.25) 

- C,V = (4.26) 

L v 9ij = 2 (4.27) 

tk = 0. (4.28) 

Equation (14.281) implies £ = £ (t), and then from (14.271) follows that rf is a HV. Therefore we have the 
following result 

Proposition 4.3.1 The Noether symmetries of the Lagrangian 1 4-23\ ) are generated, from the homothetic al¬ 
gebra of the metric gij of the space where motion occurs. 
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In the case the potential is autonomous, that is V ( t,x k ) = V ( x k ) , the solution of (14.2511 - (14.2811 relates the 
Noether symmetries of (14.231) with the elements of the homothetic algebra of the metric (ji : j as follows. 

Theorem 4.3.2 The Noether symmetries of an autonomous conservative dynamical system moving in a Rie- 
mannian space with metric gtj described by the Lagrangian 14-231 ) are generated from the homothetic Lie algebra 
of the metric gij as follows. 

Case I. The KVs and the HV satisfy the condition: 


The Noether symmetry vector is 


V k Y k + 2 if Y V + ci = 0. 

X = 2 ifrtdt + Y'di, f = at, 


(4.29) 

(4.30) 


where T (t) = ao ^ 0. 

Case II. The metric admits the gradient KVs Sj, the gradient HVH’ 1 and the potential satisfies the condition 

V k Y' k + 2if Y V = c 2 Y + d. (4.31) 

In this case the Noether symmetry vector and the Noether function are 

X = 2if Y Jt (t) dtd t + T it) S'jdi , f (t, x k ) = T t Sj (x k ) +dj Tdt. (4.32) 

and the functions T(t ) and K ( t ) (T t ^ 0) are computed from the relations 

T t t = cfT , K t = d J Tdt+ constant (4.33) 

where C 2 is a constant. 

In addition to the above there is also the standard Noether symmetry dt- 

The first integrals for the Noether symmetry vectors have as follows. 

Proposition 4.3.3 For the Noether vector dt the Noether integral is the Hamiltonian E. For the Noether vectors 
of Case I and Case II the Noether integrals are respectively: 


(j>i = 2ipytE — gijY l x-i + c\t 

<t>n = 2ip Y R J Tdt - Tg ij H i x j + T t H + dj Tdt. 

For the case of motion in spaces of constant curvature we have the following result. 


(4.34) 

(4.35) 


Proposition 4.3.4 The Noether symmetry vectors of the Lagrangian ■ 23\) of an autonomous conservative 
dynamical system moving in a space of constant curvature, are generated by the non-gradient KVs of the space. 
Hence only Case I survives. 

In the following sections, the autonomous non linear Newtonian systems which admit Lie and Noether point 
symmetries are calculated with the use of Theorems 14.2.21 and 14.3.21 
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Table 4.1: Special projective algebra of the 2d Euclidian space 


Collineation 

Gradient 

Non-gradient 

Killing vectors 

d x 

> d v 

yd x 

— Xdy 

Homothetic vector 

xdx 

+ ydy 



Affine Collineation 

xd x 

, ydy 

yd x 

1 Xdy 

Sp. Projective collineation 



x 2 d x + xydy 

, xyd x + y 2 d y 


4.4 2D autonomous systems which admit Lie/Noether point sym¬ 
metries 

In this section we apply Theorems 14.2.21 and 14.3.21 to determine all Newtonian dynamical systems with two 
degrees of freedom which admit at least one Lie/Noether symmetry. The reason for considering this problem 
is that a Lie/Noether symmetry lead to invariants/first integrals, which can be used in many ways in order to 
study a given system of differential equations e.g. to simplify, to determine the integrability of the system etc. 
Because the Newtonian systems move in E 2 we need to consider the generators of the special projective algebra 
of E 2 and then use the constraint conditions for each case to determine the functional form of the force field 
F\ 

We consider Cartesian coordinates so that the metric of the space is 

ds 2 = dx 2 + dy 2 . 

In Table 14.11 we give the elements of the projective Lie algebra of E 2 in Cartesian coordinates. We note that 
the special projective algebra of the two dimensional Lorentz space 

ds 2 = —dx 2 + dy 2 

is the same with that of the space E 2 , with the difference that the non gradient Killing vector is replaced 
with yd x + xd y . We shall use this observation in later chapters where we study the Lie and the Noether point 
symmetries in scalar field cosmology. 

We examine the cases where the force F l (a) is non-conservative and (b) is conservative. In certain cases the 
results are common to both cases, however for clarity it is better to consider the two cases separately. Finally 
for economy of space, easy reference and convenience we present the results in the form of Tables. 


In order to indicate how the results of the Tables are obtained we consider Case I & II of theorem 14.2.21 
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Table 4.2: Two dimensional Newtonian systems admit Lie symmetries (1/4) 


Lie i F i 

F X (x,y) /F e (r,0) 

F v (x,y) /F e (r,0) 

%td t + d x 

e~ dx f (y) 

e~ dx g (y) 

| td t + dy 

e~ dy f (x) 

e~ dy g (x) 

%td t + ( yd x - xd y ) 

f (r) e~ dS 

g (r) e~ de 

%td t + xd x + yd v 

x{1 ~ d) f(%) 

xA~ d )g (^) 

%td t + xd x 

x^~ d) f (y) 

x~ d g(y) 

%td t + yd y 

y~ d f{x) 

yC~ d )g (x) 

\ld t + yd x 

(f g(y) + f(y)) e~ d » 

g(y) e~ d y 

%td t + xdy 

f (x) e~ d * 

(xf( x )+9{x)) e~ d * 


The Lie point symmetry vectors for Case I are given by (14.101) i.e. 


X = 


dtidit + G?2 


dt + a^dt, 


(4.36) 


where a\ and d\ are constants and Y l is a vector of the affine algebra of E 2 . The force field must satisfy condition 
$4X0) i.e. 


Ly F + diF = 0. 


Writing 


F = F x d x + F y d y and Y = Y x d x + Y y d v 


we obtain a system of two differential equations involving the unknown quantities F x . F v and the known 
quantities Y X ,Y V . For each vector Y we replace Y x ,Y y from Table mi and solve the system to compute 
F x , F y . For example for the gradient KV d x we have Y x = 1, Y v = 0 and find the solution F x (x, y ) = e~ dx f (y ), 
F y (x, y) = e~ dx g ( y) where d is a constant and / ( y ), g ( y ) are arbitrary functions of their argument. Working 
similarly we determine the form of the force field for all cases of Theorem l4.2.21 The results are given in Tables 
14.21 and 14.31 

Case III: Y 1 is a special PC. There is only one dynamical system in this case, which is the forced oscillator, 
acted upon the external force F l = (ojx + a) d x + (coy + b) d y , that is the system is conservative. As it can be 
seen from Table mu the Lie symmetry algebra of the forced oscillator is the si (4, R ). This result agrees with 
that of [6]. 
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Table 4.3: Two dimensional Newtonian systems admit Lie symmetries (2/4) 


Lie 4 V —> 

F* (x,y) 

F y (x,y) 

T(t)d x 

-mx + / (y) 

g{y) 

T{t)dy 


-my + g (x) 

2 jT(t)dt d t +T ( t ) ( xd x + yd v ) 


-fy + y-Mf) 


Except the above three cases we have to consider the Lie point symmetries generated from linear combinations 
of the vectors Y l . It is found that the only new cases are the ones given given in Tables IT. 141 and [4.151 

We assume now F l to be conservative with potential function V(x , y ). In this case the results of the previous 
Tables differentiate. The results of the calculations are given in Tables l4~4l 14.161 and 14.171 . 

As it was stated in section ED the determination of all two dimensional potentials which admit a Lie point 
symmetry has been addressed previously in [55] and [H] . Our results contain the results of both these papers 
and additionally some cases missing, mainly in the linear combinations of the HV with the KVs. 


4.4.1 2D autonomous Newtonian systems which admit Noether symmetries 


Noether symmetries are associated with a Lagrangian. Therefore we consider only the case in which the force 
F l is conservative. Furthermore Noether symmetries are special Lie symmetries, hence we look into the two 
dimensional potentials which admit a Lie point symmetry. These potentials were determined in the previous 
section. We apply Theorem 14.3.21 to these potentials and select the potentials which admit a Noether symmetry. 
The calculations are similar to the ones for the Lie point symmetries and are omitted. The results are listed 
in Tables ED and E3 In the next section we apply the same method to determine the three dimensional 
autonomous Newtonian systems which admit Lie and Noether symmetries. 
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Table 4.4: Two dimensional conservative Newtonian systems admit Lie symmetries (1/3) 


Lie | V -)■ 

a 

II 

o 

d ^ 0 

d = 2 

^td t + d x 

Cix + / (y) 

/ (y) e- d3: 

/ (y) e_2a: 

f tdt + dy 

ciV + / (a:) 

/ (X) e"*" 

/ (x) e~ 2y 

\td t + (yd x - xd y ) 

0 + /(r) 

/ (r) e- de 

f (r) e~ 26 

%td t + (xd x + ydy) 

® 2 /(f) 

x 2 " d / (f) 

cilnx +/(|) 

\td t + xd x 

ci a; 2 + / (y) 

$ 

$ 

\td t + ydy 

ciy 2 + / (x) 

$ 

$ 

itd t + yd x 

x 2 + y 2 + cix 

$ 

$ 

%tdt + xd y 

x 2 + y 2 + ciy 

$ 

$ 

Lie l V —> 

T , t 

:t= mT. 

T (; t ) d a 


-mf +ClX + f(y) 

T(t)dy 

- I f ! + ciy + /(x) 

2 jT(t)dt d t +T (t) (xd x + yd y ) 

-f (* 2 + y 2 ) + ^/(f) 
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Table 4.5: Two dimensional autonomous Newtonian systems admiting Noether symmetries (1/2) 


Noether Symmetry V {x,y) 


Noether Symmetries 


V (x,y) 


d 

d, 


yd x - xd y 
2 td t + xd x + yd y 


cx + f (y) d x + bd v 

cy + f (x) (a + y)d x + (b- x) d y 

c9 + f ( r ) 2 td t + (x + ay) d x + (y - ax) d y 
z _2 /(f) 2 td t + (a + x)d x + (b + y)d y 


f{y- bx) - cx 
f (| ( x 2 + y 2 ) + ay — bx) 
r ~ 2 f (0 — olnr) 

/ (^+|) ( a + x ) 2 - c (a + x )~ 2 (\x 2 + ax) 


Table 4.6: Two dimensional autonomous Newtonian systems admiting Noether symmetries (2/2) 


Noether j. V — > 

T tt= mT 

T(t)d x 

/ (y) -cx- fx 2 

T(t)dy 

f (x) -cy- f y 2 

2 jT(t)dt d t +T (■ t ) (. xd x + yd y ) 

x- 2 f( v x )-f(x 2 + y 2 ) 

Noether j. V — > 

T,«= mT 

T(t)d x + bT(t)d y 

— y (x 2 + y 2 ) — ^{y — bx) 2 + f (y — bx) — cx 


2fT(t)dt d t + T(t) {{a + x) d x + (b + y) d y ) /(^+l)( a + x ) 2 ~%(a + x) 2 x(x + 2 a) 

xm(x+2a) \ ((a + x? + a 2 ) y (y + 2b) + 

8(a+n;) 4 | 

+x(x + 2a) (b + (a + x)) (-b + (a + x)) 


4.5 3D autonomous Newtonian systems admit Lie/Noether point 
symmetries 


In this section we determine all Newtonian systems with three degrees of freedom which admit at least one 
Lie/Noether symmetry (except the obvious symmetry dt). In order to use Theorem 14.2.21 we need the special 
projective algebra of the Euclidian 3D metric 
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Table 4.7: Three dimensional autonomous Newtonian systems admit Lie symmetries (1/2) 


Lie symmetry 

F ^ 5 'Ev 5 %(T ) 

F i/ (x ^j xj;, xa-') 

F a Xj/) Xfj^j 

\td t + 

e -dx^f (x v ^ Xa ) 

e -dX»g ( Xu)Xcj ) 

e ~ dx i*h(x u ,x a ) 

+ d S( ^ 

V d0 ( ^f {r^ v) ,x a ) 

e~ d9 ^g (r^ v) ,x a ) 

e- d0 ^)h {r {llv) ,x a ) 

| td t + R9 r 

™1 — d f ( Xv X a ) 

D~ d n ( 

a-l-dU ( Xa_ Xa_\ 

V ) 

\td t + x nd p 

x ]V d f {x v ,x„) 

x]v d 9 0 X v ,x a ) 

X 1 ~ d h (x v ,x a ) 

5 td t + e~ d ^ 

^g(x v ,x a ) + f(x„,Xcr) 

e~ d ^g(x„,x a ) 

e~ ~h(x^,x a ) 


ds% = dx 2 + dy 2 + dz 2 . (4.37) 

This algebra consists of 15 vector|] as follows: SixKVsc^, x^d^—x^d^ one HV RBr, nine ACs , x v d M 
and three SPCs x 2 d,j, + x^x^d^ + x^x^, whereQ y ^ v ^ a , r 2 ^ = x 2 + x 2 , 9^ v ) = arctan f j and ??, 0, (j) 
are spherical coordinates. 

In the computation of Lie symmetries we consider only the linearly independent vectors of the special 
projective group. We do not consider their linear combinations because the resulting Lie symmetries are too 
many; on the other hand they can be computed in the standard way. 

4.5.1 3D autonomous Newtonian systems admit Lie point symmetries 

In Tables 14.71 and 14.81 we list the Lie point symmetries and the functional dependence of the components of the 
force for Case I and II of Theorem 14.2.21 

For the remaining Case III of Theorem 14.2.21 we have that the force admits Lie symmetries generated 
from the proper sp. PCs if the force is the isotropic oscillator, that is, F ^ = ( ux^ + cF) where u>, c M 
are constants. From Tables IT71 and 14.81 we infer that the isotropic oscillator admits 24 Lie point symmetries 
generating the SI (5,1?), as many as the free particle [5]. 

In order to demonstrate the use of the above Tables let us require the equations of motion of a Newtonian 
dynamical system which is invariant under the sl(2,R) algebra. We know [56] that sl(2,R) is generated by the 
following Lie symmetries 

d t , 2 td t + Rd R , t 2 d t + tRd R . 

3 These vectors are not all linearly independent i.e. the HV and the rotations are linear combinations of the ACs 
4 If = x , then {x v = y , x a = z} or {x v = z , x a = y} 
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Table 4.8: Three dimensional autonomous Newtonian systems admit Lie symmetries (1/2) 


Lie symmetry 

F fx {x ^ 5 Xy 5 %<T ) 

F 1 / {x inXi, ^Xcr) 

F (j {x^^ Xjy, X(j} 

td^ 

f{x v ,x a ) 

g (x v ,x a ) 

h (x v ,x a ) 

t 2 d t + tRd R 

1 f ( 2Lk- x ” I 

7 * 3 J 1 rp ) I 

•*> J 

1 a (ShL x ° | 

\Xf, > Xy. ) 

1 r 1 x„ x a ) 

xf L ) 


-mx^ + / (x v ,x„) 

g(x v ,x a ) 

h(x v ,x a r) 

i e ±tV^g ± e ±tV^ R g 

y/m ^ 

1 f ( 2jl £ 2 .^ 

4 -r Xii J 

_m 1 1 .. ( Xy Xa_\ 

4 Xv \ x pl 5 Xfj, J 

— ™L T _ 1— 1 h (ZlL 

4 X<T ^ x% n ) 


From Table 14.71 and from Table 14.81 we have that the force must be of the form 


F = 



therefore, the equations of motion of this system in Cartesian coordinates are: 


(x,y,z) 



(4.38) 


(4.39) 


Immediately we recognize that this dynamical system is the well known and important generalized Kepler 
Ermakov system (see [5BJ). A different representation of sl(2,R) consists of the vectors 

dt , ± e ±tV ^Rd R 

\Jm 


For this representation from Table 14.81 we have 


F' 



X<j) + 





(4.40) 


which leads again to the autonomous Kepler Ermakov system. In a subsequent chapter, we shall apply the 
results obtained here to study the integrability of the 3D Hamiltonian Kepler-Ermakov system and generalize 
it in a Riemannian space. 

In case the force is given by the potential V = V ( x M ), that is, that the system is conservative, we obtain 
the results in Table 14791 
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Table 4.9: Three dimensional conservative Newtonian systems admiting Lie symmetries 


Lie /V (x,y,z) 

d = 0 

d = 2 

d^0,2 

f td 4 + dfj, 

ClXft + f{x„,X 0r ) 

e~ 2x »f (x„,x CT ) 

e -dx„f (x v , x<T ) 

itdt + de ((J1/) 

f (j'(flis) > *£<r) 

e -2 {r^ v) , Xa ) 

e -d8^)f (r (|lu/) , X CT ) 

%td t + Rd R 

ft) 

ai + /({?,£) 

-d f ( x„ x„ \ 

itd t + Xf.d^ 

cix 2 + / {x v ,x a ) 


$ 

itdt + a :„dn 

Cix^ + c 2 (x 2 + x 2 ) + / (x a ) 

$ 

$ 

Lie 

V (x,y,z) 

Lie 

V (x,y,z) 

td M 

cix M + / (x v ,x„) 

e ±ty/mg^ 

X l + C lXM + / (Xi/,X ff ) 

t 2 d t + tRd R 

1 £ ( Xjy_ X_a_ \ 

Jit 1 i 7* / 

IX \ n J 

l e ±tV^g + e ±tC^ R d R 

yjm x 

-tp;+*;+*;)+ 4^/(1^) 


4.5.2 3D autonomous Newtonian systems which admit Noether point symmetries 

In this section using theorem 14.3.21 we determine all autonomous Newtonian Hamiltonian systems with La- 
grangian 

L = | { ±2 + V 2 + z 2 ) - V (x, y, z) (4.41) 

which admit a non-trivial Noether point symmetry. This problem has been considered previously in manna, 
however as we shall show the results in these works are not complete. We note that the Lie symmetries of a 
conservative system are not necessarily Noether symmetries. The inverse is of course true. 

Before we continue we note that the homothetic algebra of the Euclidian 3d space E 3 has dimension seven and 
consists of three gradient KVs d^ with gradient function x M , three non-gradient KVs x„<9 M —x M <9„ generating the 
rotational algebra so (3), and a gradient HV H l = Rd R with gradient function H = if? 2 , where f? 2 = x^x^. 

The Noether point symmetries generated from the homothetic algebra i.e. the non-gradient so(3) elements 
included, are shown in Table l4~T0l Moreover, the Noether symmetries generated from the gradient homothetic 
algebra are listed in Table 14.111 

The corresponding Noether integrals are computed easily from proposition 14.3.31 In Tables 14.18114.191 and 
14.201 (see Appendix 14 .Bl) we give a complete list of the potentials resulting form the linear combinations of the 
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Table 4.10: Three dimensional conservative Newtonian systems admit Noether symmetries (1/5) 


Noether Symmetry 

V(x,y,z) 

d. 

-pXfj, + f {x v , x a ) 


-p0(»u) + f 

2 td t + R3r 



Table 4.11: Three dimensional conservative Newtonian systems admit Noether symmetries (2/5) 


Noether Symmetry 

V(x,y,z) / T tt =mT 

T{t)d„ 

~T x l~P x v + f ( x v,x a ) 

(2 fT(t)dt)d t +T(t) R8 r 

-f R2 + Wf (O’ t) ~f R2 + Wj t) 


elements of the homothetic algebra. From the Tables we infer that the isotropic linear forced oscillator admits 
12 Noether point symmetries, as many as the free particle. 

As it has been remarked above, the determination of the Noether point symmetries admitted by an au¬ 
tonomous Newtonian Hamiltonian system has been considered previously in |50] . Our results extend the results 
of m an d coincide with them if we set the constant p = 0. For example in page 12 case 1 and page 15 case 
6 of 1501 the terms --x^ and p arctan (l [6, <f>)) are missing respectively. Furthermore the potential given in 
page/line 12/1, 13/2, 13/3 of [50] admits Noether symmetries only when A = 0 and 6i j2 (t) = const. This is 
due to the fact that the vectors given in j50] are KVs and in order to have 6 t ^ 0 they must be given by Case 
II of theorem 14. 3. 21 above, that is, the KVs must be gradient. However the KVs used are linear combinations of 
translations and rotations which are non-gradient. 

It is possible that there exist integrable Newtonian dynamical systems for potentials not included in these 
Tables, for example systems which admit only dynamical symmetries |57ll58j with integrals quadratic in mo¬ 
menta [59] . However these systems are not integrable via Noether point symmetries. 

We remark that from the above results we are also able to give, without any further calculations, the Lie 
and the Noether point symmetries of a dynamical system ’moving’ in a three dimensional flat space whose 
metric has Lorentzian signature simply by taking one of the coordinates to be complex, for example by setting 
x 1 = ix 1 . 
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4.6 Motion on the two dimensional sphere 


A first application of the results of section 14.5.21 is the determination of Lie and Noether point symmetries 
admitted by the equations of motion of a Newtonian particle moving in a two dimensional space of constant 
non-vanishing curvature. 

Before we continue it is useful to recall some facts concerning spaces of constant curvature. Consider an+1 
dimensional flat space with fundamental form 

ds 2 = '^^c a (dz a ) 2 a = 1,2..., n + 1 

a 

where c a are real constants. The hypersurfaces defined by 


J2c a (dz a ) 2 =eRl 


where Ro is an arbitrary constant and e = ±1 are called fundamental hyperquadrics of the space. When all 
coefficients c a are positive the space is Euclidian and e = +1. In this case there is one family of hyperquadrics 
which is the hyperspheres. In all other cases (excluding the case when all c a ’s are negative) there are two 
families of hyperquadrics corresponding to the values e = +1 and e = — 1. It has been shown that in all cases 
the hyperquadrics are spaces of constant curvature (see [60] p202). 

Consider an autonomous dynamical system moving in the two dimensional sphere (Euclidian (e = 1) or 
Hyperbolic (e = —1)) with Lagrangiar@ m 


L (0, 6 , j>,e)=\ (ft + Shm 2 <p e 2 ) - V (0, 0) 


(4.42) 


where 


Sinn<(> = 


shop e = 1 
sinh<^ s = — 1 


, Cosn (j) = 


cos (j) £ = 1 

cosh0 £ = — 1. 


The equations of motion are 


(j — Sinn<(> Cosn <j) 6 2 + V^ 
Cosnp ■ ■ 1 


Sinn</> 


-— n-V e 

Sinn 2 ^> 


0 

0 . 


(4.43) 

(4.44) 


For the Lagrangian (14.421) proposition 14.3.41 applies and we use it to find the potentials V (0, 4>) for which 
additional Noether point symmetries, hence Noether integrals are admitted. 

The homothetic algebra of a metric of spaces of constant curvature consists only of non-gradient KVs (hence 
if) = 0) as follows 

5 We use spherical coordinates which are natural in the case of spaces of constant curvature. 
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(a) e = 1 (Euclidian case) 

CKl = sin 68^ + cos 6 cot cfdg , CK 2 = cos 68^ — sin 9 cot cfdg , CK 3 = dg (4.45) 

(b) e = — 1 (Hyperbolic case) 

CKl = sin Odrf, + cos 6 coth cfdg, CK 2 = cos0c>0 — sinf? coth cj)dg, CK 3 = dg. (4.46) 

Therefore the Noether vectors and the Noether function are 

X = CK\ th di, f=pt (4.47) 

provided the potential satisfies the condition 

C CK V+p = 0. (4.48) 

The first integrals given by proposition 14.3.31 are 

hi = -9\jCKl !h x> + pt (4.49) 

and are time dependent if p ^ 0. 


4.6.1 Noether Symmetries 

We consider two cases, the case V ( 6 , <j>) =constant which concerns the geodesics of the space, and the case 
V ( 9 , (j)) ^constant. 

For the case of geodesics it has been shown (see section 13751) that the Noether point symmetries are the three 
elements of so(3) with corresponding Noether integrals 


ICK l,h 

= <f> sin 6 + 0 cos 6 Siring Cosn <j> 

(4.50) 

IcK'fh 

= <fi cos 6—6 sin 6 Sinn0 Cosn</> 

(4.51) 

hjKfh 

= 6 Sinn 2 <j>. 

(4.52) 


These integrals are in involution with the Hamiltonian hence the system is Liouville integrable. 

In the case V(9, </>) ^constant we find the results of Table l4~T2l 

The first integrals which correspond to each potential of Table 14.121 are in involution with the Hamiltonian 
and independent. Hence the corresponding systems are integrable. From Table 14.121 we infer the following 
result. 


Proposition 4.6.1 A dynamical system with Lagrangian 1 4-4%\ ) has one, two or four Noether point symmetries 
hence Noether integrals. 
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Table 4.12: Noether symmetries/Integrals and potentials for the Lagrangian of the 2D sphere 


Noether Symmetry V (0, <f>) Noether Integral 


CKL 

F (cos 0 Sinn</>) 

Ick I,h 

CKl h 

F (sin 0 Sinn^) 

IcK lh 

CKi h 

F(4>) 

1 CK lh 

aCI<l h + bCKl h 

771 f 1+tan 2 6 \ 

Sinn 2 0 (a—bt&n6) 2 J 

alcKl. + blcK1, 

e,h e,n 

aCKl h + bCKl h 

F (a cos 0Sinn</> — e b Cosn^) 

a ^CK 1 , + blcKf . 

e,h e,n 

aCI<l h + bCKl h 

F (a sin 0Sinn</> — e b Cosn cfi) 

dlcK* . + bIcK 3 p . 

e, h, e,n 

l h +bCKl h +cCKl h 

F ((a cos 0 — b sin 0) Simn/> — e c Cosn</>) 

a ^ CK l,h + ^ CK l,h + c ^ CK l, 


Proof. For the case of the free particle we have the maximum number of four Noether symmetries (the rotation 
group so(3) plus the dt). In the case the potential is not constant the Noether symmetries are produced by the 
non-gradient KVs with Lie algebra 

[X A ,X B ] = C c ab X c 


where Cf 2 = C 31 = C^ 3 = 1 for e = 1 and = C^ 3 = C '| 1 = 1 for e = — 1 . Because the Noether point 
symmetries form a Lie algebra and the Lie algebra of the KVs is semisimple the system will admit either none, 
one or three Noether point symmetries generated by the KVs. The case of three is when V (0, <f>) = Vo that is 
the case of geodesics, therefore the Noether point symmetries will be (including dt) either one, two or four. ■ 

We note that the two important potentials of Celestial Mechanics, that is V\ = — gP^ , Vi = \ cosn^ which 
according to Bertrand’s Theorem [ 6 TTt 68 ] produce closed orbits on the sphere are included in Table l4~T2l Hence 
the dynamical systems they define are Liouville integrable via Noether point symmetries CK^ h . The potential 
Vi corresponds to the Newtonian Kepler potential and V-i is the analogue of the harmonic oscillator. We also 
note that our results contain those of [[6Tll64j 

We emphasize that the potentials listed in Table 14.121 concern dynamical systems with Lagrangian (14.421) 
which are integrable via Noether point symmetries. 


4.7 Applications 

In this section we demonstrate the application of the results of section 14.41 in two cases. The first case is the 
Kepler-Ermakov system, which (in general) is not a conservative dynamical system and the second is the Henon 
- Heiles type potential. 
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4.7.1 Lie point symmetries of the Kepler-Ermakov system. 


The Ermakov systems are time dependent dynamical systems, which contain an arbitrary function of time 
(the frequency function) and two arbitrary homogeneous functions of dynamical variables. A central feature 
of Ermakov systems is their property of always having a first integral. The Kepler-Ermakov system is an 
autonomous Ermakov system defined by the equations [55] 


x+ (x,y) - ^3/ (-) = 0 

x° \xJ 

y + \ H {x,y) - -^g (-) = o 

yC \ X J 


(4.53) 

(4.54) 


where H , /, g are arbitrary functions. In f-'i f it has been shown that this system admits Lie point symmetries for 
certain forms of the function H ( x , y ). Furthermore it has been shown that for special classes of these equations 
there exists a Lagrangian (see also [52]). 

In the following we demonstrate the use of our results by finding the Lie point symmetries simply by reading 
the entries of the proper Tables. Looking at the Tables we find that equations (14.531) . (]4.54[) admit a Lie point 
symmetry for the following two cases. 

h(H-) 

Case 1. When H ( x , y) = v . Then from Tables l4~2l and l4~3l (m = 0) we have that the Lie point symmetries 
are 

X = (ci + c 2 2t + c 3 t 2 ) d t + ( c 2 x + c 3 tx ) d x + ( c 2 y + c 3 ty) d y . (4.55) 

h(y-) 

Case 2. When H (x,y) = co 2 r 3 H—where m = — 4u> 2 and to 7^ 0. In this case Table l4~3l for to 7^ 0 
applies and the Lie point symmetry generator is 


X = 


[c\ -- cos (2 ujt) + — sin (2 ixt)J d t + ( c 2 sin (2 cot) + c 3 cos (2 cut)) xd x + ( c 2 sin (2 cot) + c 3 cos (2 cut)) yd y . 


These symmetries coincide with the ones found in |51 j . We note that in both cases the Lie symmetry vectors 
come from the HV xd x + yd y of the Euclidean metric. 

In a subsequent publication [52] it was shown that the Lagrangian considered in m was incorrect and that 
the correct Lagrangian is: 


s(' 


t 1 -z 1 2/i2 \ z z r' 

L = - r + r 0 -w r -^ — 


1 


22 


C(0) 


(4.56) 


2 ” ’ 2 r 2 2 r 2 

where C\9) = sec 2 6f(iax\6) + esc 2 %(tan0) and the functions f,g satisfy two compatibility conditions (see 
equation (5.2) of [521h 

We observe that the Lie symmetries are also Noether symmetries and that the Noether Integrals (in addition 
to the Hamiltonian E ) corresponding the these Noether symmetries are 


1 1 = 2 tE — rr 

1 2 = t 2 E — trr + —r 2 


(4.57) 

(4.58) 
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for uj = 0. When uj ^ 0 the Noether integrals are 


I[ = -cos (2 uit) E — sin (2uit) rr + uj cos (2 cot) r 2 

UJ 

I 2 = — sin (2 ujt) E — cos (2 cot) rr — uj sin (2 cot) r 2 . 


(4.59) 

(4.60) 


In total we have three Noether integrals. Since we do not look for generalized symmetries, we do not expect 
to find the Ermakov - Lewis invariant 1531 . 


4.7.2 Point symmetries of the Henon - Heiles potential 

The Henon - Heiles potential 

V (x, y) = \ ( x 2 + y 2 ) + x 2 y - ]^y 2 

has been used as a model for the galactic cluster. Computer analysis has suggested that for sufficiently small 
values of the energy, there exists a first integral independent of energy. In 154) it is proposed to study if there 
exists a Lie point symmetry of the potential which could justify such a first integral. Working in a slightly more 
general scenario, in |54j considered potentials of the form 

V (x, y) = — ( x 2 + y 2 ) + Ax 3 + Bx 2 y + Cxy 2 + Dy 3 (4.61) 

where A,B : C,D are real parameters. The Henon - Heiles potential is the special case for A = C = 0, B = 

i ,£> = -!■ 

Using standard Lie analysis in [53] it is shown that only the potentials V\ (x, y) = \ ( x 2 + y 2 ) +x 3 , Vi (x, y) = 
\ ( x 2 + y 2 ) + y 3 , V 3 (x, y) = \ ( x 2 + y 2 ) ± (ay ± .t ) 3 , V 4 (x, y) = \ (x 2 + y 2 ) ± (ay =f a ;) 3 admit Lie point 
symmetries, hence the Henon - Heiles potential does not admit a Lie point symmetry and the existence of a 
first integral it is not justified. We apply the results of sections 14.4114.4.11 to give the Lie point symmetries and 
the Noether quantities of these potentials, simply by reading the relevant Tables. 

The potential V\ (x, y) is of the form cy 2 + / (x). Hence from Table l4~4l the Lie point symmetries admitted 
by this potential are: 

X = codt + Ci sin td v + C 2 cos td y + c 3 yd v . 

We note that the Lie symmetry yd y , which is due to the Affine collineation, has not been found in 541 . 

The potential V 2 ( x , y) is obtained by V\ (x, y) with x, y interchanged. Therefore the Lie point symmetries 
admitted by the potential V 2 (a;, y) are 

X = cod t + ci sin td x + Ci cos td x + c 3 xd x 

and again in [54| the Lie point symmetry yd y is missing. 

The potential V 3 (x, y) is of the form 2 (x 2 + y 2 ) + f (x — ay). Hence from Tables l4T6l and l4T7l the admitted 
Lie symmetries are 

X = cod t + (ci cos t + C 2 sin t) (ad x ± d y ) + c 3 (ax + y) (ad x + d y ). 
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Table 4.13: Noether symmetries of Hnon - Heiles potential 


V (x,y) 

Noether Symmetry 

Noether Integral 

| ( x 2 + y 2 ) L x 3 

sin td y 

y sin t — y cos t 


cos tdy 

y cost + ysint 

\ ( x 2 + y 2 ) L y 3 

sin td x 

x sin t — x cos t 


cos td x 

i; cos t + a; sin t 

\ (x 2 + y 2 ) ± (ay ± x ) 3 

sin t(Tad x + d y ) 

(=F ax + y) sint — (=fax + y) cos t 


cost(Tad x + d y ) 

(=F ax + y) cos t + (= fax + y) sin t 

\ {x 2 + y 2 ) ± (ay q= x ) 3 

sint (±ad x + d y ) 

(Lax + y) sin t — (Lax L y) cos t 


cos t(±ad x + d y ) 

(Lax L y) cos t + (Lax L y) sint 


The potential V 4 ( x, y) is of the same form as V 3 (x, y ) with x, y interchanged. Therefore the Lie point 
symmetries are: 

X = Codt L a(c\ cos t + ci sin t) ( ad x =F dy) + C 3 (ax + y) ( ad x L d y ). 

We observe that in all four cases the Lie point symmetries depend on four free parameters (the cq, Ci, C2, C3). 
The parameter cq determines the vector codt and the rest ci, C 2 , C 3 the x — y part of the symmetry generators. 

The Lie point symmetries which are possibly Noether symmetries are the ones generated by the KVs. 
We check that the Lie point symmetries which are due to the gradient KVs are Noether Symmetries of the 
potentials (plus the <9 t whose Noether integral is the Hamiltonian). The Noether integrals and the Noether 
functions corresponding to each of these symmetries are given in Table 14.131 The results coincide with those 

of [MIES]- 


4.8 Conclusion 

We have shown in Theorem 14.2.21 and Theorem 14.3.21 that the Lie and the Noether point symmetries for 
the general class of equations of motion HH) are generated from the special projective Lie algebra and the 
homothetic Lie algebra respectively of the metric of the space where motion takes place. The specific subalgebra 
is determined by a set of differential conditions which involve the potential defining the dynamical system. The 
results apply to both conservative and non conservative dynamical systems. They also apply to affine spaces 
and they are independent of the signature of the metric and the dimension of the space. 
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The essence of the above is that they reduce the problem of finding the Lie and the Noether point symmetries 
of second order systems of equations of the form G3D to the geometric requirement of finding the special 
projective algebra of the a metric (or more general of an affine) space. Because there is a plethora of results in 
existing studies on the projective algebra of Riemannian spaces, it is possible that the problem of finding the 
Lie and the Noether point symmetries of an autonomous conservative dynamical is already solved! As it has 
been shown, one such case is the case of spaces of constant curvature. The power of the geometric approach is 
that it gives all the Lie and the Noether point symmetries without the use of computer programs. 

An additional point, which could be of interest, is one to reverse the argument and use the computational 
approach of the Lie symmetries of the geodesic equations of a space to compute the projective group, which 
can be a formidable task in Differential Geometry. Aminova [32M34] has shown that if one chooses the Cartan 
parametrization of the geodesic equations then the Lie symmetries generate the projective algebra of the under¬ 
line metric. Because up to now there do not seem to exist either a general method or general theorems which 
allow the computation of the projective algebra of a metric, this approach could be valuable. 

We have applied these theorems to classify all two and three dimensional Newtonian dynamical systems 
which admit at least one Lie symmetry, and in the case of conservative forces, all two and three dimensional 
potentials V (x k ) which admit a Lie symmetry and a Noether point symmetry. These results complete previous 
results |48W50j concerning the Noether point symmetries of the two and three dimensional Newtonian dynamical 
systems. We note that, due to the geometric derivation and the tabular presentation, the results can be extended 
easily to higher dimensional flat spaces; however at the cost of convenience because the linear combinations of 
the symmetry vectors increase dramatically. 

We have demonstrated the application of the results in various important cases. We considered the Kepler- 
Ermakov system, which is an autonomous, but in general not conservative dynamical system and we determined 
the classes of this type of systems which admit Lie and Noether point symmetries; we also considered the case 
of the Henon Heiles type potentials and determined their Lie point symmetries and their Noether symmetries. 
These results are compatible and complete previous results in the literature. 

In the following chapter, we apply the results obtained here to study the Liouville integrability of the three 
dimensional Hamiltonian Kepler-Ermakov system and generalize it in a Riemannian space. 
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4. A Proof of main Theorem 

Below, we give the proof of Theorem 14.2.21 
Equation (14.611 gives: 

= C{t)S(x i ) +D(t) (4.62) 

where S' 1 is a gradient KV. Replacing this in (14.51) we find 

L v Y\ jk) =2C,tS x Ay ( 4 -63) 

Because is a function of x l only and r] l (t,x l ) we must have 

rf (t,x j ) =T(t)Y i (ad) (4.64) 

hence (14.631) becomes: 

T(t)L Y r jk =2C t S >{j 5 i k) (4.65) 

from which follows 

C lt = a 0 T (4.66) 

L Y T) k = 2 aoS^ (4.67) 

where ao = 0, when Y l is a KV,HKV,AC and ao ^ 0 if Y l is a special PC. 

The remaining equations (14.31) - (14.41) are written (F l = gijV ,l (x *)) 

TL Y V’ i + 2 (C, t S + D it ) V’* + T tt Y l = 0 (4.68) 

C (S tk 5i + 2 S,j Si) V’ k + 2T t Y i . 3 - - (C tt S + £>,«) 5) = 0 (4.69) 

Equation (14.691) is written as 

C(t) + 2 S,j SI) V’ k + 2T t yv ,• + (-C,u) S5) + (-£>,«) = 0 


which due to (14.661) is simplified as follows 

C(t) (S, fc <Sj + 2 S tj Si) V' k + (2 Y l , j - a 0 SS}) T t + (-£>,«) = 0. (4.70) 

Collecting the results we have the system of equations 

C, t = a 0 T (4.71) 

L Y T) k = 2S (3 4j (4.72) 

n y F + 2(c t s + i), t )p i + r, tt y i = o (4.73) 

C , (S, fc ^+25, i 4)y- fc + (2Y^ ;3 --a 0 5^T,t + (-A«)^ = 0 (4.74) 
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where ao = 0, when Y' is a KV,HKV,AC and ao ^ 0 if Y l is a sp. PC. We consider various cases. 
Case I. T ( t) = 0. In this case (14.7111 implies C$ = 0 and (14.741) . (14.741) give 


D, t V’ 1 =0 

(4.75) 

c (S, k Si + 2 S,j Si) V’ k + (-£>,«) 5) = 0 

From (|4.75p follows D + = 0 and consequentlv (|4.76f implies 

(4.76) 

C [S, k 5) + 2 S,j Si) V’ k = 0. 

(4.77) 


Because (S t kSj + 25,j 5 l k ) V ,k ^ 0 it follows that C ( t ) = 0. Therefore in this case we have the Lie Symmetry 

X = dhdt (4.78) 


Case II. T (i) = ao ^ 0. Equation (14.711) implies C\t = aoai. Then (14.741) . (14.741) give: 


a 1 L Y V’ l + 2{C, t S + D, t )V’ 1 = 0 
C (5, k 6} +2S,j SI) V’ k + (-£>,«) 6 } = 0 

2D 

It follows 2aoai = Ci , —- = d\ where 

til 

L Y V ,i + (ciS + d\) V’ i = 0 


(4.79) 

(4.80) 


(4.81) 


Then (14.801) is written 

C (5, fc< Sj + 2S,j SI) V' k = 0 (4.82) 

from which we infer that C ( t ) = 0. This means ao = 0 hence Y l can only be KV, HV or AC and furthermore 
Ci = 0. We conclude that provided the potential satisfies the condition 


the symmetry vector is 


L Y V’ i +d 1 V’ t = 0 


X = ( -dioil + d 2 ) d t + a{Y l di 


where Y i is a KV, HV or AC. 

Case III. T t ^ 0. In this case we have the system of simultaneous equations 

C, t = a 0 T 


TLyV’* + 2 (C >t S + D >t ) V’* + T'ttY 1 = 0 
C (5, k 8) + 2 S,j SI) V’ k + (2 Y i . j - a 0 SS}) T t + (-£>,«) 5) = 


(4.84) 

(4.84) 


(4.85) 


0 


(4.86) 

(4.87) 
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Suppose that Y l is a non-gradient KV or non-gradient HV or AC. Then S =constant so that S’ 1 =0. Then 
(14.871) becomes: 


2 i■ j + {-a 0 T t S — D t t) gtj — 0 


(4.88) 


and follows (by taking the antisymmetric part in the indices i,j ) that T t = 0 contrary to our assumption. 
Therefore Y 1 must be a gradient KV, gradient HV or sp.PC. We consider various subcases. 


Case III. a. Y l is a gradient KV/HKV and Y l ^ V’ 1 . Then we have ao = 0 , C (t) = ci =constant and 
equations (14.861) . (14.871) are written as follows: 



L r V’ z + 2^V' i + r -^-Y i = 0 

(4.89) 


c 1 (S, k S i j + 2S )j S i k )V' k + (2^T,t-D, tt )S i j = 0. 

(4.90) 

From (14.891) we infer 

0 D t , T >tt 

2— - dr , — - ai 

(4.91) 

and 

LyV'* + dhV’* + (nY* = 0. 

(4.92) 

From (14.901) we find 

2ipT t - D tt = m 

(4.93) 

that is: 

ci (S.fctfj + 2 S,, 51) V’ k + mSj = 0. 

(4.94) 

The last relation is satisfied onlv for ra = 0 . m = 0. Then (14. 911). (14. 931) rive: 



^r = ffli , D(t) = idi J T (■ t ) dt , di= 4ip. 

(4.95) 


We conclude that provided the potential satisfies equation (14.921) and d\ = 4 ip where ip = 0 for a KV and ip = 1 
for a HV, we have the Lie symmetry vector 


X= irfi J T^dtdt+T^Y^i. (4.96) 

Case III. b. Y l is a gradient HV and Y l = kV’ 1 . In this case we have ao = 0 , C (t) = c i =constant and 
the system of equations (14. 861) . (14.871) becomes: 

L Y V^+(2^+k^jV^ = 0 (4.97) 

c 1 {S, k 8)F2S, j 8i)V' k + (2ipT t -D tU )S i j = 0. (4.98) 

From (14.981) follows ci = 0 which implies the equation 


2 ipTj — Dtt — 0 . 


( 4 . 99 ) 
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Because Y l = V ,l the LyV’ l = 0 and we have the second condition 

2 £>, t + «T„ = 0. (4.100) 

We conclude that in this case the Lie symmetry vector is 

X = D{t)dt+T{t)V'% (4.101) 

where the functions T (t), D (t) are solutions of the system of equations (14.981) and (14.981) . 


Case III. c. Y l is a special PC. In this case the system of symmetry conditions reads 

C, t = a 0 T 



(4.102) 

v 4 + —Y' 1 = 0 

T ) T 

(4.103) 

+ 

1 

Of 

'o. 1S>. 

II 

o 

(4.104) 


Using (14.1021) we write (14.1081) as 


from which follows 


where 


LyV’* + 2 a 0 SV 4 + 2^V 4 + ^Y i = 0 


L>, t _l, T tt _ 

T 2 dl ’ T ai 


LyV 4 + 2a 0 <S'V’ i + diV 4 + oiV* = 0 
Then relation (14.1041) implies the conditions 

T.t _ D tt 

c ~ 02! —~ dc 

and 


(4.105) 

(4.106) 

(4.107) 

(4.108) 

(4.109) 


(5 k 8) + 25, j SI) V’ k + (2 Y l , 0 - a 0 SS)) c 2 - d c S) = 0. 

We conclude that in this case provided the potential function satisfies (14.1071) , we have the Lie symmetry vector 

X = {C(t)S + D (t)) d t +T (t) Y i d i (4.110) 


where the functions C (t) ,D ( t ), T (t) are computed form the equations (14.1021) . (14.1061) . (14.1081) . 

Case III. d. Y l is a special PC of the form Y l = XSV’ 1 , A =constant. and S’ 1 is a gradient KV of the 


metric. 
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This case is possible only when the potential is such that the vector V ' 1 is the gradient HV of the metric (if 
the metric admits one). Then it is easy to show that due to (14.851) equation (14.861) becomes: 

LyV + 2^V’ 1 + (2^ + A SV'* = 0. 

We compute 

L Y V ,i = V’®] d r = -A SjV'iV'* (4.111) 

therefore 

- A SjV’iV’* + 2^V’ i + ( 2 ^ + X^j^J SV* = 0. (4.112) 

It follows 

D, t = 0 (4.113) 

2^ + A^ = A-, (4.114) 

and the condition 

- A S,jV’ j + AiS = 0 => A SjV'* = Ai S. (4.115) 

Condition (14.871) now reads 

C (S )fc aj + 2 S,j Si) V’ k + (2 Y*. j - a 0 S6 *■) T t = 0 ^ 

G (Ai S5) + 2S,j V' 1 ) + (2A S d V A + (2A S - a 0 S) <5j) T t = 0 

T 

from which follows -£■ = As; that is, 

C (Ai SjS) + 2 Sj,j V’ 1 ) + A 2 {2XS, j V i + (2A S - a 0 S ) <Sj) = 0. 


We conclude that in this case we have the Lie symmetry vector 

X = C (i) Sdi + T (t) SV’ z di 

where the functions C (t) ,T (t) are computed form the solution of the system of simultaneous equations 

C, t = a 0 T , T t = X 2 C 
2C, t + X T a = AiT. 
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4.B Tables of Newtonian systems admit Lie and Noether symme¬ 
tries 


Table 4.14: Two dimensional Newtonian systems admiting Lie symmetries (3/4) 
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Table 4.17: Two dimensional conservative Newtonian systems admiting Lie symmetries (3/3) 


Lie j. V -> 

d = 0 

d / 0 

+ ad x + bd y 

%td t + (a + x)d x + (b + y) d y 

%td t + (x + y)d x + (x + y) d y 

%td t + ( a 2 x + ay) d x + (ax + y) d y 

±td t + (-ay + x)d x + (ax + y) d y 

/ (ay - bx) 

/(IB) {«+*? 

f (y-x) + d(x + y) 

ci (x 2 +y 2 ) + f (ay - x) 

f (9 — a In r) r 2 

[ci + f (ay- bx)} e~ d * 

/(3i) («+*) <M) 

(x + y)^ 2 ~^ 
ci (ax + y )( 2 1+ ° 2 ) 

/ (0 — alnr) r 2_d 


Lie | V — > 

d = 2 

d = 1 

%td t + d x + bdy 

3 td t + (a + x)d x + (b + y) d v 

7}td t + (x + y)d x + (x + y) d y 

%td t + ( a 2 x + ay) d x + (ax + y) d y 

\td t + (-ay + x)d x + (ax + y) d y 

[ci + f (y - bx)\ e~ 2 a 

/(t+ 1 ) + ci In (a + x) 

(x + y) 

In (ax + y) (d = 2 (l + a 2 )) 

Ci In r + f (0 — a In r) 

[ci + /(y-bx)] e_ “ 

/(ie)<«+*) 

(x + y ) 5 

/ l + 2 a 2 \ 

(ax + yR 1+a2 2 

cir + / (0 — alnr) r 
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Table 4.18: Three dimensional conservative Newtonian systems admitingt Noether symmetries (3/5) 


Noether Symmetry 


V(x,y,z) 


adp + bd v 


aO/x + b (xi/djx Xfidj^ 

adn + b ( X(jdi/ x^d^ r) 

a (. Xi/dfj, x^diy^ H - 

+ b (Xfjdfi Xpda) 

2 btdt + ad M 

2 btd t + aO^do^ + bRd R 


'iff arctan ( l(Jfc) l) + / (s r (^) + 1^,0 

— iff^(^o-) + / { r (va)i xtl ~ 

- arctan f ax -+^ ) 

a \ Xfjy/a? 


2 +b 2 y 


+ 


x^a+bxQ 1 f ( x„ x a \ 

1 2(a+bz 2 ) (a+bzj) •' \ a+ba: f‘ ’ a + ba: M / 

- f lnr (^)’T^) 




Table 4.19: Three dimensional conservative Newtonian systems admiting Noether symmetries (4/5) 


Noether Symmetry 

V (x, y, z) 

adfj, + bd v + cd a 


adn + bdjy + c ( Xjyd^ x^d^ 

H ai 'ctan GUe/j,) 


+/ (f- bx,j, + ax v ,x a ) 

adjj + bdjy c {xpdii x^d , T ) 

id arctan (i±y^r) 


+ / (*„ ^ arctan ( ) , \ r(jur) “s„) 

adfj + b ( Xi/dfi Xf^di/') H - 

p nr „ tnn f (ab+b^+bcx^A 

\/b 2 +c 2 aiClan |bz M Nb 2 +c 2 ^ + 

c {xcydfj, Xf_id(j ) 

+/ (i - f) + (x + T^) ^ ^ - f^) 

so (3) linear combination 

p arctan (A (9, </>)) + 


+ F (R , b tan 0 sin </ + c cos (f> — aM\) 

2 ctdt + ad,j, + b9{y„)de^ a) + cRdu 


2 ltdt + ( ad^ + bd u + cd a + IRBr) 

pz(2a+cx„) . 1 r / b+Zz„ c+Zz„ \ 

2(a+cz,,) 2 (a+Zz^) 2 •' \ Z(a+Zz,,) > l(a+lx^) / 



4.B. TABLES OF NEWTONIAN SYSTEMS ADMIT LIE AND NOETHER SYMMETRIES 


97 


Table 4.20: Three dimensional conservative Newtonian systems admiting Noether symmetries (5/5) 
Noether Symmetry V(x, y, z) / T tt = mT 

T ( t ) (ad M + bd v + cdfj ) R 2 + /(*"- fa**, - fa'*) 

(21 fT(t) dt) dt+ + 

+ T (t) (ac^ + bd u + + IRdji) — ^ (i ? 2 + ^f-x^ + + x a ' cr ) 

Where A (</>, 0) = ((a 2 + & 2 ) cos 4> — be tan 0 sin <p + cMi) x 

x { [— 6 2 M/ — 2& tan 0 sin (f>Mi — a 2 sin 2 </> tan 2 d] } 2 

Mi = ,/ s j n 2 (j) (2 cos 2 0 — 1) , M 2 = Va 2 + b' 2 + c 2 
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Chapter 5 


The autonomous Kepler Ermakov 
system in a Riemannian space 

5.1 Introduction 

The Ermakov system has its roots in the study of the one dimensional time dependent harmonic oscillator 

x + u> 2 {t)x = 0. (5.1) 

Ermakov |66| obtained a first integral J of this equation by introducing the auxiliary equation 

p + w 2 (t) p = p~ 3 (5.2) 

eliminating the w 2 (t) term and multiplying with the integrating factor px — px 

J =\ [(^ “ P x ) 2 + ( X /P ) 2 ] • (5-3) 

The Ermakov system was rediscovered nearly a century after its introduction and subsequently was 
generalized beyond the harmonic oscillator to a two dimensional dynamical system which admits a first integral 
[68j . In a series of papers the Lie, the Noether and the dynamical symmetries of this generalized system have 
been studied. A short review of these studies and a detailed list of relevant references can be found in 691 . 
Earlier reviews of the Ermakov system and its numerous applications in divertive areas of Physics can be found 

in [muni. 

The general Ermakov system does not admit Lie point symmetries. The form of the most general Ermakov 
system which admits Lie point symmetries has been determined in m and it is called the Kepler Ermakov 
system (56ll65l . It is well known that these Lie point symmetries are a representation of the sl( 2, R ) algebra. 
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In an attempt to generalize the Kepler Ermakov system to higher dimensions, Leach [Sir used a transfor¬ 
mation to remove the time dependent frequency term and then demanded that the autonomous ‘generalized’ 
Kepler Ermakov system will posses two properties: (a) a first integral, the Ermakov invariant and (b) sl(2,R) 
invariance wrt to Lie symmetries. It has been shown, that the invariance group of the Ermakov invariant 
is reacher than sl(2,R) [73]. The purpose of the present work is to use Leach’s proposal and generalize the 
autonomous Kepler Ermakov system in two directions: (a) to higher dimensions using the sl(2,R) invariance 
with respect to Noether symmetries (provided the system is Hamiltonian) and (b) in a Riemannian space which 
admits a gradient homothetic vector (HV). 

The generalization of the autonomous Kepler Ermakov system to three dimensions using Lie symmetries 
has been done in [SB]. In the following sections, we use the results of Chapter []] to generalize the subset of 
autonomous Hamiltonian Kepler Ermakov systems to three dimensions via Noether symmetries. We show, that 
there is a family of three dimensional autonomous Hamiltonian Kepler Ermakov systems parametrized by an 
arbitrary function / which admits the elements of sl( 2, R) as Noether point symmetries. Each member of this 
family admits two first integrals, the Hamiltonian and the Ermakov invariant. 

We use this result in order to determine all three dimensional Hamiltonian Kepler Ermakov systems which 
are Liouville integrable via Noether point symmetries. To do this we need to determine all members of the 
family, that is, those functions / for which the corresponding system admits an additional Noether symmetry. 

The results of Chapter 0] indicate that there are two cases to be considered, i.e. Noether point symmetries 
resulting from linear combinations of (a) translations and (b) rotations (elements of the so (3) algebra). In each 
case we determine the functions / and the required extra time independent first integral. 

The above scenario can be generalized to an n dimensional Euclidian space as Leach indicates in [56] , however 
at the cost of major complexity and number of cases to be considered. Indeed as it can be seen by the results 
of Chapter 0] the situation is complex enough even for the three dimensional case. 

We continue with the generalization of the Kepler Ermakov system in a different and more drastic direction. 
We note that the Ermakov systems considered so far are based on the Euclidian space, therefore we may call them 
Euclidian Ermakov systems. Furthermore the sl(2,R) symmetry algebra of the autonomous Kepler Ermakov 
system is generated by the trivial symmetry d t and the gradient HV of the Euclidian two dimensional space E 2 . 
Using this observation we generalize the autonomous Kepler Ermakov system (not necessarily Hamiltonian) in 
an n dimensional Riemannian space which admits a gradient HV using either Lie or Noether point symmetries. 
The new dynamical system we call the Riemannian Kepler Ermakov system. This generalization makes possible 
the application of the autonomous Kepler Ermakov system in General Relativity and in particular in Cosmology. 

Concerning General Relativity, we determine the four dimensional autonomous Riemannian Kepler Ermakov 
system and the associated Riemannian Ermakov invariant in the spatially flat Freedman - Robertson - Walker 
(FRW) spacetime and we use previous results to calculate the extra Noether point symmetries. The applications 
to cosmology concern two models for dark energy on a locally rotational symmetric (LRS) space time. The first 
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model involves a scalar field with an exponential potential minimally interacting with a perfect fluid with a stiff 
equation of state. The second cosmological model is the f(R) modified gravity model of A t c CDM. It is shown, 
that, in both models the gravitational field equations define an autonomous Riemannian Kepler Ermakov system 
which is integrable via Noether integrals. 

In section 15.21 we review the main features of the two dimensional autonomous Euclidian Kepler Ermakov 
system. In section 15.31 we discuss the general scheme of generalization of the two dimensional autonomous 
Euclidian Kepler Ermakov system to higher dimensions and to a Riemannian space which admits a gradient 
HV. In section UTdl we consider the generalization to the 3D autonomous Euclidian Hamiltonian Kepler Ermakov 
system by Noether point symmetries and determine all such systems which are Liouville integrable. In section 
15.61 we define the autonomous Riemannian Kepler Ermakov system by the requirements that it will admit 
(a) a first integral (the Ermakov invariant) and (b) posses sl(2,R) invariance. In section 15.6.11 we consider 
the non-conservative autonomous Riemannian Kepler Ermakov system and derive the Riemannian Ermakov 
invariant and in section [57672] we repeat the same for the autonomous Hamiltonian Riemannian Kepler Ermakov 
system. In the remaining sections we discuss the applications of the autonomous Hamiltonian Riemannian 
Kepler Ermakov system in General Relativity and in Cosmology. 


5.2 The two dimensional autonomous Kepler Ermakov system 


In [72] Hass and Goedert considered the most general 2d Newtonian Ermakov system to be defined by the 
equations: 


x + uj 2 (t, x , y, x, y)x = / (-) 

yx z \x/ 

y + w 2 (f, x , y, x, y)y = —jg (-) . 

xy z \x/ 

This system admits the Ermakov first integral 

l ry/x ry/x 

1 = ~ yx) 2 + / / (r) dr + / g {t) dr. 


(5.4) 

(5.5) 


(5.6) 


If one considers the transformation: 


n 2 

= w 2 - 

1 (V' 

xy U. 

) 

(y\ 

= /(- 

\ x 2 i 

r y\ 



-) 

\xJ 

\x 

/ y 2 V 

. xJ 


then equations lj5.4M5.5jl take the form 

x + D 2 (x, y, x, y)x = -^-F (-) 
x z y \x/ 

V + tt 2 (x,y,x,y)y = 0 . 


(5.7) 

(5.8) 
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Due to the second equation, except for special cases, the new function 12 is independent of t ; it depends 
only on the dynamical variables x, y and possibly on their derivative. The Ermakov first integral in the new 
variables is: 

I = \{xy-yx) 2 + j F (A) dX. (5.9) 

The system of equations (15.7I) - (15.8I) defines the most general 2D Ermakov system and produces all its known 

forms for special choices of the function 12. For example, the weak Kepler Ermakov system [55] is defined by 

the equations [551 

x + ui 2 {t)x+^H (x,y) -= 0 (5.10) 

y+uj 2 (t)y + (x,y) ~ (-) = 0 (5.11) 

r° y° \xs 

where H, /, g are arbitrary functions of their argument, Q is of the form 

M 2 (x,y) = u 2 (t) +H (x,y)/r 3 (5.12) 

and the Ermakov first integral becomes 

y_ 

1 = \ (xy - yx) 2 + j [A/ (A) - X~ 3 g (A)] dX. (5.13) 

The weak Kepler Ermakov system does not admit Lie point symmetries. However, the property of having a 

first integral prevails. The system of equations (15.1011 . (15.111) admits the si (2 ,R) as Lie point symmetries [52] 
only for H (x, y) = — y 2 r 3 H—where fi is either a real or a pure imaginary number. This is the Kepler 
Ermakov system defined by the equations 


x+(u 2 {t)-n 2 )x + ^h(^ -^/(|) = 0 (5.14) 

y+ (w 2 (i) - y 2 ) y + ~h (-) - (-) = 0. (5.15) 

r * 3 x \x/ y* \x/ 

It is well known (see [52]) that the oscillator term w 2 (f) — y 2 in (15.14l) - (15.15l) is removed if one considers new 
variables T, X , Y defined by the relations: 

T = J p~ 2 dt , X = p-'x , Y = p~ 1 y (5.16) 

where p is any smooth solution of the time dependent oscillator equation 


p+(co 2 (t)-p 2 )p = 0. (5.17) 

In 52] it is commented that ’’the effect of y 2 is to shift the time dependent frequency function”. However 
this is true as long as lo (t) 0. When cu(t) = 0, one has the autonomous Kepler Ermakov system whose Lie 

symmetries span the sl( 2, R) algebra with different representations for y = 0 and y ^ 0. 
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Before we justify the need for the consideration of the two cases y = 0 and y ^ 0, we note that by applying 
the transformation 

s = J v~ 2 dT , x = v~ 1 X , y = v~ 1 Y (5.18) 

where v satisfies the Ermakov Pinney equation 


d 2 v 
dT 2 



(5.19) 


to the transformed equations 


d 2 X 1 (Y\ _ 1 

dT 2 R 3 \XJ X s7 
d 2 Y 1 Y ,(Y\ 1 

Hr 2 + r? x Vxy y 39 



(5.20) 

(5.21) 


we retain the term y 2 and obtain the autonomous Kepler Ermakov system of |53| 


+ = 0 (5 - 22) 

y- + - "is(-) = 0. (5.23) 

x \x / \i/ 

The above transformations show that the consideration of the autonomous Kepler Ermakov system is not a 
real restriction. 

We discuss now the need for the consideration of the cases y = 0 and y ^ 0. In Section 14.71 we have 
determined the Lie symmetries of the autonomous 2d Kepler Ermakov system and we have found two cases. 
Case I concerns the autonomous Kepler Ermakov system with y = 0 and has the Lie symmetry vectors 


X = (ci + C22t + c^t 2 ) d t + (c 2 + c 3 t) rd r ( y = 0) 


(5.24) 


The second case, Case II, concerns the same system with y ^ 0 and has the Lie symmetry vectors 

X = ^ci + c 2 — e 2fJ,t - C 3 — d t + (c 2 e 2/it + c 3 e -2/rf ) rd r ( y ^ 0) (5.25) 

where in both cases rdf j = xd x + yd y is the gradient HV of the 2D Euclidian metric. Each set of vectors in 
(I5.25I) - (I5.24I) is a representation of the sl(2,R) algebra and furthermore each set of vectors is constructed from 
the vector dt and the gradient HV rd r of the Euclidian two dimensional space E 2 . 

The essence of the difference between the two representations is best seen in the corresponding first integrals. 
If a Kepler Ermakov system is Hamiltonian then the Lie point symmetries are also Noether point symmetries 
therefore in order to find these integrals we determine the Noether invariants. The Noether symmetries of the 
Kepler Ermakov system have been determined in Section 14.71 For the convenience of the reader we repeat the 
relevant material. 

Equations (15.221) . (15.231) follow from the Lagrangian [52] 


L = - 2 (r 2 + r 2 0 2 ) 


^ 2 C(9) 

2 r 


2 r 2 


(5.26) 
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where C(0) = c + sec 2 #/(tan 6) + esc 2 0g (tan 9) provided the functions /, g satisfy the constraint: 

sin 2 Of (tan#) + cos 2 9 g' (tan#) = 0. (5-27) 

The Ermakov invariant in this case is [52] . 

J = r 4 # 2 + 2C (#). (5.28) 


Because the system is autonomous the first Noether integral is the Hamiltonian 

E = I (r 2 + r 2 # 2 ) + (#) (5.29) 

In addition to the Hamiltonian, there exist two additional time dependent Noether integrals as follows: 
g = 0 


h = 2tE-rf (5.30) 

h = t 2 E — trr + -r 2 (5.31) 


M f 0 



rf + gr 2 j e 2 ^ 

(5.32) 

rr + gr 2 ] e~ 2fJ,t . 

(5.33) 


We note that the Noether integrals corresponding to the representation (15.241) are linear in t, whereas the ones 
corresponding to the representation (15.251) are exponential. Therefore the consideration of the cases g = 0 and 
g f 0 is not spurious otherwise we loose important information. This latter fact is best seen in the applications 
of Noether symmetries to field theories where the main core of the theory is the Lagrangian. In these cases the 
potential is given and, as it has been shown in Chapter [4] a given potential admits certain Noether symmetries 
only; therefore one has to consider all possible cases. We shall come to this situation in section [5781 where it will 
be found that the potential selects the representation (15.251) . 

To complete this section, we mention that for a Hamiltonian Kepler Ermakov system the Ermakov invariant 
(15.281) is constructed [53] from the Hamiltonian and the Noether invariants (15.32D . (I5.33I) as follows: 


J = E 2 — I[T 2 . 


Finally in [53], it is shown that the Ermakov invariant is generated by a dynamical Noether symmetry of 
the Lagrangian (15.261) . a result which is also confirmed in [741 . 


5.3 Generalizing the autonomous Kepler Ermakov system 


We consider the generalization of the two dimensional autonomous Kepler Ermakov system [SaiMTSM] using 
a geometric point of view. From the results presented so far we have the following: 
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(i) Equations (15.4D - (15.5I) which define the Ermakov system employ coordinates in the Euclidian two dimen¬ 
sional space, therefore the system is the Euclidian Ermakov system. 

(ii) The autonomous 2D Euclidian Kepler Ermakov system is defined by equations (15.2211 and (15.231) 

(iii) The Lie symmetries of the Kepler Ermakov system span the sl(2,R) algebra. These symmetries are 
constructed from the vector dt and the gradient HV of the space E 2 . 

(iv) For the autonomous Hamiltonian Kepler Ermakov system the Lie symmetries reduce to Noether point 
symmetries and the Ermakov invariant follows from a combination of the resulting three Noether integrals, 
two of which are time dependent. Furthermore, the Ermakov invariant is the Noether integral of a dynamical 
Noether symmetry. 

The above observations imply that we may generalize the Kepler Ermakov system in two directions: 

a. Increase the number of dimensions by defining the n dimensional Euclidian Kepler Ermakov system 
and/or 

b. Generalize the background Euclidian space to be a Riemannian space and obtain the Riemannian Kepler 
Ermakov system. 

Concerning the defining characteristics of the Kepler Ermakov system we distinguish three different proper¬ 
ties of reduced generality: The property of having a first integral; the property of admitting Lie/Noether point 
symmetries, the sl(2,R) invariance and the property of being Hamiltonian and admitting sl(2,R) invariance 
via Noether point symmetries. 

Following Leach I56j we generalize the autonomous Kepler Ermakov system to higher dimensions by the 
requirement: The generalized autonomous (Euclidian) Kepler Ermakov system admits the sl( 2, R) algebra as a 
Lie symmetry algebra. 


5.4 The three dimensional autonomous Euclidian Kepler Ermakov 
system 

The generalization of the autonomous Euclidian Kepler Ermakov system using sl(2,R) invariance of Lie sym¬ 
metries has been done in mmm- In this section, using of the results of Chapter [2 we give the generalization 
of the autonomous Euclidian Hamiltonian Kepler Ermakov system to three dimensions by demanding sl(2,R) 
invariance with respect to Noether point symmetries. The reason for attempting this generalization is that 
it leads to the potentials for which the corresponding extended systems are Liouville integrable. Furthermore 
indicates the path to the n dimensional Riemannian Kepler Ermakov system. 

Depending on the value /i ^ 0 or fj, = 0, we consider the three dimensional Hamiltonian Kepler Ermakov 
systems of type I and type II. 
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5.4.1 The 3D autonomous Hamiltonian Kepler Ermakov system of type I (/i ^ 0) 

For fj, ^ 0, the admitted Noether symmetries are required to be (see (I5.25D i 


X 1 = d u X ± = -e ±2,lt dt ± e ±2,lt RdR. 

From Table 14701 and T ( t ) = 4e ±2/it of section 14.5.21 we find that for these vectors the potential is 


(5.34) 


1 


v{RA,e) = — ^i? 2 + x_/( M ) 


hence, the Lagrangian is 


L = 




R? + R 2 d 2 + IV sin 2 




The equations of motion, that is, the equations defining the generalized dynamical system are 

R — R(j) 2 — i?sin 2 <j> 9 2 — fi 2 R — = 0 

•• 2 • • •„ 1 

<p + -RU- sin (t)cos(p 9 + = 0 


1 T —R0 T cot ( 
R 


1 


R A sin 2 cf> 

The Noether integrals corresponding to the Noether vectors are 


f,s = 0. 


(5.35) 

(5.36) 

(5.37) 

(5.38) 


E = 

\ [R 2 + R 2 4? + R 2 sin 2 $ 0 2 ) - R 2 + ( 0 , </>) 

(5.39) 

1+ = 

-e 2 ^E - e 2 IJt RR + /ze 2 ^!? 2 

(5.40) 

/_ = 

- e~ 2 ^E + e~ 2 ^RR + ne~ 2 ^R 2 

(5.41) 


where E is the Hamiltonian. The Noether integrals I± are time dependent. Following 
independent combined first integral 

J = E 2 - 1+ 1_ = R A <j) 2 + R 4 sin 2 <j) d 2 + 2/ (0, 0 ). 

Using (15.421) the equation of motion (15.361) becomes 

k ~fR = jp 


we define the time 


(5.42) 


(5.43) 


which is the autonomous Ermakov- Pinney equation [793. Therefore J is the Ermakov invariant |56l . 

An alternative way to construct the Ermakov invariant (15.421) is to use dynamical Noether symmetries 1581 . 
Indeed one can show that the Lagrangian (15.351) admits the dynamical Noether symmetry Xr> = K'-xJ d r where 
Kij is a Killing tensor of the second rank whose non-vanishing components are K^a, = R 4 , Kgg = R 4 sin 2 </>. The 


dynamical Noether symmetry vector is X& = R 2 ( <j>d</, + 8dg j with gauge function 2/ (0, <j>). 

















5.5. INTEGRABILITY OF 3D AUTONOMOUS EUCLIDIAN KEPLER ERMAKOV SYSTEM 


107 


5.4.2 The 3D autonomous Hamiltonian Kepler Ermakov system of type II (ji = 0) 

For /z = 0, the Noether point symmetries are required to be (see (I5.24[) l |56j 

X 1 = d t , X 2 = 2td t + Rd R , X 3 = t 2 d t + tRd R . (5.44) 

From Table ICTJ1 and from Table H~TT1 for T(t) =t of section 14.5.21 we find that the potential is 

v(R,<t>,e) = ^f{e,4>) 

hence, the Lagrangian is 

L' = \ ( R 2 + R 2 4> 2 + R 2 sin 2 ct>e 2 ) - f (0, 4>). (5.45) 

The equations of motion are (15.3611 - (15.381) with /r = 0. The Noether invariants of the Lagrangian (15.45[) are 

E = i (i ? 2 + K 2 /. 2 + i ? 2 sin 2 +-Lf(0,<l>) (5.46) 

h = 2tE' - RR (5.47) 

I 2 = t 2 E' -tRR+^R 2 . (5.48) 

We note that the time dependent first integrals 1 1,2 are linear in t whereas the corresponding integrals I± 
of the case n ^ 0 are exponential. From 2 we define the time independent first integral J = ARE’ — I 2 which 
is calculated to be 

J = R a <]) 2 + R 4 sin 2 (j) 6 2 + 2/ (9, <f>). (5.49) 

Using (15.491) the equation of motion for R (t) becomes R — jp = 0 which is the one dimensional Ermakov- 
Pinney equation, hence J' is the Ermakov invariant ;SS]- As it was the case with the three dimensional 
Hamiltonian Kepler Ermakov system of type I, the Lagrangian (15.451) admits the dynamical Noether symmetry 
Xd = R 2 {i'dcj, + Ode^J whose integral is the (15.491) . 


5.5 Integrability of 3D autonomous Euclidian Kepler Ermakov sys¬ 
tem 


The 3d autonomous Hamiltonian Euclidian Kepler Ermakov systems need three independent first integrals in 
involution in order to be Liouville integrable. As we have shown each system has the two Noether integrals 
(E , J) , therefore, we need one more Noether symmetry. Such a symmetry exists only for special forms of the 
arbitrary function / ( 0 , </>). From tables ITTU1 14.11114.181 fTTIil and ET2P1 of Chapter H] we find that extra Noether 


symmetries are possible onl^fj for linear combinations of translations (i.e. vectors of the form y) a A dA where 

A=1 

a A are constants) and/or rotations (i.e. elements of so(3)). 


1 The linear combination of an element of .so(3) with a translation does not give a potential, hence, an additional Noether 

symmetry. 
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5.5.1 Noether symmetries generated from the translation group 

We determine the functions / ( 9 , (f>) for which the 3D autonomous Hamiltonian Euclidian Kepler Ermakov 
system admits extra Noether point symmetries for linear combinations of the translation group. 

The Lagrangian (15.351) 


In Cartesian coordinates the Lagrangian (15.351) is 

L (x j ,x j ) =±(x 2 +y 2 + z 2 ) + ^-(x 2 +y 2 + z 2 ) - ^// ( £ , £ ) 


(5.50) 


where // = (1 + £ + £) 


. From Tabic IT^Ul with m = — y 2 , p = 0 we find that the Lagrangian (15.501) admits 
Noether symmetries, which are produced from a linear combination of translations, if the function // (f, f) 
has the form 


\x x) 


1 


r F 


b±-C^ 

X X 


' x ' x) (i-ti ) 2 

In this case, the Lagrangian (|5.50[) admits at least the following two extra Noether symmetries 

3 

X± = e ±lxt Y^a A d A 


A= 1 


with corresponding Noether integrals 


I±=e 


— f,±nt 


J2a A x A ) =F/re ±M * ( ^ 


a A x A 


^A=l 


^A —1 


We note that the first integrals I± are time dependent; however the first integral 

J 2 = I+I- = (ax + by + cz) 2 + y 2 (ax + by + cz) 2 


(5.51) 


(5.52) 


(5.53) 


(5.54) 


is time independent. As it was the case with the Ermakov invariant (15.421) the integral J 2 is possible to be 
constructed directly from the dynamical Noether symmetry X' D = KjX l di, where K( 2 )ij is a Killing tensor 
of the second rank [5811591 , with non-vanishing components 

I<n = a 2 , K 22 = b 2 , A '33 = c 2 
K(i 2 ) = 2ab , A (13) = 2ac , A (23 ) = 2 be 

so that the dynamical symmetry vector is 

X' D = (a 2 + ab + ac ) xd x + (b 2 + ab + be) yd v + (c 2 + ac + be) zd z . (5.55) 

The Ermakov invariant J (see (15.42[) ) in Cartesian coordinates is 


J = 2 E (x 2 + y 2 + z 2 ) — (xx + yy + zz ) 2 . 


(5.56) 
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The first integrals J, J 2 are not in involution. Using the Poisson brackets we construct new first integrals 
and at some stage one of them will be in involution. These new first integrals can also be constructed form 
corresponding dynamical Noether symmetries. 

An example of a known Lagrangian of the form (15.501) is the three body Calogero-Moser Lagrangian [80if82] 

■ 2 . . 1 1 1 

(5.57) 


L = l (x 2 + y 2 + z 2 ) - fL (x 2 +y 2 + z 2 )-^-- 

2V > y > {x _ y) 2 (x _ z)2 (y _ z)2 


The extra Noether symmetries of this Lagrangian are produced by the vector (15.521) for a A = (1,1,1). 
The Lagrangian (15.451) 


In Cartesian coordinates the Lagrangian (15.451) is 

L (x J , x 3 ) = i (x 2 + y 2 + z 2 ) - \ fir ■ (5.58) 

' ' 2 ' x A \x xJ 

According to Tables 14.191 and 14.201 (with m = 0 , p = 0), the Lagrangian (15.581) admits extra Noether point 
symmetries for a linear combination of translations if the function / is of the form (15.511) . In this case the 
corresponding Noether integrals are 

3 33 

I[ = a A ±A , I' 2 = t^^a A XA — J2a A *A. (5.59) 

A -1 A -1 A= 1 


Example of such a Lagrangian is the Calogero-Moser Lagrangian 


(without the oscillator term) 
1 


(x-z) ( y-z ) 


2 ■ 


(5.60) 


For the Lagrangian (15.601) . we have the first integrals E, J, I [, I ! 2 ■ From the integrals J, I[ we construct the 
integral $ = {/(, {J, /(}} . It is easy to show that the integrals E, /(, are in involution hence the dynamical 
system is Liouville integrable. We remark, that, the first integrals E, J, I [, I' 2 can also be computed by making 
use of the Lax pair tensor [82 . 


5.5.2 Noether symmetries generated from so (3) 

The elements of so (3) in spherical coordinates are the three vectors CK 1 ’ 2 ' 3 

CK 1 = sin Odrp + cos 6 cot 4>dg , CK 2 = cos dd^ — sin 0 cot <pde. CK 3 = dg (5.61) 

which are also KVs for the Euclidian sphere. 

In this case, the symmetry condition becomes 
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or, equivalently 

^2 {R 2 g ij CK i f'*) +p = 0= > gtjCKl^fj +p = 0 (5.63) 

where gij is the metric of the Euclidian sphere, that is 

ds 2 = d(f) 2 + sin 2 (/> d0 2 . (5.64) 

We infer that the problem of determining the extra Noether point symmetries of Lagrangian (15.351) generated 
from elements of the so (3) is equivalent to the determination of the Noether point symmetries for motion on 
the 2D sphere. 

It is easy to show, that, the integrals of Table ITT?! of section [TTTTI are in involution with the Hamiltonian and 
the Ermakov invariant, therefore, the system is Liouville integrable via Noether point symmetries. 

The above results are extended to the case in which the system moves on the hyperbolic sphere that is, it 
has Lagrangian 

L = i (i? 2 + R 2 <f 2 + R 2 sinh 2 </> 0 2 ) + ^ R 2 - j^g (0, cf ). (5.65) 

We reach at the following conclusion. 

Proposition 5.5.1 The three dimensional autonomous Hamiltonian Kepler Ermakov system with Lagrangian 
\5.35\) is Liouville Integrable via Noether point symmetries, which are generated from a linear combination 
of the three elements of the so (3) algebra, if and only if the equivalent dynamical system in the fundamental 
hyperquadrics of the three dimensional flat space is integrable. 

We note that it is possible a three dimensional autonomous Kepler Ermakov system to admit more Noether 
symmetries which are due to the rotation group and the translation group (but not to a linear combination of 
elements from the two groups). For example, the 3D Kepler Ermakov system with Lagrangian [501 

L = 1 (i 2 + y‘ + i 2 )-!-1 (5.66) 

2 

has the following extra Noether point symmetries (in addition to the elements of si (2, R)) 

Y 1 = d x + d y , Y 2 = d x + d z 
y 3 = t(d x + d y ), Y 4 = t(d x + d z ) 

Y 5 = (y- z)d x - (x + z)d y + (x + y)d z . 


The vectors K 1,2 and F 3,4 follow from (15.521) for a^ = (1,1,0) and = (1, 0,1) respectively, whereas Y 5 is a 
linear combination of the three elements of so (3). The Noether integrals of the Noether symmetries F 1-5 are 
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respectively 


Iv, 

= x + y 

(5.67) 

!y 2 

= x + z 

(5.68) 

j y 3 

+ 

1 

+ 

* 5 , 

II 

(5.69) 

Iy 4 

= t (x + z ) — (x + z) 

(5.70) 

Iy, 

= {y - z)x - (x + z)y + (x + y) z. 

(5.71) 


It is clear that in order to extend the Kepler Ermakov system to higher dimensions one needs to have the 
type of results of Chapter [2 therefore, the remark made in [55], that the ‘notion is easily generalized to higher 
dimensions’ has to be understood as referring to the general scenario and not to the actual work. 

5.6 The autonomous Riemannian Kepler Ermakov system 

As it has been noted in section O the Kepler Ermakov systems considered so far in the literature are Newto¬ 
nian Kepler Ermakov systems. In this section we make a drastic step forward and introduce the autonomous 
Riemannian Kepler Ermakov systems of dimension n. The generalization we consider is based on the following 
definition 

Definition 5.6.1 The n dimensional autonomous Riemannian Kepler Ermakov system is an autonomous dy¬ 
namical system which: 

a. It is defined on a Riemannian space which admits a gradient HV 

b. Admits a first integral, which we name the Riemannian Ermakov first integral and it is characterized by the 
requirement that the corresponding equation of motion takes the form of the Ermakov Pinney equation. 

c. It is invariant at least under the sl(2,R) algebra, which is generated by the vector <9 t and the gradient HV of 
the space. 

There are two types of n dimensional autonomous Riemannian Kepler Ermakov systems. The ones which 
are not Hamiltonian and admit the sl( 2, R) algebra as Lie point symmetries and the ones which are conservative 
and admit the sl( 2, R) algebra as Noether point symmetries. 

5.6.1 The non Hamiltonian autonomous Riemannian Kepler Ermakov system 

Consider an n dimensional Riemannian space which admits a gradient HV. It is well known, that the metric of 
this space can always be written in the form [83ll84l 

ds 2 = du 2 + u 2 hABdy A dy B 


(5.72) 
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where the Latin capital indices A, B, .. take the values 1,..., n — 1 and Hab = h.AB ( y c ) is the generic n — 1 
metric. The gradient HV of the metric is the vector H l = ud u {ip = 1) generated from the function H = \u 2 . 
We note the relation 

hDA^BC = 2^ DB ’ C (5.73) 

where T^q are the connection coefficients of the (n — 1) metric Lab- In that space, we consider a particle 
moving under the action of the force 

F, = ^y a )l + F^)A- A . 

The equations of motion = F z when projected along the direction of u and in the (n — 1) space give 
the equations 

u" - uh A By' A y' B 

y'^ + V + W 

u 

where u' = ^ and s is an affine parameter. 

Because the system is autonomous admits the Lie point symmetry dt . Using the vector d t and the gradient 
HV H l = ud u we construct two representations of sl{ 2, R) by means of the sets of vectors (see (I5.34|) and (15.441) 1 


2 sdg 'U'Oui & H - suOu 

when /i = 0 

(5.76) 

-e ±2fls d s ± e ±2 ^ s ud u 

when y, =/= 0 

(5.77) 




and require that the vectors in each set will be Lie point symmetries of the system of equations (15.741) . (15.751) . 
In Appendix 15. Al we show that the requirement of the invariance of the force under both representations (15.761) . 
(15.771) of sl{ 2, R) demands that the force be of the form 

F l = (p 2 u + ^ G u {y c )^j d u + ^G a ( y c ) d A . (5.78) 

Replacing F l in the system of equations (I5.74I) . (I5.75I) we find 

u" - uh AB y ,A y ,B = a i 2 u + -^G u (5.79) 

u 6 

y " A + 2 -u'y' A +T A c y'By' c = ±- 4 G a . (5.80) 

Multiplying the second equation with Tu 4 hjAAy' D and using (15.731) we have 

u 4 -^ { h DB y' D y ,B ) + 4:U 3 h DA u'y' A y' D = 2 G D y' D (5.81) 

from which follows 

( u 4 h DB y' D y ' B ) = 2 G D y' D . ( 5 . 82 ) 


= F u (5.74) 

= F a (5.75) 
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The rhs is a perfect differential if Gd = —'E,d where E(y A ) is a differentiable function. If this is the case 
we find the first integral 

J = u A h DB y ,D y ,B + 2£ ( y c ). (5.83) 


We note that J involves the arbitrary metric Hab and the function T,(y A ). Furthermore equations (|5.79D . 
(15.801) become 

u" - uh A By ,A y ,B = y 2 u + G u ( y c ) (5.84) 

u 05 

//A I 2 , ,A r A IB /C 1 uABx^ ( C\ /r orl 

y +-uy +r BC y y = - jh E (y ) 5.85 

u vr 

These are the equations defining the n dimensional autonomous Riemannian Kepler Ermakov system. 

Using the first integral (15.831) . the equation of motion (15.841) is written as follows 


„ 2 M G(y c ) 

U = jl u + 




(5.86) 


where G = J + G u ( y c ) — 2E ( y c ) . This is the Ermakov-Pinney equation; hence, we identify (15.831) as the 
Riemannian Ermakov integral of the autonomous Riemannian Kepler Ermakov system. 


5.6.2 The autonomous conservative Riemannian Kepler Ermakov system 

In the following we assume that the force is derived from the potential V (u, y c ) , that is, the dynamical system 
is conservative so that the equations of motion follow from the Lagrangian 

L = \ K 2 + u 2 h AB y' A y' B ) - V («, y c ). (5.87) 

The Hamiltonian is 

E = \ i u ' 2 + u 2 h A By' A y' B ) + V (u, y c ) . (5.88) 

The equations of motion, i.e. the Euler-Lagrange equations, are 

u" - uh AB y' A y' B + V u = 0 (5.89) 

y» A + l U 'y'A +T A 'B y ,C + ^ h ABy = Q (5.90) 

u u z 

The demand that Lagrangian (15.871) admits Noether point symmetries which are generated from the gradient 
HV leads to the following cases. 

Case A: The Lagrangian (15.871) admits the Noether point symmetries (15.761) if the potential is of the form 

V (u,y c ) = (y c ) . (5.91) 

The Noether integrals of these Noether point symmetries are 

Ea = \{u' 2 +u 2 hABy' A y ,B ) + ^V(y c ) 

I\ = 2 sE — uv! 

I2 = s 2 E — suu' + ^u 2 


(5.92) 

(5.93) 

(5.94) 
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where E A is the Hamiltonian. 

Case B: The Lagrangian (15.8711 admits the Noether point symmetries (15.771) if the potential is of the form 


V {u,y c ) = -^-u 2 + -^V' ( y c ). 

The Noether integrals of these Noether point symmetries are 

E b = 7 } ( u ' 2 + u 2 h AB y' A y' B ) - y u 2 + ^V' ( y c ) 

1+ = -e 2lls E - e 2/if W + pe^u 2 
h 

/_ = -e~ 2lls E + e" 2 ^W + pe^u 2 


(5.95) 

(5.96) 

(5.97) 

(5.98) 


where E B is the Hamiltonian. 

Using the Noether integrals we construct the Riemannian Ermakov invariant Jq, which is common for both 
Case A and Case B, as follows 

Jg = u 4 h DB y' D y' c + TV' (y c ) . (5.99) 

This coincides with the invariant first integral defined in (15.831) . We note that with the use of the first integral 
(15.991) the Hamiltonians (I5.92[) and (15.961) take the form 


j —. 1 /Q M o J 

E= 2 U ~Y U ~ + T? 


(5.100) 


which is the Hamiltonian for the Ermakov Pinney equation. 

As it was the case with the Euclidian case of section 15.21 it can be shown that the Riemannian Ermakov 
invariant (15.991) is due to a dynamical Noether symmetry [55]. We collect the results in the following proposition. 


Proposition 5.6.2 In a Riemannian space with metric gij which admits a gradient HV, the equations of motion 
of a Hamiltonian system moving under the action of the potential (/xeC) 

V (u, y c ) = -^-u 2 + ( y c ) (5.101) 

admit the sl(2,R ) invariance and also an invariant first integral, the Riemannian Ermakov invariant. This 
latter quantity is also possible to be identified as the Noether integral of a dynamical Noether symmetry. 

Without going into details we state the following general result. 


Proposition 5.6.3 Consider an n dimensional Riemannian space with an r decomposable metric, which in 
the Cartesian coordinates Xi ,..., x r , has the general form 


ds 2 = pysAdz^ 2 dz A + htjdx'dx^ , i, j = r + 1,... ,n , E = 1,..., r 


(5.102) 
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where r/sA is a flat non degenerate metric (of arbitrary signature). If there exists a potential, so that the vectors 
e ± ^ s Y)a AI 8m are Noether point symmetries, where om o,re constants, with Noether integrals 

M 

I± = e ±,JjS ^ a M z' M =F /Je ±MS ^ a M Z m (5.103) 

M M 

the combined first integral I = I+I- is time independent and it is the result of a dynamical Noether symmetry. 

In the remaining sections we consider applications of the autonomous Riemannian Kepler Ermakov system 
in General Relativity and in Cosmology. 


5.7 The autonomous Riemannian Kepler Ermakov system in Gen¬ 
eral Relativity 

Below, we study the integrability of the Riemannian Kepler Ermakov system via Noether point symmetries in 
a conformally flat spacetime which admits a homothetic Lie algebra with a gradient (proper) HV. 


5.7.1 The Riemannian Kepler Ermakov system on a 4D FRW spacetime 

Consider the spatially flat FRW spacetime with metric 


ds 2 = du 2 — u 2 (da’ 2 + dy 2 + dz 2 ) . 


(5.104) 


This metric admits the gradient HV ud u and six non gradient KVs [44][45] which are the KVs of E 3 . 

We consider the autonomous Riemannian Kepler Ermakov system defined by the Lagrangian (see (15.10111 

(M€C) 

1 . _ . „ 2 _ 1 

(5.105) 


L = \ ( u n - » 2 (^' 2 + v' 2 + z' 2 )) + ^-u 2 - -\v (x, y, z). 
Z 2 u z 


The Euler Lagrange equations are 

// , / /2 , /2 i / 2 \ 2 2V ( x,y,z ) . . 

u +u(x +y +z ) — /i u - - - = 0 (5.106) 

u 6 

x°" + -u!x°' - ^ = 0 (5.107) 

u vr 

where cr = 1,2, 3. The Lagrangian (15.1051) has the form of the Lagrangian (15.871) for the potential V (u, y c ) = 
— -u 2 + -^V (; x,y,z ) hence according to proposition 15.6.21 possesses sl(2,R) invariance under Noether point 
symmetries for both representations (15.761) and (15.771) . The two time independent invariants are the Hamiltonian 
and the Riemannian Ermakov invariant (proposition 15.6.21) 


E = i {u' 2 - u 2 (a/ 2 + y' 2 + z' 2 )) - y« 2 + ^V(x,y,z) 
JGi = u A (x' 2 + y' 2 + z' 2 ) + 2V (x, y, z). 


(5.108) 

(5.109) 


















116 CHAPTER 5. THE AUTONOMOUS KEPLER ERMAKOV SYSTEM IN A RIEMANNIAN SPACE 


Table 5.1: Potentials for which the Kepler Ermakov in the 4D FRW space admit Noether symmetries 


Noether Symmetry 


V(x,y,z) 


Noether Integral 


adu + bd v + cd a 


~a x v + f( xV - z x>1 ’ X<T ~ z x>1 ) 1-T3 = U 2 (alft + bl v + da) 

R arctan (rSr^) 

+/ + ax v ,x c r) 

-^arctan(^i^) 

' / ( x » - F arctan (jS^) - \ r OO ~ ~c x °) 

V ( (*b+b 2 x„+bcx„) \ _j_ 

VW+c* arctan ^ j + 

+ C {Xcydfj - X^da) +f (x^ + X% (l ~ £ J + (^ + ^X a ) X v , X a - § X^j 

so (3) linear combination F (6 tan 0 sin</> + ccoscf — aM\) Ir 3 = u 2 (Ir + Ir p „ + Ir vo ) 


&d^ T bOi y + c (xi/dfj, x^dv') 


Ojd^i T bdi/ + c {x^d^ x^O^^j 


(id T b (xvd^i T 


+ 


It2Rt = u 2 (alfj, + I v + Ir (J „) 


It2R2 — U 2 (a/ M + I v + iRfia) 


IriR3 = U 2 (a/ M + Ir^ + Ir rc r) 


Note that had we considered the representation (15.761) only (that is we had set y = 0) then we would have 
lost all information concerning the system defined for y ^ 0! We emphasize that in applications to Physics the 
major datum is the Lagrangian and not the equations of motion, therefore one should not make mathematical 
assumptions which restrict the physical generality. 

To assure Liouvillc integrability we need one more Noether symmetry whose Noether integral is in involution 
with E, Jg 4 - This is possible for certain forms of the potential V (x,y, z) . Using the general results of section 
14.51 where all 3D potentials are given which admit extra Noether symmetries we find the results of Table l5Tl 

Proposition 5.7.1 The Lagrangian \5A05\) admits an extra Noether symmetry if and only if the potential 
V ( x, y, z) has a form given in Table I7T~M 

For example if V (x, y, z) = (x 2 + y 2 + z 2 )” then the system admits three extra Noether symmetries which 
are the elements of so (3). If V (x, y, z) = Vq then the system admits six extra Noether symmetries (the KVs of 
the three dimensional Euclidian space). 

5.7.2 The Riemannian Kepler Ermakov system on a 3D FRW spacetime 

Consider the three dimensional Lorentzian metric 


ds 2 = du 2 — u 2 ( dx 2 + dy 2 ) 

2 Where R = 6 pp x p and I Rpu = 5 p ^ 5 v T ia x a x’ p 


(5.110) 
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Table 5.2: Potentials for which the Kepler Ermakov in the 3D FRW space admit Noether symmetries 


Noether Symmetry 

V (x, y) 

Noether Integral 

d x 

f(y ) 

I x = U 2 X* 

8y 

f(x) 

I y = u 2 y' 

yd x - xd y 

f ( X 2 + y 2 ) 

Ixy = U 2 ( yx' - xy') 

d x + bd y 

f(y- bx) 

Ixby = U 2 {x' + by') 

(■a + y)d x + (b- x ) d y 

f (| (z 2 + y 2 ) A ay — bx) 

labxy = (a + y) U 2 x' + (b- x) u 2 y' 

1 

<*!• 

Vo 

Ix i Iy i Ixy 


which admits the gradient HV ud u and the three KVs of the Euclidian metric E 2 . In that space consider the 
Lagrangian 

L ' = \ ( u ' 2 - v 2 (■ x ' 2 + y' 2 )) + ^ j v ( x > y) ■ (5.iii) 

According to proposition l5.6.2| this Lagrangian admits as Noether point symmetries the elements of si (2, R). Then 
from proposition 15 .6. 21 we have that the Noether invariants of these symmetries are 

E = i {v! 2 - u 2 (a / 2 Ay' 2 )) - y « 2 + ^V(x,y) (5.112) 

Jg 3 = w 4 (x ' 2 + y' 2 ) + 2V (x, y). (5.113) 

The requirement that the Lagrangian admits an additional Noether symmetry leads to the condition 
LkvV (x, y) + p = 0, therefore in that case we have a 2D potential and we can use the results of Chapter 

HI If we demand the new Noether integral to be time independent (p = 0) then the potential V (x , y) and the 

new Noether integrals are given in Table 15.21 

Lagrangians with kinetic term T K = i ( u ' 2 — u 2 (a/ 2 + y ,2 )) appear in cosmological models. In the following 
section we discuss such applications. 


5.8 The Riemannian Kepler Ermakov system in cosmology 


Below, we consider two cosmological models for dark energy, a scalar held cosmology and an f(R) cosmology 
in a locally rotational symmetric (LRS) spacetime. 
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5.8.1 The case of scalar field cosmology 

Consider the Class A LRS spacetime 

ds 2 = -N 2 ( t) dt 2 + a 2 (t) e~ 2l3W dx + a 2 (t) e /3( * ) (dy 2 + dz 2 ) 


(5.114) 


which is assumed to contain a scalar field with exponential potential V (<j>) = Voe~ c '^ , c ^ y/6k and a perfect 
fluid with a stiff equation of state p = p, where p is the pressure and p is the energy density of the fluid. The 
conservation equation for the matter density gives 


• . R a n ^ Po 

p + 6p- = 0 -> p = —. 

a a° 


(5.115) 


Einstein field equations for the comoving observers u a = jrnzd t , u a u a = — 1 follow from the autonomous 
Lagrangian [5511551 


L - -3—d 2 + -—ft + 7 T" 77</ >2 - Nka 3 e ccp - N^r. 


CL . o 3 Cl ■ /C CL 

’N a + lN? + 2N 

We set N 2 = e c< ^ and the Lagrangian becomes 


L = (—3d 2 + 7d 2 /3 2 + — a 2 (f> 2 )ae 2< ^ — ka 3 Voe 2< ^- , . 

4 2 


The Hamiltonian is 


E = (-3d 2 + ^-a 2 /3 2 + ^a 2 <fi 2 )ae-^ + ka 3 V 0 e~** + - 

4 2 a d e2 


= 0 


If we consider the transformation 


a 3 =e x+v , (j>= \ 


where 


1 


■ In 


1 — c 

the Lagrangian (15.1171) becomes 


|1 — cl 

V2 


- ue ' 


y = 


1 + c 


■In 


1 + c _ 
ue ' 


V2 


c = 


y/6k 


/I 


(5.116) 

(5.117) 

(5.118) 

(5.119) 

(5.120) 


r 2.2 2 f ^ -2 3 ^ 2 ^ P 2, ^^OPO 1 2 1 ir h -2\ / n c c ,oO 

L =~r + “ "8tV4^ ) “ T + —^ " =W(l-c)/0. (5.121) 

We consider a 2D Riemannian space with metric defined by the kinematic terms of the Lagrangian, that is 


ds 2 = ( —6 da 2 + -a 2 d/3 2 + ka 2 d(j) 2 ) ae 2 ' 


(5.122) 


We show easily that this metric admits the gradient HV H l = ( kad a + cd^) with gradient func¬ 

tion H = c i^Q k ae~s^. Therefore the Lagrangian (15.1171) defines an autonomous Hamiltonian Riemannian 
Kepler Ermakov system with potential (p ^ 0) 
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Because p 0 this Lagrangian admits sl( 2, R) invariance only for the representation (15.761) (an additional result 
which shows the necessity for the consideration of the cases p = 0 and p ^ 0!). 

Using proposition 15.6.21 we write the Ermakov invariant 


J = u 4 

The second invariant is the Hamiltonian 

„ 2 o 

E = --u 2 + u‘ 

O 


8kVn 


+ 


8kV 0 


F 


+ 


kV 0 p 0 1 




,2 ■ 


p 2 2 kV 0 po 1 

— U -; 


2 ' 


(5.124) 


(5.125) 


We find that the Lagrangian admits three more Noether symmetries 


<9/3, d z , zdp - pd z 


(5.126) 


with corresponding integrals 

h = U 2 $ , I 2 = U 2 z , Iz = u 2 ■ (5.127) 

It is easy to show that three of the integrals are in involution, therefore the system is Liouville integrable. 


5.8.2 The case of f (R) Cosmology 

Consider the modified Einstein-Hilbert action 

S = J d 4 xV=gf (R) (5.128) 

where f(R) is a smooth function of the curvature scalar R. The resulting field equations for this action in the 
metric variational approach are m 

f'Rab - \f9ab + 9a b nf - f. ab = 0 (5.129) 

where f = d and f" ^ 0. In the LRS spacetime (15.11 4L with N (t) = 1, these equations for comoving 
observers are the Euler-Lagrange equations of the Lagrangian 

L = ^6afd 2 + 6 a 2 f'aR - |fa 3 /3 2 ^ + a 3 (f'R - f). (5.130) 

The Hamiltonian is 

E = ^6 of a 2 + 6 a 2 f'aR - |/'a 3 /3 2 ^ - a 3 ( f'R - f) = 0. (5.131) 

Again we consider the 3d Riemannian space whose metric is defined by the kinematic part of the Lagrangian 
(I5T301I 


ds 2 = 12 af'da 2 + 12a 2 /"da dR — 3 a 3 fd/3 2 . 


(5.132) 
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This metric admits the gradient HV 

H l = \ (5.133) 

with gradient function H = 3a 3 /'. 

In order to determine the function f(R) we demand the geometric condition that Lagrangian (15.1301) admits 
s( 2,1?) invariance via Noether symmetries. Then for each representation (15.761) . (15.771) we have a different 
function f(R) hence a different physical theory. 

The representation (15.761) in the present context is: 


dt , 2 tdt + — 


ad a + jjjOr 


t 2 d t + - 


ad a + jjjd R 


The Noether conditions become 

- 4a 3 f'R + ^a 3 / + p = 0. 
These vectors are Noether symmetries if p = 0 and 


(5.134) 


(5.135) 


f(R) = RV 


(5.136) 


However power law / (i?) theories are not cosmologically viable [58]. 

The second representation (15.771) in the present context gives the vectors 

d t , ^e ±2 ^d t ± \e ±2 ^ ^ad a + jjjd^j . (5.137) 

The Noether conditions give 

- 4a 3 f'R + 7 -a 3 f + 3 fSa 3 /' +p = 0. (5.138) 

These vectors are Noether symmetries if the constant p = 0 and the function 

f(R) = (R- 2A)? (5.139) 


where 2A = 3/i 2 . This model is the viable A(, c CDM-like cosmological with b = l,c = [85] . 

We note that if we had not considered the latter representation then we would loose this interesting result. 
The importance of the result is due to the fact that it follows from a geometric assumption which is beyond and 
above the physical considerations. Furthermore the assumption of Noether symmetries provides the Noether 
integrals which allow for an analytic solution of the model. 

For the function (15.1391) the Lagrangian (15.1301) becomes for both cases (if A = 0 we have the power-law 

f(R) = R *) 

L = —a (i? — 2A)-* a 2 - -a 2 (R - 2A)“* aR - -a 3 (R - 2A)"* $ 2 - - (i? ~ 16A 1 ) . (5.140) 

4 16 8 8 (7?- 2A)s 


Furthermore there exist a coordinate transformation for which the metric (15.1321) is written in the form of (15.871) . 
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We introduce new variables u , v, w with the relations 


a 


1' 


,12u 


>ue" 


R= 2A+ —/3 = V2w. 


In the new variables the Lagrangian (|5.14Q[) takes the form 


T -2 x 2 / -2 

L = -7i — -li ,n ' 


1 // 2 1 P 12v 

1 2 / • 2 i • 2 \ , /^ 2 

2“ <” +”') + T“ -4213- 


The Hamiltonian (15.1311) in the new coordinates is 


11 ,, 2 1 p 12u 

E= _» („ +W )--u +__ 


(5.141) 


(5.142) 


(5.143) 


The Lagrangian (15.1421) defines a Hamiltonian Riemannian Kepler Ermakov system with potential 


1 e 


12v 


r(»,.-) = 4" 2 -i2l3 


from which follows the potential V(v) = -^e 1211 - In addition to the Hamiltonian the dynamical system admits 
the Riemannian Ermakov invariant 

J f = u 4 (v 2 + w 2 ) + 4- e 12v . (5.144) 

The Lagrangian (15.1421) admits the extra Noether point symmetry d w with Noether integral I w = u 2 w 
(see Table EH). The three integrals E,I W and Jf are in involution and independent, therefore the system is 
integrable. 


5.9 Conclusion 

In this Chapter we have considered the generalization of the autonomous Kepler Ermakov dynamical system 
in the spirit of Leach [5(3], that is using invariance with respect to the sl(2,R) Lie and Noether algebra. 
We have generalized the autonomous Newtonian Hamiltonian Kepler Ermakov system to three dimensions 
using Noether rather than Lie point symmetries and have determined all such systems which are Liouville 
integrable via Noether point symmetries. We introduced the autonomous Riemannian Kepler Ermakov system 
in a Riemannian space which admits a gradient HV. This system is the generalization of the autonomous 
Euclidian Kepler Ermakov system and opens new fields of applications for the autonomous Kepler Ermakov 
system, especially in relativistic Physics. Indeed we have determined the autonomous Riemannian Kepler 
Ermakov system in a spatially flat FRW spacetime which admits a gradient HV. As a further application we 
have considered two types of cosmological models, which are described by the autonomous Riemannian Kepler 
Ermakov system, the scalar field cosmology with exponential potential and f(R) gravity in an LRS spacetime. 
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5.A Appendix 


We require that the force admits two Lie symmetries which are due to the gradient HV H = ud u (if we require 
the force to be invariant under three Lie symmetries which are due to the gradient HV then it is reduced to the 
isotropic oscillator). From Theorem 14.2.21 of Chapter [4] we have the following cases. 

(I) Case n = 0 

In this case the Lie symmetries are 

d S: 2 sd s -f - ud u , s 2 d s -t- sud u . 

The condition which the force must satisfy is 


L H F i + dF i = 0. 


Replacing components we find the equations 

d 


du 


F u )u+{d-l)F u = 0 


from which follows 


^-F A ) u + dF A = 0 
ou 


p u = ^ p u p A = _L p A _ 


u (d 1) U u. 

Because the HV is gradient, Case II of Theorem l4.2. 21 applies and gives the condition 


L H F i + AF i + mW =0 


from which follows ci\ = 0 and d = 4. Therefore 

FU = ^ GU (y c ) > fA = ^ gA (v c )- 

(II) Case /r ^ 0 

In this case the Lie symmetries are 

d s , -e ±2 ^d s ±e ±2 ^ s ud u 
The condition which the force must satisfy is 

LhF 1 + AF l + = 0 

We demand a\ ^ 0 and obtain the system of equations: 

(JL fu ) u+ 3pu + aiu = ° 

+ = 0 

whose solution is 


where we have set a\ = —A^i 2 . 


F u = t 2 u + \g u , F a = \g a 
u 6 u 4 
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Chapter 6 


Lie symmetries of a general class of 
PDEs 


6.1 Introduction 

In the previous chapters we studied the relation between point symmetries (Lie and Noether symmetries) of 
second order ordinary differential equations. Particularly, we considered the case of geodesic equations and the 
equations of motion of a particle moving in a Riemannian space. We made clear that there exists a unique 
relation between the point symmetries and the special projective Lie algebra of the underlying space in which 
the motion occurs. 

In subsequent sections, we will attempt to extend the relation between point symmetries and collineations of 
the space to the case of second order partial differential equations. Obviously, a global answer to this problem 
is not possible. However, it will be shown that for many interesting PDEs, the Lie point symmetries are indeed 
obtained from the collineations of the metric. Pioneering work in this direction is the work of Ibragimov [3] . 
Recently, Bozhkov et al. !90] have studied the Lie and the Noether point symmetries of the Poisson equation 
and showed that the Lie symmetries of the Poisson PDE are generated from the conformal algebra of the metric. 

In this chapter we show that for a general class of second order PDEs, there is a close relation between the 
Lie symmetries and the conformal algebra of the underlying space. Subsequently, we apply these results to a 
number of interesting PDEs and regain existing results in a unified manner. 

In Section 16.21 we examine the generic PDE of the form 

A^Uij — F(x l ,u,Ui) = 0 (6-1) 

and derive the Lie symmetry conditions. Furthermore, in case A is independent on u, i.e. A^ u = 0, then the 
Lie point symmetries of ED are related to the Conformal vectors (CVs) of the linear homogeneous differential 
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geometric object A. In Section r6.3l we consider F(x, u, Ui) to be linear in Ui and determine the Lie point symmetry 
conditions in geometric form. In sections 16.41 and 16.51 we apply the results of section f6.3l in order to determine 
the Lie point symmetries of the Poisson equation, the Yamabe equation and the heat equation with flux in 
a n dimensional Riemannian space. It will be shown that the Lie symmetry vectors of the Poisson and the 
Yamabe equation are obtained from the conformal algebra of the geometric object A tJ [90| whereas the Lie 
symmetries of the heat equations are obtained from the homothetic algebra of the metric. Furthermore, we 
determine the Lie symmetries of Laplace equation, the Yamabe equation and the homogeneous heat equation 
in various Riemannian spaces. 


6.2 The case of the second order PDEs 

Attempting to establish a general relation between the Lie symmetries of a second order PDE of the form (16.111 
and the collineations of a Riemannian space we derive the Lie symmetry conditions of (EH and relate them with 
the collineations of the coefficients A^(x, u) which we consider to be the components of a metric. According to 
the standard approach [BEHUE] s y mme try condition is 

A'! 2 ! (H) = A H , modH = 0 (6.2) 

where A (x l ,u,Ui) is a function to be determined. is the second prolongation of the Lie symmetry vector 

X = C(x i ,u)-^+T](x i ,u)-^ (6.3) 

given by the expression 
whert 


-.mi d d 
&P +T] £kL 


„[!] 


d 


[i] 


d 


dm du 


(6.4) 


ri { - ] = V,i + uniu - i^uj ~ UiUj^u 

Vij = Vij + iv uiUj + TjujUi) — ^ijUk + T]uuUiUj — (^.( u j Uj + l jUi)Uk 

+VuUij - (C . fc iUjk + Cj'Uik) - (UijUk + UiUjk + UikUj) £ fc „ - UiUjUk£u U 


The introduction of the function X(x'\ u. Uj) in (16.21) causes the variables x l 7 u,Ui to be 
The symmetry condition (16.21) when applied to EH) gives: 


independent 


■^ee section \ 2 . 3. II 

2 See Ibragimov 0] p. 115 


A ij r) g 1 + (XA**) Ulj - X :W(F) = A (A^ Uij - F ) 


(6.5) 
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from which follows 


0 = A»mj - r l,ig ij F Uj - X(F) + A F 
+ 2 A lJ r) U iUj - A l3 QjU a - UiVug 13 F, Uj + £ k Ukg t3 F tUj 
+ A lJ r] uu UiUj - 2 A 13 ^ k uj UiU k + u z Ukf k u g IJ F iUj 

+ A^rjuUij - 2 A^^ujk + (<'■ A'; 1 , + gA%) Ui] - AA«uy 

Al ^ ( UijU a T UiUja ~\~ Ui a 'Uj ) £ ^i^j^aA 3 f, uu . (6.6) 

We note that we cannot deduce the symmetry conditions before we select a specific form for the function 
F(x l ,u,Ui). However, we may determine the conditions which are due to the second derivative of u because in 
these terms no F terms are involved. This observation significantly reduces the complexity of the remaining 
symmetry conditions. Following this, we have the condition 

0 = A lJ r] u Uij - A lJ (£* iUja + £ k tj u ik ) + (£, k A v k + r]A lJ u )uij - A A l °Uij 

A A ( UijU a T UiUja T Ui a Uj ) f u UjUjU a A A f tUU 
from which the following system of equations results 


A lj ( UijU k + Uj k Ui + u ik Uj ) £ fe u = 0 
A ij riuUij - A^i&ujk + Cy',/,) + (t; k A% + gA%) Uij - A A i3 Uij = 0 

A ij ^ u = 0 . 

The first equation is 

A ij £* u + A kj ^ u + Aik Z j ,u -"<> A {ij £, k l = 0. (6.7) 

From the second equation we get 

,Y'n„ + r)A% + i k A% - A k *g tk - A ik £ j k - A A ij = 0. (6.8) 

and the last equation gives the constraint 

Aij c k 

S ,UU 

It can be easily shown that condition (HTTP implies f k u 
so far, we obtain the first result 

Proposition 6.2.1 For the infinitesimal generator \6.3 1) for all second order PDEs of the form 16'. 71) . holds 
ff u = 0, that is, £* = ffix 3 ). Furthermore, condition m is identically satisfied. 


= 0. (6.9) 

= 0, which is a well known resuljf). From the analysis 


3 We give a simple proof for n = 2 in Appendix 16. Al A detailed and more general proof can be found in m- 
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There remains the third symmetry condition (16.81) . We consider the following cases. 

i,j ± 0 : 

We write (16.81) in an alternative form by considering A lJ to be linear a homogeneous differential geometric object 
as follows: 

Lf.A i: > = \A l] - (r]A ij ) tU . (6.10) 

Then it follows: 

Proposition 6.2.2 For the infinitesimal generator \6.S\) for all second order PDEs of the form m for which 
A 1J tU = 0, i.e. A l ° = A' 3 (a; 1 ), the vector £* is a CKV of the linear homogeneous differential geometric object 
A lJ with conformal factor (X — rj u )(x). 

Assuming A u = A tl = 0, we have 

- for i = j = 0 nothing 

- for i,j / 0 gives (16.101) and 

- for i = 0. j 0 (16.101) becomes 

A^rju + nA% + £ k A*i - A k *g tk - A tk e k - A A* = 0 =► 

A kj £ k = 0 (6.11) 

which leads to the following general result. 

Proposition 6.2.3 For all second order PDEs of the form A l 'l u,j — F(x l ,u, uf) = 0, for which A*- 3 is nonde¬ 
generate the If k = 0, that is, £* = £*(i) . 

By using that Ef u = 0, the symmetry condition (16.61) is simplified as follows 

0 = A ij r]ij - v,iA ij F :Uj - X(F) + A F 
+ 2 A^n uiUj - A lj e: ;j " c ~ Uiri u A^F tUj + ^u k A»F iUj 

+ A lJ iiuuUiUj + A lJ 7] u Uij - 2A lJ £ k i u jk (6-12) 

+ + '/•'/>,, - A A^ Uij 

which together with the condition (16.101) are the complete set of symmetry conditions for all second order PDEs 
of the form A^Uij — F(x l , u, Ui) = 0. This class of PDEs is quite general. This fact makes the above result very 
useful.. 

In order to continue, we need to consider special forms for the function F(x,u,Ui). 


4 The index t refers to the coordinate x° whenever it is involved. 
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6.3 The Lie symmetry conditions for a linear function F(x,u,Ui) 

Consider the function F(x,u,Ui) to be linear in Ui, that is, to be of the form 

F(x, u, Ui) = B k (x , u)u k + f(x, u) (6.13) 

where B k (x,u) and f(x,u), are arbitrary functions of their arguments. In this case, the PDE (16.11) is of the 
form 

A^Uij — B k (x,u)u k — f(x,u) = 0. (6-14) 

The Lie symmetries of this type of PDEs have been studied previously by Ibragimov [4]. Assuming that at 
least one of the components of A is A^ ^ 0 the Lie symmetry conditions are (16.121) and (16.101) . 

Replacing F(x,u,ui) in (16.121) we fincQ 

0 = - ///,, + A/ 

+ 2 A^nuiUj - kg i0 Bj + XB k Uk - vB k u Uk - £ l B k u k 


+ A lk r] uu UiUk (6.15) 

+ A^rjuUij - 2A kj C„ k Uji + (F A ]l + V AZ ,l)uij - A A l3 u i;j (6.16) 

from which the subsequent equations follow 

A ij Vij - V^B 1 - eik - Vf, u + A/ = 0 (6.17) 

-2A lk r, ui + . V'F, + VuB k - i k B i + CB k - A B k + v B k u = 0 (6.18) 

A ik Vuu = 0. (6.19) 

Equation (16.191) gives (because at least one A lk ^ 0) 

rj = a(x l )u + b(x l ). (6.20) 

Equation (16.181) gives the constraint 


-2 A ik a,i + aB k + auB k u + , ~ + ?B k - A B k + bB k u = 0. 

We summarize the above results as follows. 

Proposition 6.3.1 The determining equations (the Lie symmetry conditions) for the second order PDEs {6.12)) . 
in which at least one of the Aij y 0, are 

A lj (aijU + bij) - [a ti u + b^)B l - £ k f,k - auf tU - bf, u + A/ = 0 (6-21) 

5 We ignore the terms with Uij because we have already used them to obtain condition <6.101 . Indeed, it is clear that these terms 
give A l i-riu — 2A t ^ k i + £ k A + r)A)f — AA 1 ^ = 0, which is precisely condition <6.1011 . 
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. \'f k l - 2 A ik a 4 + aB k + auB k u - $3* + fB k - A B k + bB k u = 0 (6.22) 

L^ di A ij = (A - a)A ij - r)A ij !U (6.23) 

r] = a(x z )u + b(xf (6.24) 

C = 0 ^ £V)- (6.25) 


Pay paricular attention to the fact that for all second order PDEs of the form (16.141) . for which, A lJ u = 0, 
i.e A 1 ? = A l i(x l ), the C(xf is a CKV of the metric A l f Also, in this case A = A(a;*). This result establishes the 
relation between the Lie symmetries of this type of PDEs with the collincations of the metric defined by the 
coefficients Ay. 

Moreover, in case the coordinates are t,x* (where i = 1 ,...,n) A u = A tx = 0 and A l i is a nondegenerate 
metric we have that 

£ = 0 (6.26) 
These symmetry relations coincide with those given in [4]. Finally, note that equation (|6.22|) can be written 
as 

- 2 A ik a,i + K, B] k + (a - A )B k + (au + b)B k u = 0. (6.27) 

Having derived the Lie symmetry conditions for the type of PDEs (16.141) we continue with the computation of 

the Lie symmetries of some important PDEs of this form. Before we proceed, we state two Lemmas which will 
be used later (for details, see Appendix 16.Bl) . 

Lemma 6.3.2 For the Lie derivative of the connection coefficients, the following properties hold, 
a. In flat space (in which r®. fc = 0) the following identity holds: 

(6.28) 

b. For a general metric gtj satisfying the condition L^ig.gy = — (A — a)gij the following relation holds: 

g jk Lz r jk = r/T jk + iff 1 - + (a- \)r. ( 6 . 29 ) 

Lemma 6.3.3 Assume that the vector f is a CKV of the metric gij with conformal factor —(A — a) i.e. 

L Vdi gij = — (A — a)gij- Then, the following statement is true: 

gi k L ( T i jk = ^{a-\y i (6.30) 

where n = g^ k gkj is the dimension of the space. 

In the following sections, we study the Lie symmetries of two second order PDEs which are important in 
physics. Particularly, we examine the relation between the Lie symmetries of the Poisson equation and the 
Heat conduction equation in a Riemannian manifold with the conformal group of the space. We will show that 
the Lie symmetries of the heat conduction equation relates to the homothetic group of the underlying space 
whereas the Lie symmetries of the Poisson equation are associated to the conformal group of the metric that 
defines the Laplace operator. 
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6.4 Symmetries of the Poisson equation in a Riemannian space 


The Lie symmetries of the Poisson equation 


A u — f (a; 1 , u) = 0. 


(6.31) 


where A = gij &) is the Laplace operator of the metric gij, for / = / (r) have been given 

in mm- Here we generalize this result 0 for f = f (x',u). 


Theorem 6.4.1 The Lie symmetries of the Poisson equation \6.S1\) are generated from the CKVs of the met¬ 
ric gij defining the Laplace operator, as follows 

a) for n > 2, the Lie symmetry vector is 

X = C ( x k ) di + (—^—4’ ( xk ) u + a o u + b d u (6.32) 

where £* (a: fc ) is a CKV with conformal factor if ( x k ) and the following condition holds 

Ay — Xifu + g ZJ bi-j - £ fc /,fc - L ^ L 'P u f, u - - bf, u = 0. (6.33) 

b) for n = 2, the Lie symmetry vector is 

X = C ( x k ) di + ( aou + b ( x k )) d u (6.34) 

where l; 1 ( x k ) is a CKV with conformal factor if ( x k ) and the following condition holds 

- £ k f,k - aouf, u + (ao ~ 2 if) f - bf >u = 0. (6.35) 

In the following subsections, we apply Theorem 16.4. II for special forms of the function f (a:*, it). 


6.4.1 Lie symmetries of Laplace equation 

The Laplace equation 

Am = 0 (6.36) 

follows from the Poison equation (16.311) if we consider / (ad, it) = 0. Therefore, Theorem 16.4.11 applies and we 
have the following result )90j. 

Theorem 6.4.2 The Lie symmetries of Laplace equation \6.36\) are generated from the CKVs of the metric g^ 
defining the Laplace operator as follows 
a) for n > 2, the Lie symmetry vector is 

X = £* ( x k ) di + 2 n if (x k ) u + a 0 u + b ( x k d u (6.37) 

6 The proof is given in Appendix 16. Bl 
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where ff is a CKV with conformal factor ip (x fe ), b ( x k ) is a solution of 16. 361) and the following condition is 
satisfied 

Aip = 0. (6.38) 

b) for n = 2, the Lie symmetry vector is 

X = £* (x k ) di + (a 0 M + b (x k )) d u (6.39) 

where £* is a CKV with conformal factor ip (x fc ) and b ( x k ) is a solution of \6.S6 1) . 

6.4.2 Symmetries of conformal Poisson equation in a Riemannian space 

If in the Poisson equation (16.31|1 we replace / (x l ,u) with 

f = -M 0 Ru + f(x i ,u ) (6.40) 

where i? is the Ricci scalar of the metric which defines the Laplace operator A and 

2 — n 

Mo = 77 -7T (6.41) 

4 (n — 1) 

then, equation (16.311) becomes 

L g u — f (ad, u) = 0. (6.42) 

where L g is the conformal Laplace or Yamabe operator acting on functions on V n defined by 

— 77 — 2 

1 ‘ = a + m^T) R - < 8 - 43 > 

Equation (16.421) is called the conformal Poisson or Yamabe equation and plays a central role in the study 
of a conformal class of metrics by means of the Yamabe invariant (see, e.g. t 93]). In order to investigate the Lie 
symmetries of (16.421) , we make use of Theorem 16.4.11 and find the following result 

Theorem 6.4.3 The Lie symmetries of the conformal Poisson equation 1 6.f2f ) are generated from the CKVs 
of the metric gij defining the conformal Laplace operator, as follows 

X = £’ ( x k ) di + 2 H ip ( x k ) u + a 0 u + b (a : k )^j d u (6.44) 

where (a; fc ) is a CKV with conformal factor ip ( x k ) and the following condition holds 

- C fc /.fe - ^Y^ipnJk - + g t3 bi-j - b (- M 0 R + fu) = o. (6.45) 

7 The proof is given in Appendix 16. Bl 
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6.4.3 Lie symmetries of the conformal Laplace equation 

The conformal Laplace equation 

L g u = 0. (6.46) 

is the conformal Poisson equation (16.4211 for / ( x\u ) = 0. Therefore, Theorem 16.4.31 applies and we have the 
following result. 


Theorem 6.4.4 The Lie symmetries of the conformal Laplace equation \6.4-6\) are generated from the CKVs 
of the metric gij of the conformal Laplace operator as follows 

X = £* ( x k ) di + 2 n ip (x k ) u + a 0 u + b ( x k d u (6.47) 

where is a CKV with conformal factor if ( x k ) and b ( x k ) is a solution of \6.f6\). 


In order to compare the Lie symmetries of Laplace equation (16.36|l and of the conformal Laplace equation 
(16.461) . we apply the results of the Theorems 16.4.2l and l6.4.41 in the case of the FRW spacetime with the following 
line element 

ds 2 = R 2 (t) (— dr 2 + dx 2 + dy 2 + dz 2 ) . (6.48) 

The Laplace operator for the space with Line element (16.481) is 

A = T,«aa J -2^ T a 


where r]ij is the metric of the Minkowski spacetime. 
According to Theorem 16.4.21 the Laplace equation 


^ 2 ltf 6 T Ui = 0 


(6.49) 


admits eight Lie point symmetries; six Lie symmetries are the KVqj of (16.481) plus the two Lie symmetries 
(ao'U + b ( x k )) d u because, for general R (r), the conformal factors of the CKVs of (16.481) do not satisfy (16.491) . 
On the contrary, according to Theorem (16.4.41) . the conformal Laplace equation 


ij o ^R,tt 

„ = ° 


(6.50) 


admits seventeen Lie symmetries; fifteen are the CKVs of the metric (16.481) plus the two Lie symmetries 
(a 0 u + b ( x k )) d u . 

For special functions R (r), the Laplace equation (16.491) admits extra Lie symmetries; however, the conformal 
Laplace equation (16.501) does not admit extra Lie symmetries. 

A direct result, which arises from Theorems 16.4.21 and I6.4.H is that, if V n is an n dimensional Riemannian 
space, n > 2, then, if the Laplace equation (16.361) in V n is invariant under a Lie group Gl , then, Gl is a subgroup 


8 For the conformal algebra of the FRW spacetime see Chapter ED [45]. 
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of Gl c , he. Gi C Glc where Glc is a Lie group which leaves invariant the conformal Laplace equation (16.461) . 
The Lie algebras Gl , Glc are identical if the V n does not admit proper CKVs or if all the conformal factors of 
the CKVs of V n are solutions of the Laplace equation (16.361) . Moreover, if V n is a conformally flat spacetime 
then, the conformal Laplace equation (16.461) admits a Lie algebra of \ (n + 1) (n + 2) + 2 dimension. For 
instance, the Laplace equation in the three dimensional spherqj admits eight Lie point symmetries [54] while, 
on the contrary, the Yamabe equation admits twelve Lie symmetries. 


6.5 The heat conduction equation with a flux in a Riemannian space 


The heat equation with a flux in an n dimensional Riemannian space with metric gtj is 

H (it) = q (t, x l , it) 


(6.51) 


where 

H (it) = Ait — ut- 

and A is the Laplace operator. 

The term q (t, x l , it) indicates that the system exchanges energy with the environment. In this case, the Lie 
symmetry vector is 

X = C (x J ,u)di + Tj (x j , u) d u 
where a = t,i. For this equation, we have 

A ti = A ti = Q) A ij = g ij B i = r i( t} x i^ B t = 1( ffa u ) = q (t, x k , it) . 


For this PDE, the symmetry conditions (16.21[l - (16.261) become 

r) = a(t,x z )u + b(t,x l ) (6.52) 

e = ?{t) (6.53) 

g lJ (aijU + b i:j ) - (i a ti u + b^)T l - (a, t it + b <t ) + A q = ^q tt + £ k q tk + m,u (6.54) 

- 2 g lk a,i + ar fe - ^r i + f rjj - XT k = 0 (6.55) 

L Cdi9ij = (a - A )gij■ (6.56) 


The solution of the symmetry conditions is summarized in Theorem l6.5.1l Ifor an sketch proof see Appendix 

lem 


9 The three dimensional sphere is a conformally flat space and it is maximall symmetric m- 
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Theorem 6.5.1 The Lie symmetries of the heat equation with flux i.e. 

g^Uij — T l Ui — ut = q (t, x, u) (6.57) 

in a n dimensional Riemannian space with metric gij are constructed from the homothetic algebra of the metric 
as follows: 

a. Y l is a nongradient HV/KV. 

The Lie symmetry is 

X = {2c 2 ipt + ci)d t + c 2 Y l di + (a(t)u + b (t, x)) d u (6.58) 

where aft), b (t, x k ) , q (t, x k , u ) must satisfy the constraint equation 

— atu + H (b) — (au + b) q )U + aq — ( 2ipc 2 qt + C\q) t — C 2 q t iY 1 = 0. (6.59) 

b. Y 1 = S' 1 is a gradient HV/KV. 

The Lie symmetry is 

X = ^2ip J Tdt + c^d t +TS’ i d i +(^-^T, t S + F(t)^u + b(t,x) S jd u (6.60) 

where F(t),T(t),b (t,x k ) ,q {t,x k ,u ) must satisfy the constraint equation 
° = \T tt S - u + H ( 6 ) + 

~T :t S + F^j u + b'j q tU + + F^j q- ^2 ipq J Tdt + aq'j - Tq ti S’ % . (6.61) 

Below, we apply Theorem 16. 5. II for special forms of the function q(t,x,u). 

6.5.1 The homogeneous heat equation 

In the case q (t, x, u) = 0, i.e equation (16.511) is the homogeneous heat equation, we have the following result. 
Theorem 6.5.2 The Lie symmetries of the homogeneous heat equation in an n— dimensional Riemannian space 

g^Uij — T l Ui — ut = 0 (6.62) 

are constructed from the homothetic algebra of the metric g y as follows 

a. IfY 1 is a nongradient HV/KV of the metric gij, the Lie symmetry is 

X = {2ij)C\t + c 2 ) d t + c{Y l di + (a 0 u + b (t, x *)) d u (6.63) 

where c\,c 2 , ,ao are constants and b (f,x*J is a solution of the homogeneous heat equation. 

b. IfY 1 = S’ 1 , that is, Y 1 is a gradient HV/KV of the metric gij, the Lie symmetry is 

X = ( czift 2 + c 4 f + c 5 )d t + ( c 3 t + c/)S 1 d i + (-y S - f^-mpt + c 5 ^ ud u + b (t, x 1 ) d u 
where 03 , 04,05 are constants and b(t,x l ) is a solution of the homogeneous heat equation. 



(6.64) 
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In order to compare the above result with the existing results in the literature, we consider the heat equation 
in a Euclidian space of dimension n. Then, in Cartesian coordinates g. t j = Sij and T 1 = 0, therefore, the 
homogeneous heat equation is 

S^Uij — Ut = 0. (6.65) 

The homothetic algebra of space consists of the n gradient KVs di with generating functions x l , the n ^ n ~ 1 ' 1 
nongradient KVs Xjj , which are the rotations and a gradient HV H % with gradient function H = R8r. 
According to Theorem l6.5.21 the Lie symmetries of the heat equation in the Euclidian n dimensional space are 
(we may take ip = 1) 


X — ^c 3 ipt 2 + (04 + 2ipc\)t + C 5 + C 2 ] dt. + [ciF* + (c 3 t + di + 


( 6 . 66 ) 


(a 0 + y S + y nipt - c 5 ) u + b ( t , x l ) 


d u - 


This result is consistent with the results of m pg. i58. 

Next, we consider the de Sitter spacetime (a four dimensional space of constant curvature and Lorentzian 
character) whose metric is 


ds 2 = 


(—dr 2 + dx 2 + dy 2 + dz 2 ) 


(l + ly ( r 2 + x 2 + y 2 + z 2 )) 

It is known that the homothetic algebra of this space consists of the ten KVs 

(—t 2 — x 2 T y 2 T z 2 ) 2 


X\ = (- XT ) d T + 


X 2 = ( yr ) d T + pyx) d x + 


K ) dx + dy + dx 


(— x 2 — z 2 + y 2 + t 2 ) 2 


x 3 = ( ZT) d T + ( zx ) d x + (zy) d y + 
(x 2 + y 2 + z 2 + r 2 ) 2 


+ Kj dy + ^ dx 

(-x 2 — y 2 + z 2 + t 2 ) 2 \ 

-2- + K K 


x 4 = 


- y I 9 r + ( tx ) d x + pry) d v + prz) d x 


x 5 = xdr + rd x , Xq = ydr + rd y , X 7 = zd T + rd z , X 8 = yd x - xd y 


(6.67) 


Xg = zd x - xd z , X 10 = zd y - yd z 


all of which are nongradient. According to Theorem l6.5.2l the Lie symmetries of the heat equation in de Sitter 
space are 

10 

d t + c A X A + (a 0 u + b (x,u))d u . 

A=1 

From Theorem 16. 5. 21 we have the following additional results. 


Corollary 6.5.3 The one dimensional homogenous heat equation admits a maximum number of seven Lie point 
symmetries (module a solution of the heat equation). 
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Proof. The homothetic group of a one dimensional metric ds 2 = g 2 (x) dx 2 consists of one gradient KV (the 
d x ) and one gradient HV (^y f g (x) dx d x ). According to theorem 16.5.21 from the KV we have two Lie 
symmetries and from the gradient HV another two Lie point symmetries. To these we need to add the two Lie 
point symmetries X = aoud u + b (t,x l ) d u and the trivial Lie symmetry dt where b (t,x l ) is a solution of the 
heat equation. ■ 

Corollary 6.5.4 The homogeneous heat equation in a space of constant curvature of dimension n has at most 
(n + 3) + in (n — 1) Lie symmetries (modulo a solution of the heat equation). 

Proof. A space of constant curvature of dimension n admits n + i n (n — 1) nongradient KVs. To these we 
need to add the Lie symmetries X = cd t + aoud u + b (t, x l ) d u . ■ 

Corollary 6.5.5 The heat conduction equation in a space of dimension n admits at most i n (n + 3) + 5 Lie 
symmetries (modulo a solution of the heat equation) and if this is the case, the space is flat. 

Proof. The space with the maximum homothetic algebra is the flat space which admits n gradient KVs, 
in (n — 1) nongradient KVs and one gradient HV. Therefore, from Case 1 of Theorem 16.5.21 we have (n + l) + 
^n(n — 1) Lie symmetries. From Case 2 of Theorem 16.5.21 we have (n + 1) Lie symmetries and to these we 
have to add the Lie symmetries X = c\dt + aoud u + b (t, x l ) d u where b (t, x l ) is a solution of the heat equation. 
The set of all these symmetries is l + 2n+^n(n — 1)+ 2 + 1 + 1 = in (n + 3) + 5 [3]. ■ 

6.5.2 Case q(t,x,u) — q(u) 

Let q (t, x,u) = q ( u ), then the heat conduction equation (16.5111 becomes 

g t3 Uij - T l Ui - u t = q(u). (6.68) 

From Theorem 16. 5. 11 we have the following results. 

Theorem 6.5.6 The Lie symmetries of the heat equation 16.68\) in an n— dimensional Riemannian space with 
metric gij are constructed form the homothetic algebra of the metric as follows, 
a. Y l is a HV/KV. The Lie symmetry is 

X = (2cipt + ci) d t + cY l di + (a(t)u + b (t , x)) d u (6.69) 

where the functions aft ), b (t, x) and q (zt) satisfy the condition 

— atu + H (b) — (au + b ) q }U + (a — 2if>c) q = 0. (6.70) 

b. Y l = S’ 1 is a gradient HV/KV. The Lie symmetry is 
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Table 6.1: Functions of q(u ) where the Heat equation admits Lie symmetries 


Function q (it) 

Lie Symmetry vector 

q (u) = q 0 u 

(■ f>T 0 t 2 + 2 cift + ci) d t + ( cY l + T 0 tS ’ x ) di+ 

+ ([—2 ifcq 0 t + a 0 + T 0 (—^S - ifqot 2 — |f)] u + b(t,x)) d u where H(b) - bq 0 = 0 

q(u) = q 0 u n 

(2 cift + ci) d t + cY % di + d u 

q (it) = u In u 

ci dt + {Y i + Toe-MC 1 ) d t + (ooe-*u) d u , K' 1 

q (u) = e“ 

(2 aft + ci) d t + cY l di + (-2 i/jc) d u 


where h (t, x) is a solution of the homogeneous heat equation, the functions T(t), F (t) and the flux q (u) satisfy 
the equation: 


+ \T tt S - F } ^j U + H{b)~ ( (^\T t S + F S ju + bj q, u + T t S + F^j q — TfqT = 0 (6.72) 

For various cases of q ( u ), we obtain the results of Tabl J^lltTTl 


6.6 Conclusion 

The main result of this chapter is Proposition 16.2.21 which states that the Lie symmetries of the PDEs of the 
form (16.21) are obtained from the conformal vectors of the metric defined by the coefficients A.^, provided 
A l: j u = 0. This result is quite general and covers many well known and important PDEs of Physics. The 
geometrization of Lie point symmetries and their association with the collineations of the metric dissociates 
their determination from the dimension of the space because the collineations of the metric depend (in general) 
on the type of the metric and not on the dimensions of the space where the metric resides. Furthermore, this 
association provides a wealth of results of Differential Geometry on collineations, which is possible to be used 
in the determination of Lie pont symmetries. 

We have applied the above theoretical results to the Poisson equation, the conformal Poisson (Yarnabe) 
equation and the heat equation. We proved that the Lie symmetries of the Poisson equations (Laplace/Yarnabe) 
are generated from the elements of the conformal group of the metric that defines the Laplace/Yarnabe operator. 

For the heat conduction equation, we proved that the Lie symmetries are generated from the homothetic 
group of the underlying metric. Furthermore, we specialized the equation to the homogeneous heat conduction 
equation and regained the existing results for the Newtonian case. 


10 Where int Table [6T] y a is a HV/KV, S’ 1 is a gradient HV/KV and K is a gradient KV. 
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In the following chapter, we apply the theoretical results of this chapter to study the correlation of point 
symmetries between Classical and Quantum systems. 



140 


CHAPTER 6. LIE SYMMETRIES OF A GENERAL CLASS OF PDES 


6.A Appendix A 


We prove the statement for n = 2. The generalization to any n is straightforward. For a general proof, see [92] . 
We consider A as a matrix and assume that the inverse of this matrix exists. We denote the inverse matrix 
with B and we get from IRTTO 

IhjA ij £ u + Ih,A kj tu + = 0 

tu = 0- (6.73) 


Now, assume that the tensor A does not have an inverse. Then, we consider n = 2 and write: 

-<4 li A 12 

Al2 A 22 


W = 


det A = A A - (A ) = 0 


where at least one of the A*- 7 ^ 0. Assume A 11 ^ 0. Then, equation m for i = j = k = 1 gives 


3A n ^„ = 0 => ^ = 0. 

The same equation for i = j = k = 2 gives 

3A 22 £ 2 U = 0 

therefore, either £ 2 U = 0 or A 22 = 0. If A 22 = 0, then, from the condition det A®- 7 = 0, we have A 12 = 0; hence, 
Aij = 0, which we do not assume. Thus, £ 2 U = 0. 

We consider now equations i = j ^ k and find 


A u £ k tU + A k X u + A ik ^ u = 0 . 

Because * ^ k, this gives A n £ k u = 0 and because we have assumed A 11 ^ 0 it follows £ 2 U . Therefore, we find 
tu = 0 . 


6.B Appendix B 


Proof of Lemma 16.3.21 By using the formula 


r yd _ T~d cl ci ci yZ cs yZ . cs yZ 

.jk ~ 1 .j/c,ZS i" q, jk ~ S .jk S ,j L .sk S ,k L .S' 


9 ik L^ jk = r t e + gi k e„ jk - 9 jk ,^‘rAfc - Cjl 1 + 2^ d r ak 

= r l z l +g ik e tjk -? tl T i 

- \9 jl $ + 9% - (A - »))</'T' ;/ , + 2 


we have 
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that is, 

g jk Lir jk == rye + g > k e, jk - e, t r l + 2(<A fc , i r i jH - g lj Z k d r\ t ) - (A - a)F 

Therefore, 

floury, = g jk e jk + r\ t e - f >; r ; + (a - a)p. 

■ 

Proof of Lemma 16.3.31 By using the identity 

= 2 ^ \y kL^gjr + NjL^g kr — V r L^gkj\ (6.74) 

and replacing L^gij = (a — X)gij because £ is a CKV, we find 

r , ^r.jk = A ),kffjr + (a A )jgkr (fl A \r9kj] 

= \[( a ~ A ),kS l j + {a - A )jti l k - g lr (a - A ), r g k j\ ■ 

By contracting with g ]k it follows 

g I k LsT i jk = ^(a-\y. 


Proof of Theorem 16.4.11 The Lie symmetry conditions for the Poisson equation (16.3111 are 


g lJ (atjU + bij) - (a iU + b.i) r* - - au/,„ - bf, u + A/ = 0 

(6.75) 

//'i-'A - 2g ik a i i + aT* - + f T* - AT fc = 0 

(6.76) 

L^diQij = ^)9ij 

(6.77) 

V = a(x l )u + b(x l ) , = 0 

(6.78) 

Eauation (16.761) becomes (see 15011 

fl ifc i € rb fc = 2„'V, 

(6.79) 

From (|6.77p. P is a CKV. then equations (|6.79p eive 


' (a A)’ 2 = 2a’ 2 —>* (a A) 2 = a’ 1 . 

2 v ' K ' 2 — n 


We define 


, 2 

V = „ a + a 0 

2 — n 

(6.80) 


where if) = ^ (a — X) is the conformal factor of £* i.e. L^gij = 2ipgtj. Furthermore, we have 


(2 - n) X 1 = (2 - n) a i - 4a 4 
(2 - n) X = - (n + 2) a 1 
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Finally, from (16.751) . we have the constraint 

g lJ Ui-jU + g lJ b-ij - £ fc /,fc - auf >u + A/ - 6/,„ = 0. (6.81) 

For n = 2, holds that g :ik L^Y L - k = 0; this means that a,j = 0 —»• a = ao. From (16.77(1 . EJ' is a CKV with 
conformal factor 

2ip = (ao - A) (6.82) 

and X = ao — 2 ip. Finally, from (I6.75|> . we have the constraint 

g lJ b-ij - £, k f,k - a 0 uf, u + (ao -2 ip) f - bf^ u = 0. (6.83) 

■ 

Proof of Theorem I6.4.3( By replacing / (x k ,u) = —MqR + f ( x z ,uj in (16.331) where Mq = 4 ^Ji) > we have 
the symmetry condition 

A ilw + g"b, :j + Mo£ k R, k u - eh + 2M 0 i!mR - uf k - - b (- M 0 R + /„) = 0 (6.84) 

But £* is a CKV with conformal factor ip. That implies [iJ51 

£ k R,k = -2ipR — 2 (n — 1) Aip (6.85) 

and this implies for the terms in (16.841) 

0 = (“ + M °Z kR ’ k + 2M o4’Rj u. 

Hence, condition become (16.841) finally becomes 

~£ k f,k - + 9 lJ bi-,j - b (- M 0 R + f u ) = 0. 


Proof of Theorem 16.5.11 Condition (16.561) means that £* is a CKV of the metric g l3 with conformal factor 
a(t, x k ) — A(t, x k ). Condition (16.551) implies = T (t) Y k (x J ) , where Y l is a HV with conformal factor ip, that 
is, we have: 


Lytgij = 2ipgij , , i/ ,= constant. 


and 

e, t = a ~ a 


from which follows 


e c t ) 


2ip / Tdt. 


( 6 . 86 ) 


2 g ik a,i + T t Y k = 0 . 


( 6 . 87 ) 
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Condition (16.541) becomes 

H(a)u + H(b) + {a- ^ t )q = ^q tt + T(t)Y k q ik + rjq tU => 

H(a)u + H(b) — ( au + b) q. u + aq — (£‘ q) lt - T(t)Y k q ik = 0 
H (a)u + H (b) — ( au + b) q u + aq — ( 2 %pq Tdt \ — Tq ^Y 1 = 0. 


( 6 . 88 ) 

V J / t 

We consider the following cases: 

Case 1: Y k is a HV/KV. From (16.871) . we have that T t = 0—>T (t) = c 2 and a j = 0 —> a (t, x k ) = a (t). 
Then, (16.881) becomes 


— a t u + H (b) — (au + b ) q iU + aq — (2^c 2 gt + cig) t — c 2 gyW = 0 
Case 2: Y k is a gradient HV/KV, that is Y k = S’ k . From (16.871) . we have 

a(t,x k )=-^T t S + F(t). 

By replacing in (16.881) . we find the constraint equation 
° = + \ T ' ttS ~ F ’*) U + H ( b ) + 


1 . 


1 . 


- ~ 7 ;T t S + F ) u + b + ——T t S + F ) q- 2 ijiq / Tdt + Cxq - Tq ti S’\ 


(6.89) 


(6.90) 


(6.91) 












144 


CHAPTER 6. LIE SYMMETRIES OF A GENERAL CLASS OF PDES 



Chapter 7 


Point symmetries of Schrodinger and 
the Klein Gordon equations 

7.1 Introduction 

The Schrodinger and the Klein Gordon equations are two important equations of Quantum Physics. Therefore, 
it is important that we determine their Lie symmetries and use them either in order to find invariant solutions 
using Lie symmetry methods pQ. In order to achieve this, we notice that the Schrodinger equation is a special 
case of the heat conduction equation and the Klein Gordon equation is a special form of the Poisson equation. 
The Lie symmetries of the heat equation and of the Poisson equation in a general Riemannian space were 
determined in Chapter [SI Thus, we apply these results to find the Lie symmetries of the Schrodinger and the 
Klein Gordon equation in a general Riemannian space. 

An important element of the present study is the concept of conformally related Lagrangians, that is, 
Lagrangians that under under a conformal transformation of the metric and the potential lead to the same 
equations but for different dynamic variables. The condition for this is that the Hamiltonian vanishes. Because 
the dynamic variables of these Lagrangians are not the standard ones in general the Hamiltonian is not relevant 
to the energy of the system. 

From each Lagrangian describing a dynamical system, we define a metric called the kinematic metric, char¬ 
acteristic to the dynamical system described by this Lagrangian. As it will be seen, the conformal symmetries 
of this metric are in close relation to the Noether symmetries of the equations of motion. Furthermore, the 
kinetic metric of the Lagrangian defines the Laplace operator; hence, consequently the Lie symmetries of the 
corresponding Poisson equation are expressed in terms of the conformal symmetries of the kinematic metric. 
We extend these results to the Yarnabe operator and study the Lie symmetries of the conformal Klein Gordon 
equation. 
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In section e we consider the classical Lagrangian 

L ( x k ,x k ) = ( x k ) x l x 3 - V ( x k ) (7.1) 

in a general Riemannian space and we show that the Noether point symmetries of two conformally related 
Lagrangians are generated from the conformal algebra of the metric gij. 

In section E we study the Lie point symmetries of Schrodinger and the Klein Gordon equation by using 
the resutls of Chapter [6j Using the geometric character of the Noether symmetries for the Lagrangian (17.11) and 
that of the Lie symmetries of the Schrodinger and of the Klein Gordon equation we establish the connection 
between the two. More specifically, it will be shown that if an element of the homothetic group of the kinetic 
metric generates a Noether point symmetry for the classical Lagrangian, then it also generates a Lie point 
symmetry for the Schrodinger equation. Concerning the Klein Gordon we find that the Noether symmetry of 
the Lagrangian (ED must have a constant Noether gauge function in order to be admitted. 

In section run we examine the case of Noether symmetries whose Noether gauge functions are not constant. 
We will consider the cases the kinematic metric admits a gradient Killing vector (KV) or a gradient homothetic 
vector (HV) which produces Noether point symmetries for the Lagrangian (17.11) and show that the Lie symmetry 
in both cases is indeed a non-local symmetry of the Klein Gordon equation. In section f7.51 we demonstrate the 
use of the previous general results to various interesting practical situations. 

To complete our analysis, in section 17.71 we examine the WKB approximation. In that case, the solution of 
the Klein Gordon equation satisfies the null Hamilton Jacobi equation. We derive the symmetry condition of 
the null Hamilton Jacobi equation and we prove that its Lie point symmetries are generated from the CKVs 
of the underlying space. Furthermore, there exists a unique relation between the Lie point symmetries of the 
Hamilton Jacobi and the Lie symmetries of the Euler-Lagrange equations of a classical particle; in particularly, 
the Lie point symmetries of the Euler-Lagrange equations which are generated from the homothetic algebra 
of the Riemannian space are generating point symmetries for the Hamilton Jacobi equation; that is, the Lie 
symmetry algebra of the Hamilton Jacobi equation can be greater than the Noether algebra of the classical 
Lagrangian ED- 


7.2 Noether symmetries of Conformal Lagrangians 

Consider the Lagrangian of a particle moving under the action of a potential V ( x k ) in a Riemannian space with 
metric 

L = ^9ijX l x 3 - V ( x k ) (7.2) 

where x = The equations of motion follow from the action 

S = j dt(L (x k ,x k )) = j dt (^gijX 1 x 3 — V ( x k ) 


(7.3) 


7.2. NOETHER SYMMETRIES OF CONFORMAL LAGRANGIANS 


147 


Consider the change of variable t —> r defined by the requirement 

dr = N 2 (x*) dt. 


In the new coordinates (r, x 1 ), the action becomes 

dr 


S = 


N 2 ( x k 


\i 9 ijN 4 ( x k ) x^x'i - V (x fe )) 


where x n = ^ and the Lagrangian is transformed to the new Lagrangian 

L (x k ,x' k ) = i N 2 (x k ) gij x H x' j - ^J k) • 


(7.4) 


(7.5) 


(7.6) 


If we consider a conformal transformation (not a coordinate transformation!) of the metric <jij = N 2 (■ x k ) 9ij 
and a new potential function V (x fc ) = then, the new Lagrangian L(x fc ,x' fc ) in the new coordinates 

T,x k , takes the form, 

L (x k ,x' k ) = ^x'tx'i - V ( x k ) (7.7) 

implying that equation m is of the same form as the Lagrangian L in equation From now on, the 

Lagrangian L (x fc , x k ) of equation m and the Lagrangian L [x k , x' k ) of equation m will be called conformal. 
In this framework, the action remains the same, i.e. it is invariant under the change of parameter and the 
equations of motion in the new variables (r, x l ) will be the same with the equations of motion for the Lagrangian 
L in the original coordinates (t,x k ) . 

In Chapter [4j it was shown that the Noether point symmetries of a Lagrangian of the form (17.21) follow from 
the homothetic algebra of the metric gij (see Theorem 14.3.21) . The same applies to the Lagrangian L (x k ,x ,k ) 
and the metric g^. The conformal algebra of the metrics gij, gij (as a set) is the same; however, their closed 
subgroups of HVs and KVs are generally different. Hence, the following Corollary holds. 

Corollary 7.2.1 The Noether point symmetries of the conformally related Lagrangians f7.£[ ), |7.7| ) are con¬ 
tained in the common conformal algebra of the metrics gij , gij. 

Now, we formulate and prove the following Lemma; 

Lemma 7.2.2 The Euler-Lagrange equations for two conformal Lagrangians transform covariantly under the 
conformal transformation relating the Lagrangians if and only if the Hamiltonian vanishes. 


Proof. Consider the Lagrangian L = ^giji l x — V (x fc ) whose Euler-Lagrange equations are: 

x l + r +V’ i =0 

where F* fc are the Christofell symbols. The corresponding Hamiltonian is given by 


(7.8) 


E = -gijX l x 3 + V ( x k ) . 


( 7 . 9 ) 
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„ i oy 

= o 


(7.10) 


For the conformally related Lagrangian L (x k , x ' k ) = (^\N 2 ( x k ) gijX ,l x'i — ^ where JVj 7 ^ 0 the resulting 

Euler Lagrange equations are 

1 i 

- 

where 

t% = T) k + (In N) m 8) + (In N)^ - (In Ny 9jk (7.11) 

and the corresponding Hamiltonian is 

1 V(rr. k \ 

(7.12) 


E = -N 2 (x k ) q ■x i x i + ^ ^ 1 ^ 

2 [ )9‘J XX + N 2( x ky 


In order to show that the two equations of motion are conformally related we start from eciuation (l7.10D and 
apply the conformal transformation 

dx l dx l dt .,1 
X ~~cH = ~dt~dH = X N 2 

xi = ~ 2±i±3 (ln N) ^' 

By replacing in eauation (17.10l) . we find: 

i-2j - 2 iV (In N)j T + djf + Tv‘ - 2 An- = 0 


By replacing f'' fe from eauation (l7.11l) . we have 


x l - 2x l x> (In N) j + T) k x j x k + 2{\nN) J x j x i 


-(In N)' i g jk x j x k + V’ 1 - 2K(lnIV )’ 1 = 0 


from which follows 

& + T) k x j x k + V ,i - (In IV)’* (g jk x j x k + 2V) = 0. 

Obviously, the above Euler-Lagrange equations coincide with equations (17.81) if and only if gj k x :i x k + 2V = 0, 
which implies that the Hamiltonian of eciuation (17.9l) vanishes. The steps are reversible; hence, the inverse is 
also true. ■ 

The physical meaning of this result is that systems with vanishing energy are conformally invariant at the 
level of the equations of motion. 


7.3 Lie point symmetries of Schrodinger and the Klein Gordon 
equation 

In this section we study the Lie point symmetries of Schrodinger and the Klein Gordon equation in a Riemannian 
manifold. To do this, we use the results of Chapter [G] Furthermore, we will study the relation between Noether 
pont symmetries of classical Lagrangians and Lie point symmetries of the Schrodinger and the Klein Gordon 
equation with the same ’’kinetic” metric and the same potential. 
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7.3.1 Symmetries of the Schrodinger equation 

The Schrodinger equatiorQ 

g^Uij — T l Ui — ut = V ( x) u (7-13) 

is a special form of the heat conduction equation (16.511) with q ft, x,u) = V (x) u. Therefore, it is possible to 
study the Lie point symmetries of the Schrodinger equation using Theorem 16.5. II which, in this case, takes the 
following form. 

Theorem 7.3.1 The Lie point symmetries of the Schrodinger equation f 7. 1 3\ ) are generated from the elements 
of the homothetic algebra of the metric gij as follows. 

a. Y l is a non-gradient HV/KV. The Lie symmetry is 

X = (2ci/>f + ci) d t + cY l di + (aou + b (■ t , a;)) d u (7-14) 

with constraint equations 

H(b)-bV = 0, cL Y V + 2ipcV + a 0 = 0. (7.15) 

b Y l = H ,l is a gradient HV/KV. The Lie symmetry is 

X = (-2/ J Tdt + Cl ) d t + TS'% +(J- i T t S + F (t)^ u + b ft, a:)^ d u 

with constraint equations 

H (b) — bV = 0 (7.16) 

L h V + 2/V- ^c 2 H + d = 0 (7.17) 

and the functions T, F are computed from the relations 

T tt = c 2 T , ^T t f> + Ft = dT. (7.18) 

From the form of the symmetry vectors and the symmetry conditions for the Schrodinger and the Lagrangian 
of the classical particle m we have the following result. 

Proposition 7.3.2 If a KV/HV of the metric g t j produces a Lie point symmetry for the Schrodinger equation 
17.13]) , then generates a Noether point symmetry for the Lagrangian j7.£] ) in the space with metric g^ and 
potential V ( x k ) . The reverse is also true. 


1 We have absorbed the constant h and the imaginary unit i, in the variables x k ,t respectively 
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7.3.2 Symmetries of the Klein Gordon equation 

The Klein-Gordon equation 

Aw - V (x k ) u = 0 (7.19) 

follows from the Poisson equation (16.3111 if we take / (x l ,u) = V (x l ) u. Therefore, Theorem 16.4.11 applies and 
we have the following result 

Theorem 7.3.3 The Lie point symmetries of the Klein Gordon equation 1 7. 19 [ ) are generated from the CKVs 
of the metric gij defining the Laplace operator, as follows 
a) for n > 2, the Lie symmetry vector is 

X = ff (x k ) d i + (—^—4’ { xk ) u + «o u + b ( x k d u (7.20) 

where is a CKV with conformal factor ip (x fe ), b (a: fc ) is a solution of 1 7. 19 1 ) and the following condition is 
satisfied 

£ k V k + 2ipV-?^AiP = 0. (7.21) 

b) for n = 2, the Lie symmetry vector is 

X = C (x k ) di + ( a 0 u + b ( x k )) d u (7.22) 

where tf 1 is a CKV with conformal factor ip (x k ) > b ( x k ) is a solution of 1 7. 19 1 ) and the following condition is 
satisfied 

f k V k + 2ipV = 0. (7.23) 

By comparing the symmetry condition of the Klein Gordon equation (17.191) and the classical Lagrangian 
m and by taking into consideration that for a special CKV/HV/KV the conformal factor satisfies the 
condition ip-ij = 0, we deduce the following result. 

Proposition 7.3.4 For n > 2, the Lie point symmetries of the Klein Gordon equation for the metric gij which 
defines the Laplace operator are related to the Noether point symmetries of the classical Lagrangian for the same 
metric and the same potential as follows 

a) If a KV or HV of the metric g^ generates a Lie point symmetry of the Klein Gordon equation 
then it also produces a Noether point symmetry of the classical Lagrangian with gauge function a constant. 

b) If a special CKV or a proper CKV satisfying the condition Aip = 0 of the metric g^ generates a Lie 
point symmetry of the Klein Gordon equation |7. 19\) , then it also generates a Noether point symmetry of the 
conformally related Lagrangian if there exists a conformal factor N ( x k ) , such that the CKV becomes a KV or 
a HV. 


For n = 2, the results are different and are given below. 
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7.3.3 Symmetries of the Conformal Klein Gordon equation 

The conformal Klein Gordon equation (or Yamabe Klein Gordon) 

L g u - V (x k ) u = 0. (7.24) 

is the conformal Poisson equation (16.4211 for / (a; 1 , u) = V (x fe ) u. Therefore, Theorem [670] is valid and we have 
the result. 

Theorem 7.3.5 The Lie point symmetries of the conformal Klein Gordon equation f7.24[ ) are as follows 

a) For n > 2, they are generated from the CKVs of the metric gij of the conformal Laplace operator, as 
follows 

X = C ( x k ) di + 2 n f) ( x k ) u + a 0 u + b ( x k d u (7-25) 

where £* is a CKV with conformal factor if (x fe ) , and the following conditions are satisfied 

£, k V k +2ipV = 0 (7.26) 

Lgb- Vb = 0. (7.27) 

b) For n = 2, equation {7.2$ is the Laplace Klein Gordon equation 1 7. 19 [ j and the results of theorem \ 7. 3. 3\ 
apply. 

Comparing the symmetry condition of the conformal Klein Gordon equation (17.241) and the classical La- 
grangian we have the following proposition. 

Proposition 7.3.6 a) If a CKV of the metric gij (dim F2), which defines the conformal Laplace operator, 
produces a Lie point symmetry of the conformal Klein Gordon equation 1 7.2$ , then the same vector generates a 
Noether point symmetry of the conformally related Lagrangian provided there exists a conformal factor N (x k ^j 
such that the CKV becomes a KV/HV of g^. 

b) If a KV/HV of the metric gij generates a Lie point symmetry for the conformal Klein Gordon equation 
f7.24l ) then the same vector generates a Noether point symmetry for the classical Lagrangian with gauge function 
a constant. 


7.4 si (2, R) and the Klein Gordon equation 

In the previous considerations, we have showed that the Lie point symmetries of the Klein Gordon equation 
induce Noether point symmetries for the classical Lagrangian if the gauge function is a constant. In this section, 
we investigate the case when the induced Noether symmetry has a gauge function which is not a constant. As 
we shall show in this case, the induced Noether symmetry comes from a generalized Lie symmetry of the Klein 
Gordon equation. 
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It is clear that if a KV/HV produces a Noether point symmetry for the classical Lagrangian satisfying 
conditions (14.29[) with d ^ 0 or (14.311) with m / 0 (or d ^ 0) of Theorem 14.3.21 then it does not produce a 
Lie symmetry for the Klein Gordon equation. However, a gradient KV/HV which generates a Noether point 
symmetry for the classical Lagrangian satisfies only condition (14.311) with d = 0 and m ^ 0 and leads to two well 
known dynamical systems, the oscillator and the Ermakov system. The Lie and the Noether point symmetries 
of these dynamical systems have been considered previously in Chapter [5j however, we briefly reproduce these 
results in the current framework for competences. 

7.4.1 The oscillator 

First, we consider the case in which the metric admits a gradient KV which generates Lie point symmetries 
of the classical Lagrangian, provided condition (14.311) is satisfied. It is well known that if a metric admits a 
gradient KV, then it is decomposable and can be written in the form 

ds 2 = dx 2 + h,ABdy A dy B (7.28) 

where the gradient KV is S’ 1 = d x (S = x ) and Lab = hAB ( y c ) is the tensor projecting normal to the KV. In 
these coordinates the Lagrangian takes the form 

L = ^{x 2 + h A By A y B ) - V (: x , y c ) . (7.29) 

The Lie point symmetry condition for the gradient KV becomes 

V, x V y x — 0 

from which follows that the potential is 

V(x,y c ) =- l -y x 2 + F(y c ). (7.30) 

The Noether point symmetries are the vectors e ±tJ,t d x with respective gauge function / ( t,x,y A ) = ye^x. 
The corresponding Noether integrals are 

I ± =e ± ^xTpe ±lit x (7.31) 

It can be easily shown that the combined Noether integral Jo = I+I- is time independent and equals 

I Q = x 2 - y 2 x 2 . (7.32) 

The Laplace Klein Gordon equation defined by the metric (17.281) and the potential (17.301) is 

u xx + h AB UAUB — L a ua — y 2 x 2 u — F (j/ c ) u = 0. (7.33) 

This equation does not admit a Lie point symmetry for general h a b , F ( y c ) . However, it is separable with 
respect to x in the sense that the solution can be written in the form u ( x , y A ) = w ( x ) S ( y A ) . This implies 
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that the operator I = D X D X — y?x 2 — Iq satisfies Iu = 0, which means that the Klein Gordon equation (17.331) 
possesses a Lie Backlund symmetry (Ml EH1 with generating vector X = (u xx — y, 2 x 2 ) d u . 

Concerning the conformal Klein Gordon equation 

u xx + h AB UAUs — F a ua + tt"—— r-Rw — ^l 2 x 2 u — 2 F (y c ) u = 0 (7.34) 

4 (n — 1) 

because for a KV, say £ a , we have L^R = 0 [95] hence R = R ( y c ) , equation (17.341) is written in the form of 
the Laplace Klein Gordon equation with F ( y c ) = 2 F ( y c ) — R ( V C ) and the previous result applies. 

7.4.2 The Kepler Ermakov potential with an oscillator term 

We assume now that there exists a gradient HV which produces a Noether point symmetry for the classical 
Lagrangian under the constraint condition (14.311) . It is well known @31198] that if a metric admits a gradient 
HV, then there exists a coordinate system in which the metric has the form 

ds 2 = dr 2 + r 2 hABdy A dy B 

where the HV is H’ 1 = rd r , (-0 = 1 , H = dr 2 ) and Hab — h ab ( y c ) is the tensor projecting normal to H ’ 1 .s 
For these coordinates, the Lagrangian is 

L = \ if 2 + r 2 h A By A y B ) - v (r , y c ) (7.35) 

and the gradient HV generates Lie point symmetries only for the Ermakov potential extended by the oscillator 
term, that is, 

V(r,y c ) =^ 2 r 2 + ^fl. (7.36) 

The admitted Noetheroint symmetries generated from the gradient HV H l are the vectors X± = —e^^dt ± 
e ± 2 nt r d r with corresponding gauge functions / (f, r, y A ) = y.e ±2>Jlt r 2 and corresponding Noether integrals (|5.97D 
and (15.981) . From the Noether integrals (15.97D . (15.981) and the Hamiltonian h of (17.351) we construct the time 
independent first integral 4>o = h 2 — /+/_, which is 

$o = r A h DB y A y B + 2 F (y c ) . (7.37) 

This is the well known Ermakov invariant mm- 

The Laplace Klein Gordon equation defined by the metric (17.351) and the potential (17.361) is 

Urr + i h AB UAB + u r - ^T A u A + ^r 2 + ^F ( y c ) = 0. (7.38) 

This equation does not admit a Lie point symmetry. However it is separable in the sense that u (r, y c ) = 
w (r) S ( y c ) . Then the operator 


$ = h AB D A D B - T a D a + 2 F ( y c ) - $ 0 
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satisfies the equation <3>u = 0 which means that (17.3811 admits the Backlund symmetry with generator X = 
($u^)d u [9617]. 

Concerning the conformal Klein Gordon equation, the Ricci scalar of the metric (17.351) and the HV satisfy 
the condition LhR + 2 R = 0 [95], that is R = 4j -R (y c ) . Then, as in the case of the gradient KV we absorb 
the term R ( y c ) into the potential and we obtain the same results with the Laplace Klein Gordon equation. 

From the above, we conclude that, although in the two cases considered above the Lie symmetries do not 
transfer from the classical to the ’’quantum” level the generalized symmetries do transfer. 


7.5 Applications 

We apply the previous general results in two practical cases. The first case concerns the Newtonian central 
motion and the second the classification of potentials in two and three dimensional flat spaces for which the 
Schrodinger equation and the Klein Gordon equation admit Lie symmetries. 

7.5.1 Euclidean central force 

Consider the autonomous classical Lagrangian 

L = ^r 2 + ^r 2 0 2 - CV“ (2m+2) . (7.39) 

It is well known that (17.391) admits as Noether point symmetries (a) the gradient KV dt ( autonomous) with 
Noether integral the Hamiltonian and (b) the KV JYy = dg, with constant gauge function and Noether integral 
the angular momentum pg = r 2 9 = Iq. Lagrangian (17.391) admits extra Noether symmetries for the values 
77 i = —1 (the free particle) and m = 0 (the Ermakov potential) [79]. In the following we assume m ^ —1,0; 
hence, we do not expect to find symmetries. 

From the Lagrangian (|7.39ll . we consider the kinematic metric and define the Schrodinger equation 

u rr H —TjUgg H— u r + Cr~^ 2m+2 ^u — ut = 0 (7.40) 

G r 

and the Klein Gordon equation (because the dimension of the kinematic metric is two, the Laplace and the 
Yamabe operators coincide) 

Urr + \ugg + -U r + = 0. (7.41) 

r r 

The application of the results of the previous sections give the following 
a. The Schrodinger equation (17.401) admits as Lie point symmetries the vectors 

) ud u 
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b. The Klein Gordon equation (17.411) admits as Lie point symmetries the vectors 

dg , ud u , b (r, 0) dg 

X\ = r m+1 cos ( mO) d r + r m sin (mO) dg 
X 2 = r m+1 sin (mO) d r - r m cos (m0) dg 


It can be easily observed that Xi,X 2 are proper CKVs of the two dimensional flat kinematic metric. 

Concerning the Schrodinger equation, it has the same Lie point symmetries as the Lagrangian (17.391) hence 
there is nothing more to do. However, the Klein Gordon equation has the extra Lie symmetries X \, X 2 ; hence 
it is possible to apply the results of proposition 17.3.61 in order to find a conformally related Lagrangian which 
will admit the pair of symmetries dt,X i or dt,X 2 . 

It is important to note that if we use the zero order invariants of the Lie symmetry dt to reduce the 
Schrodinger equation (17.401) , we find that the reduced equation is the Klein Gordon equation (17.411) . Therefore, 
the symmetries Xi , X 2 are Type II hidden symmetries p~4l[99l[T00l for the Schrodinger equation (17.401) . 

Let us consider the vector Xi. It is easy to show, that the conformal metric 


ds 2 = N 2 (r, 0) (dr 2 +r 2 dd 2 ) 


where N (r, 8) = r 1 sin m ( m9)j and g is an arbitrary function of r 1 sin"> ( mO ) admits X\ as a 

KV. This leads to the family of conformal Lagrangians 


L = r ~ 2 ( rn + 1 ) g 2 







(7.42) 


where means derivative with respect to the conformal “time” r and the coordinate transformation is dt = 
N~ 2 ( r,6)dr. According to proposition 17.3.61 the vector field X± generates a Noether point symmetry for the 
Lagrangian (17.421) . 

Working similarly for the vector X 2 , we find another family of conformally related Lagrangians which admit 
X 2 as a Noether point symmetry. 

The conformally related Lagrangians are possible to admit additional Noether point symmetries than the 
sets dt,X i or dt,X 2 . For example in the case of Xi we consider the conformally related Lagrangian defined by 
the function g = 1, i.e. 


L = r ~ 2 ( rn + 1 ) 


-r' 2 + -r 2 e' 2 ) - C 


which, by means of the coordinate transformation r = R m , becomes 


L = ii?' 2 + i R 2 8' 2 - C. 


(7.43) 


This is the Lagrangian of the free particle moving in the 2D flat space. 
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Table 7.1: The 2D Klein Gordon admitting Lie symmetries from the homothetic group 
Lie Symmetry V (x, y) Lie Symmetry V (a;, y) 


d x 

f(y) 

d x + bd y 

f{y- bx) 

dy 

f 0) 

(■a + y)d x + (b- x) d y 

f (l (® 2 + y 2 ) + ay - bx) 

ydx xdy 

f(r) 

(x + ay) d x + (y - ax) d y 

r~ 2 f {9 — alnr) 

xd x + yd v 


(a + x)d x + (b + y) d y 

/(Sf) (a+*)" 2 


7.5.2 Lie symmetry classification of Schrodinger and the Klein Gordon equations 
in Euclidian space 

In Chapter [4j all two and three dimensional potentials for which the corresponding Newtonian dynamical 
systems admit Lie and/or Noether point were determined. Using these results, we determine all Schrodinger 
and Klein Gordon equations in Euclidian 2D and 3D space which admit Lie point symmetries. 

The Schrodinger equation in Euclidian space is 

S lJ u ij + V(x k )u = u t . (7.44) 

From proposition 17.3.21 we have that the potentials for which the Schrodinger equation (17.441) admits Lie 
symmetries are the same with the ones admitted by the classical Lagrangian. Therefore, the results of Chapter 
[I] apply directly and give all potentials for which the Schrodinger equation (17.441) admits at least one Lie 
symmetry. 

We consider the Klein Gordon equation in flat space;that is, 

5 ij Uij +V (x k )u = 0. (7.45) 

In this case, the conditions are different and we find that equation (17.451) admits a Lie point symmetry due to a 
HV/KV for the following potentials taken from the corresponding Tables of Chapter [4] In Table 17.11 and Table 
o we provide the potentials where the 2D and 3D Klein Gordon equation (17.451) admits Lie point symmetries 
generated from the elements of the homothetic group of the Euclidian space. 

As we have seen in section [7.3.2l the Lie point symmetries of the Klein Gordon equation are generated from 
the conformal group of the space; therefore, we have to consider the admitted CKVs in addition to the HV and 
the KVs. 
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Table 7.2: The 3D Klein Gordon admitting Lie symmetries from the homothetic group 


Lie Symmetry 

V (x, y, z) 

ad,j + bd v + cd a 

/(**'-!s'*,®*-§***) 

ddfx + bdv + c x^O^ 

+f (§ r( Mt/ ) - bx^ + ax v , x a ) 

adfj + bdjy + c (xa-dfx x^d^ 

+f (x v ^ arctan , £r (#1(T) “® ff ) 

ddfi + b ( Xi/dn x^djy^j + 


c {Xfjd^i Xfj,d a ) 

+/ (a: 2 + ^ (i - f) + (x + T^) ~ f^) 

so (3) linear combination 

F (i?, b tan 0 sin </> + c cos </> — aM\) 

ddn + bO ( U(T } + cROfi 

7^/(V)-7 lnr (w) ,g^) 

(adfj, + bd v + cd a + lRd R ) 

1 X f b+lx u C-\-lx<j \ 

(a+lxy.yj y l(a+lxO ’ l(a+lxy,) ) 


The two dimensional case 

We recall that the conformal algebra of a two dimensional space is infinite dimensional | i~0ll and in coordinates 
with line element ds 2 = 2 dwdz are given by the vectors X = F (w) d w + G(z)d z , with conformal factor 
= \ (F :V . + G >z ). In the coordinates ( w,z ), the 2D Klein Gordon Klein Gordon equation (17.451) is 

u wz + V (w, z) u = 0. 


The Lie symmetry condition (17.211) becomes 


{FV\ w + (GV) iX = 0 (7.46) 

from which follows that there are infinite many potentials for which the 2D Klein Gordon equation admits Lie 
point symmetries. 

The three dimensional case 

The 3D Euclidian space admits the three special CKVs 

Kq = ~ ((x M ) 2 - (( x a f + (a;*') 2 )) di + x^x v d x + x ti x v d z , /z, a, v = 1,2,3 
with corresponding conformal factor ipc = x 


From the symmetry condition (17.211) of theorem 17.3.31 it follows that a special CKV generates the Lie point 
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symmetry X = Kg — Ix^udu for the 3D Klein Gordon (17.451) only for the potential 


V (x.y.z) =- ttF —,- 

{x°f a; 17 


One is possible to continue with the linear combinations and deduce all cases that the 3D Klein Gordon 
equation admits a Lie symmetry. These results hold for both the Klein Gordon and the conformal Klein Gordon 
equation. It particular one can show that the results remain still valid for the conformal Klein Gordon equation 
provided the metric defining the conformal Laplacian is conformally flat. 


7.6 The Klein Gordon equation in a spherically symmetric space- 
time 

In this section, we consider the Lie point symmetries of the Klein Gordon equation in a non-flat space and 
in particular in the static spherically symmetric empty space-time; that is the exterior Schwarzschild solution 
given by the metric (r is the radial coordinate) 

ds 2 = — a 2 (r) dt 2 + dr 2 + b 2 (r) ( dd 2 + sin 2 9d(j) 2 ) . (7.47) 

The Lagrangian of Einstein field equations for this space-time is |10211103] 

L = 2 ab' 2 + 4 ba'b' + 2a (7.48) 

where means derivative with respect to the radius r. If we see the Lagrangian (17.481) as a dynamical system 
in the space of variables {a, &}, then this system is ’’autonomous”; hence, admits the Noether symmetry d T with 
corresponding Noether integral the ’’Hamiltonian” h =constant. (h is not the ’’energy” because the coordinate 
is the radial distance not the time) 

h = 2 ab' 2 + 4 ba'b' — 2a. 


It can be shown directly that h = ^G\, where G\ is the Einstein tensor. Because the space is empty, from 
Einstein’s equations follows that h = 0. The Euler-Lagrange equations are 


a " ~ ^ + l a ' b ' + ~ ° 


b" + F' 2 -4 = o. 

2b 2b 


We end up with a system of three equations whose solution will give the functions a(r),6(r). It is found that 
the solution of the system does not give these functions in the well known closed form. This is due to the 
Lagrangian we have considered; Indeed we shall show below that it is possible to find the solution in closed 
form by considering a Lagrangian conformally related to the Lagrangian (17.481) . 
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Applying Theorem 14.3.21 we find that the Lagrangian (17.481) admits the Noether point symmetry 

Xi = 2 rd T + H 

where H = —2 ad a + 2 bd b is a non-gradient homothetic vector of the two dimensional kinetic metric 

ds 2 = 2 adb 2 + 4 bdadb (7.49) 


defined from the Lagrangian (17.481) . 

The Klein Gordon equation defined by the metric (17.491) with potential V (a, b) = 2a, is 


a 

77 ? u < 

4 b 2 


l - 2au = 0 


and admits as Lie symmetries the vectors 1103] 


(7.50) 


ud u , b (a, b) d u 

H=-2ad a + 2bd b , X 2 = \d a , X 3 = ^-d a - d h 

ab 2b 

where the vectors X 2 , X% are proper CKVs of the two dimensional metric (17.491) . 

It is possible to find solutions of the Klein Gordon equation (17.501) which are invariant with respect to one 
of the admitted Lie symmetries. 

For example, let us consider the Lie point symmetry H u = H — 2cud u . The zero order invariants of H u are 
w = ab , u = a c $ (w). Replacing in the PDE we find the solution @ 


u (a, b) = a c C\lc ^2y/2 a&j + ( 2 V 2 ab'j 


where I B , K B are the Bessel modified functions 1103. . Working similarly for the Lie point symmetry H + eX 2 — 
cud v we find the solution 


(a, b) = (a 2 - eb- 1 ) 1 Cl J_ § (2^/2b (a 2 b - e)^j + c 2 Kf ( 2 s/ 2b(a 2 b-e)^ 


One can find more solutions using linear combinations of the Lie symmetries. 

Following proposition 17.3.61 we look for a conformal metric for which one of the CKVs X 2 ,X 3 becomes a 
KV and write the corresponding conformally related Lagrangian which admits this CKV as a Noether point 
symmetry. 

We consider the vector X 2 and the conformally related metric 


ds 2 = N 2 (4 adb 2 + 8 bda d&) 


(7.51) 


2 We have found this by making use of the library SADE ll04l of MAPLE. 
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where N (a, b) = g (b) yfa and g (6) is an arbitrary function of its argument. It is easy to show that the vector 
X 2 is a KV of this metric hence a Noether symmetry for the family of conformally related Lagrangians 

2 


L = N 2 


n , dby ( da\ (db 

2 a[ Tr) + 4 H^) U 


2 a 
N 2 


(7.52) 


where we have considered the coordinate transformation dr = N ^ a ■ The Noether function for this Noether 


symmetry is the ’’Hamiltonian” of the Lagrangian (17.521) . This constant and the two Lagrange equations for the 
’’generalized” coordinates a, b provide a system of differential equations which will give the functions a(r), b(r). 
We consider g (6) = go =constant, that is from the family of Lagrangians (17.521) we take the Lagrangian 

2 


L = gf) 


2a 


2 / dbY „ , (da\ (db 

drj +4ab {d^J 


H-9 ■ 

% 


For this Lagrangian we have the following system of equations: 
a. The ’’Hamiltonian” of the Lagrangian (17.531) 


b. The Euler Lagrange equations of (17.531) with respect to the variables a, b 

d 2 a 1 / da\ 2 2 7da\ /db\ 
dr 2 a 2 \dr ) + b \dr ) \dr) 


(7.53) 


(7.54) 


(7.55) 


<Pb_ 

dd 2 


= 0 


where we have set Vq = g 0 . The solution of the system of equations (17.54[) - (17.56[) is 


b (r) = bir + b 2 , a 2 (r) = 


V 0 r + 2ai&i 
26i (b±r + b 2 )' 


(7.56) 


Under the linear transformation b\r = b\R — and if we set Vo = 2 (&i) , a\ = —2m + b 2 , we obtain the 

exterior Schwarzschild solution in the standard coordinates 


ds 2 = - (l - dt 2 + (l - ^ 1 dR 2 + R 2 ( d6 2 + sin 2 Odcf 2 ) 


(7.57) 


The choice of the function g ( b ) is essentially a choice of the coordinate system. Obviously the final solution 
must always be the exterior Schwarzschild solution. In order to show this let us consider g (6) = y/b so that 
dr = (a (r) b(r)) 1 dr. Then, we get the Lagrangian 


and the system of equations 


r „ 2 , i'db\ „ , 2 fda\ f db\ 2 

I = 2A|- - - + - 


d 2 b 1 f db' 
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„ v, i db 
2a z b | — 
dr 


r ? l -?=0 


drJ \dr 


d 2 a 

dr 2 

The solution of the system is 


1 f da\ 
a V dr J 


+ 


dbY 


2b 2 \dr J 


- + 


2 ab 4 


= 0 


b 2 (r) = r , a 2 (r) = (y/r) 1 (4 yfr + a\) 

from which follows: dr 2 = (4r + ypra i) 1 dr 2 . Therefore, for this choice of Lagrangian, the metric is 


ds 2 = — ^ dt 2 + ^ + j _ — dr 2 + r (dd + sin 2 <f>dB 2 ) . (7.58) 

If we make the transformation r = R 2 , dt —> ^dt and ai = —8m, we retain the metric (17.581) in the standard 
form (17.511) . 

Working similarly, we find that X 3 becomes a KV for the conformal metric (17.511) if N 3 (a, b) = f ( a 2 b ) yfa 
and generates a Noether point symmetry for the conformal Lagrangian (17.521) (with N 3 in the place of N) and 
continue as above. 


7.7 WKB approximation 

In WKB approximation, we search for solutions of the Klein Gordon equation of the form u = A n e lS ( x ), where 
S ( x k ) has to satisfy the null Hamilton Jacobi equation |105 1,; 106} . 

g ij S,iS d + V ( x k ) = 0 (7.59) 

where g lJ is the metric defining the Yarnabe operator and V ( x ) = 4 ^~ 2 i) R ~ V ( x k ). We study the symmetries 
of the PDE (17331) . 

We search for Lie point symmetries of the form [I] 

X = ? (s x i ,S)d i +7 ] (x i ,S)d s . 

The symmetry condition is 

X |1] {H nuU ) = A (x k ) (H null ) , mod [H null \ = 0 

where is the first prolongation and A = A (a:®). Replacing the first prolongation X I 1 ! in the symmetry 
condition and collecting terms of powers of S 4 we find the following result. 

Theorem 7.7.1 The Lie point symmetries of the null Hamilton Jacobi equation 1 7. 5ff| ) are the vectors 

X = f ( x k ) d t + ( a 0 S + b 0 ) d s (7.60) 

where £* {% k ) a CKV of the metric gij, ag, &o are constants and the following condition holds 


V k f k + 2xfV - a 0 V = 0 . 


( 7 . 61 ) 
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Proof . The symmetry condition is 


X [1] (. H nu u ) = A ( H nu u ) , mod [H nuU ] = 0 
where X I 1 ! is the first prolongation and we set A = A (x l ). Replacing we find 

X^H null = + gVSjTiV + V k ^ k 

where 

g ij uj4 ] = g'-'^'o + g IJ s,s, nM - g r 'S,s - g ,r s r s,s l Q,,. 

We can easily show that £f u = 0 so that the the symmetry conditions become: 


g'l ; e • 2g ru e • 2g"ns = \g" (7.62) 

V k £, k = AP (7.63) 

v,i = 0. (7.64) 

From (17.6211 and (17.641) we have that g = aoS + bo- Then, the conditions (17.621) . (17.631) become 

L^gij = ( ao-X)gij (7.65) 

V k ^ k = XV. (7.66) 


Setting ao — A = 2tp or A = ao — 2ip, we see that condition (17.651) implies that the Lie point symmetries of 
the null Hamilton Jacobi equation (17.591) are generated from the CKVs of the the kinematic metric Finally, 
condition (17.661) becomes 

+ 2 tpV - a 0 V = 0. 


Comparing the symmetry condition (17.611) of the null Hamilton Jacobi equation and the symmetry condition 
(17.261) of the Yamabe Klein Gordon equation, we have 

Proposition 7.7.2 If a CKV of the metric which defines the Yamabe operator generates a Lie point symmetry 
for the Yamabe Klein Gordon equation {7.21$ , then the same vector generates a Lie point symmetry of the null 
Hamilton Jacobi equation {7.59^ . The reverse holds if the CKV generating Lie symmetry for the null Hamilton 
Jacobi equation { 7. 59\j satisfies condition \7.61\j with ao = 0. 

Proposition 17.7.21 relates the Lie point symmetries of the Hamilton Jacobi equation with the Lie point 


symmetries of the Yamabe Klein Gordon when the constant a o = 0. The question which arises is what happens 
to the Lie symmetries when a o ^ 0. The answer is given in the following proposition 
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Proposition 7.7.3 If a CKV generates Lie point symmetry for the null Hamilton Jacobi equation J 7. sat¬ 
isfying condition \7.61\ ) with a o ^ 0, then this CKV produces a Lie point symmetry for the Euler-Lagrange 
equations for a conformally related Lagrangian if there exist a conformal factor N ( x k ) for which the CKV 
becomes KV or HV. 

Proof . The Lie point symmetries of the autonomous system 

x i + T) k x i x j + V’® = 0 (7.67) 

are produced from the special projective algebra of the metric provided the potential satisfies the condition 

LnV’* + doV’* = 0 (7.68) 

where do is a constant and L v denotes Lie derivative with respect to rf. Equation (17.671) remains the same for 
the conformally related Lagrangian, that is, we have 

x ni + f j-fcfl/V 3 ' + V’’ l = 0. 

Therefore, the symmetry group will be again the special projective group of the conformal metric. The special 
projective group is not preserved under a conformal transformation but the subgroups of KVs and the homothetic 
group are preserved. Then these two subgroups are common for both metrics. Subsequetly, if the CKV of the 
metric g-ij becomes a KV/HV of the conformal metric Qij = N 2 gij then it will be a Lie point symmetry of 
the Euler Lagrange equations of the conformally related Lagrangian L. This symmetry will not be a Noether 
symmetry of L except in the case that do = 2if (if = 1 for HV and if = 0 for KV) . ■ 

7.8 Conclusion 

We have determined the Lie point symmetries of Schrodinger equation and the Klein Gordon equation in a 
general Riemannian space. It has been shown that these symmetries are related to the homothetic algebra and 
the conformal algebra of the metric. Furthermore, these symmetries have been related to the Noether point 
symmetries of the classical Lagrangian for which the metric g-ij is the kinematic metric. More precisely, for the 
Schrodinger equation (17.131) it has been shown that if a KV/HV of the metric g t j produces a Lie point symmetry 
of the Schrodinger equation, then it produces a Noether point symmetry for the Classical Lagrangian in the 
space with metric g t j and potential V(x k ). For the Klein Gordon equation the situation is different; the Lie 
point symmetries of the Klein Gordon are generated by elements of the conformal group of the metric gij. The 
KVs and the HV of this group produce a Noether symmetry of the classical Lagrangian with a constant gauge 
function. However the proper CKVs produce a Noether point symmetry for the conformal Lagrangian if there 
exists a conformal factor N (a: fc ) such that the CKV becomes a KV/HV of g l; j. 

We have applied these general results to three cases of practical interest: the motion in a central potential, 
the classification of all potentials in Euclidian 2D and 3D space for which the Schrodinger equation and the 
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Klein Gordon equation admit a Lie point symmetry and finally we have considered the Lie symmetries of 
the Klein Gordon equations in the static, spherically symmetric empty spacetime. In the last case, we have 
demonstrated the role of Lie symmetries and that of the conformal Lagrangians in the determination of the 
closed form solution of Einstein equations. 

Furthermore, we investigated the Lie symmetries of the null Hamilton Jacobi equation and we proved that if 
a CKV generates a point symmetry for the Klein Gordon equation, then it also generates a Lie point symmetry 
for the null Hamilton Jacobi equation. 

The knowledge of the Lie symmetries of the Schrodinger equation and the Klein Gordon equation in a general 
Riemannian space makes possible the determination of solutions of these equations which are invariant under 
a given Lie symmetry. In addition, they can be used in Quantum Cosmology [1051110711110] to determine the 
form of solutions of the Wheeler-DeWitt equation m in a given Riemannian space. 






Chapter 8 


The geometric origin of Type II hidden 
symmetries 

8.1 Introduction 

Lie symmetries assist us in the simplification of differential equations (DEs) by means of reduction. As it 
was indicated in Chapter [2j the reduction is different for ordinary differential equations (ODEs) and partial 
differential equations (PDEs). In the case of ODEs, the use of a Lie symmetry reduces the order of ODE by 
one while in the case of PDEs, the reduction by a Lie symmetry reduces by one the number of independent and 
dependent variables, but not the order of the PDE. A common characteristic in the reduction of both cases is 
that the Lie symmetry which is used for the reduction is not admitted as such by the reduced DE, it is ’’lost”. 

It has been found that the reduced equation is possible to admit more Lie symmetries than the original 
equation. These new Lie symmetries have been termed Type II hidden symmetries. Also, if one works in the 
reverse way and either increases the order of an ODE or increases the number of independent and dependent 
variables of a PDE, then, it is possible that the new (the ‘augmented’) DE admits new point symmetries not 
admitted by the original DE. This type of Lie symmetries are called Type I hidden symmetries. 

The Type I and Type II hidden symmetries have studied extensively in the recent years by various authors 
(see e.g. [TiIlf)91ll(MHT2l - fTT5] 1. In the following sections, we consider mainly the Type II hidden symmetries as 
they are the ones which could be used to reduce further the reduced DE. 

The origin of Type II hidden symmetries is different for the ODEs and the PDEs, although it has been shown 
recently that they are nearly the same HHj. For the case of ODEs, the inheritance or not of a Lie symmetry, 
the X 2 say, by the reduced ODE depends on the commutator of that symmetry with the symmetry used for the 
reduction, the Xi say. For example, if only two Lie symmetries Xi,X 2 are admitted by the original equation 
and the commutator [X -[, X 2 ] = cX 2 where c may be zero, then reduction by A'i results in X 2 being a nonlocal 
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symmetry for the reduced ODE while reduction by X 2 results in X\ being an inherited Lie symmetry of the 
reduced ODE. In the reduction by X\, the symmetry X 2 is a Type I hidden symmetry of the original equation 
relative to the reduced equation. In the case of more than two Lie symmetries the situation is the same, if the 
Lie bracket gives a third Lie symmetry, the X 3 say. Then, the point like nature of a symmetry is preserved only 
if reduction is performed using the normal subgroup and A '3 has a certain expression [117] . 

The above scenario is transferred to PDEs as follows. The reduced PDE loses the symmetry used to reduce 
the number of variables and it may lose other Lie symmetries depending on the structure of the associated Lie 
algebra depending if the admitted subgroup is normal or not m- Similarly, if X\ , X2 are Lie symmetries of 
the original PDE with commutator [X\,X^ = 0 X 2 where c may be zero, then reduction by X 2 results in X\ 
being a symmetry of the reduced PDE while reduction by X\ results in an expression which has no relevance 
for the PDE ma¬ 
in addition to that scenario, B. Abraham - Shrauner and K.S. Govinder have proposed a new potential 
source for the Type II hidden symmetries 1118 based on the observation that different PDEs with the same 
variables, which admit different Lie symmetry algebras, may be reduced to the same target PDE. Based on that 
observation, they propose that the target PDE inherits Lie symmetries from all reduced PDEs, which explains 
why some of the new symmetries are not admitted by the specific PDE used for the reduction. In this context 
arises the problem of identifying the set of all PDEs which lead to the same reduced PDE after reduction by a 
Lie symmetry. In a recent paper ms, it has been shown that this is also the case with the ODEs; that is, it is 
shown that different differential equations which can be reduced to the same equation provide point sources for 
each of the Lie symmetries of the reduced equation even though any particular of the higher order equations 
may not provide the full complement of Lie symmetries. Therefore, concerning the ODEs the Lie symmetries 
of the reduced equation can be viewed as having two sources. Firstly, the point and nonlocal symmetries of a 
given higher order equation and secondly, the point symmetries of a variety of higher order ODEs. Finally, in a 
newer paper [118] . it has been shown by a counter example that Type II hidden symmetries for PDEs can have 
a nonpoint origin, i.e. they arise from contact symmetries or even nonlocal symmetries of the original equation. 
Other approaches may be found in 11191 . 

In the present Chapter we will study the reduction and the consequent existence of Type II hidden symmetries 
of the homogeneous heat equation 

A u — ut = 0 (8-1) 

and the Laplace equation 

Au = 0 (8.2) 

in certain classes of Riemannian spaces, where 



is the Laplace operator. In a general Riemannian space, the homogeneous heat equation (18.11) admits three 
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Lie point symmetries and the Laplace equation (18.21) admits two Lie point symmetries, which are not useful 
for reduction. This implies that if we wish to find ‘sound’ reductions of equations (18.11) and (18.21) . we have to 
consider Riemannian spaces which admit some type of symmetry(ies) of the metric (these symmetries are not 
Lie symmetries and are called collineations). Indeed, as it has been shown in Chapter [6] the Lie symmetries of 
the homogeneous heat and the Laplace equation in a Riemannian space are generated from the elements of the 
homothetic algebra and the conformal algebra of the space respectively. Thus, one expects that in spaces with 
a nonvoid conformal algebra there will be Lie symmetry vectors which will allow for the reduction of equations 
(18.11) . (18.21) and the possibility of the existence of Type II hidden symmetries. 

In section f8.31 we reduce the Laplace equation with the extra Lie symmetries existing in (a) a decomposable 
space - that is a Riemannian space which admits a gradient Killing vector (KV) - (b) in a space which admits a 
gradient Homothetic vector (HV) and (c) in a space which admits a special Conformal killing vector (sp.CKV). 
In section 18.41 we apply the results of the previous section and find the Type II symmetries of the Laplace 
equation in four and three dimensional Minkowski spacetimes. Also we fully recover previous results 11001 . In 
order to study the reduction of Laplace equation by a non-gradient HV and a proper CKV we consider two 
further examples. In section T8. 5 1 we consider the algebraically special vacuum solution of Einstein’s equations 
known as Petrov type III 1201 and we make the reduction using the Lie point symmetry generated by the 
nongradient HV. Moreover we do the same in a conformally flat spacetime where the proper CKVs generate 
Lie symmetries. 

In section IST>1 we reduce the homogeneous heat equation m with the extra Lie symmetries existing (i) 
in a space which admits a gradient KV and (ii) in a space which admits a gradient HV. In section 18.71 we 
consider the special cases of the previous section, that is, a decomposable space whose nondecomposable part 
is a maximally symmetric space of non-vanishing curvature and the spatially flat Friedmann Robertson Walker 
(FRW) space time used in Cosmology. Finally in section [5T51 we consider the reduction of the homogeneous heat 
equation in the Petrov type III spacetime using the Lie symmetry which is generated by the HV. 

We emphasize that all results are derived in a purely geometric manner without the use of a computer 
package. However, we have verified them with the libraries PDEtools and SADE (1T14HT2T] of Maplcf^]. 


8.2 Lie symmetries of Laplace equation in certain Riemannian spaces 

In a general Riemannian space, Laplace equation (18.21) admits the Lie symmetries 

X u — ud u , Xb — b (f, x ) d u 

where b ( t , x) is a solution of Laplace equation. These symmetries are too general to provide useful reductions 
and lead to reduced PDEs which posses Type II hidden symmetries. However if we restrict our considerations 


1 www.maplesoft.com 









168 


CHAPTER 8. THE GEOMETRIC ORIGIN OF TYPE II HIDDEN SYMMETRIES 


to spaces which admit a conformal algebra (proper or not) then we will have new Lie symmetries, hence new 
reductions of Laplace equation eqn (18.21) . which might lead to Type II hidden symmetries. 

In the following sections, we consider spaces in which the metric g^j can be written in a generic form. The 
spaces we shall consider are: a. Spaces which admit a gradient KV (decomposable spaces) b. Spaces which 
admit a gradient HV and c. Spaces which admit a sp.CKV. 

The generic form of the metric for each type is as follows ( A, B,... = 1,2,... ,n): 

a. If a 1 + n— dimensional Riemannian space admits a gradient KV, the S l = d z (S = z) say, then the space 
is decomposable along d z and the metric is written as (see e.g. [44] )) 

ds 2 = dz 2 + h AB y A y B , h A B = h AB (y c ) 

b. If a 1 + n —dimensional Riemannian space admits a gradient HV, the H l = rd r (H = ^r 2 ) , tpn = 1 say, 
then the metric can be written in the generic form [83] 

ds 2 = dr 2 + r 2 h AB dy A dy B , h AB = h AB ( y c ) 

c. If a 1 + n —dimensional Riemannian space admits a sp.CKV then admits a gradient KV and a gradient 
HV [22J1H2] and the metric can be written in the generic form 

ds 2 = — dz 2 + dR 2 + R 2 f A B ( y c ) dy A dy B 

while the sp.CKV is Cs = z2 \ R ‘ dz + zR8r with conformal factor ipc s = z - 

The Riemannian spaces which admit non-gradient proper HV do not have a generic form for their metric. 
However, the spaces for which the HV acts simply transitively are a few and are given together with their 
homothetic algebra in [120] . A special class of these spaces are the algebraically special vacuum space-times 
known as Petrov type N, II , III, D. In section 18.5. 11 we shall consider the reduction of Laplace equation in the 
Petrov type III spacetime whose metric is 

3 v 2 

ds 2 = 2 dpdv — xdp 2 -\—- (dx 2 + dy 2 ) 

2 x 6 

with the symmetry generated by the non-gradient HV H = vd v + pd p , i/jh = 1. The reduction of Laplace 
equation in the rest of the Petrov types is similar both in the working method and results and there is no need 
to consider them explicitly. 

Finally we shall consider the conformally flat space 

ds 2 = e 2 * [dt 2 - S AB y A y B ] 

which admits a proper CKV which produces a Lie symmetr}! 2 ] and we reduce Laplace equation using this 
symmetry. 

In what follows all spaces are assumed to be of dimension n > 2. 


2 According to theorem 16.4.21 the condition for this is that the conformal factor satisfies Laplace equation 
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8.3 Reduction of the Laplace equation in certain Riemannian spaces 

As we have seen in Chapter [ 6 ] the Lie symmetries of Laplace equation (18.211 in a Riemannian space are generated 
from the CKVs (not necessarily proper) whose conformal factor satisfies Laplace equation. This condition is 
satisfied trivially by the KVs (ip = 0), the HV (ip-i = 0) and the sp.CKVs (ip;ij = 0). Therefore these vectors 
(which span a subalgebra of the conformal group) are among the Lie symmetries of Laplace equation. Concerning 
the proper CKVs it is not necessary that their conformal factor satisfies the Laplace equation, therefore they 
may not produce Lie symmetries for Laplace equation. 

8.3.1 Riemannian spaces admitting a gradient KV 

Without loss of generality we assume the gradient KV to be the d z , so that the metric has the generic form 

ds 2 = dz 2 + h AB dy A dy B , h AB = h AB (y c ) (8.3) 

where h AB A,B,C = 1, ...,n is the metric of the n— dimensional space. For the metric (18.31) Laplace equation 
(18.21) takes the form 

u zz + h AB u AB - T a u b = 0. (8.4) 

and admits as extra Lie symmetry the gradient KV d z . 

We reduce (18.41) by using the zeroth order invariants y A , w = u of the extra Lie symmetry d z . Taking 
these invariants as new coordinates, equation (18.41) reduces to 

h.Aw = 0 (8-5) 

which is Laplace equation in the n dimensional space with metric h AB . Now we recall the result that the 
conformal algebra of the n metric h AB and the f + n metric m are related as follows [4¥l : 

a. The KVs of the n metric are identical with those of the n + 1 metric 

b. The 1 + n metric admits a HV if and only if the n metric admits one and if n H A is the HV of the n 
metric then the HV of the 1 + n metric is given by the expression 

l+nLH 1 = zStp + n H A S^ n = x,l, ..., n. (8.6) 

d. The 1 + n metric admits CKVs if and only if the n metric h AB admits a gradient CKV (for details 
see [U]). 

Therefore Type II hidden symmetries for (18.21) exist if the n metric h AB admits more symmetries. Specifically, 
the sp.CKVs of the h AB metric as well as the proper CKVs whose conformal function is a solution of Laplace 
equation (18.621) generate Type II hidden symmetries. 
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8.3.2 Riemannian spaces admitting a gradient HV. 

In Riemannian spaces which admit a gradient HV, H say, there exists a coordinate system in which the metric 
is written in the form [531 

ds 2 = dr 2 + r 2 h A B ( y C ) dy A dy B (8.7) 

and the gradient HV is H = rd r . In these coordinates the Laplacian (18.211 takes the form 

U rr + \h AB UAB + —--«r- t^T A Ua = 0 (8.8) 

r* j* f ,z 

and admits the extra Lie symmetry (see Theorem 16.4.2D H. We reduce (18.8D using H. 

The zeroth order invariants of H are y A , w ( y A ) and using them it follows easily that the reduced equation 
is 

ft, A u = 0 (8.9) 

that is, the Laplacian defined by the metric Hab- 

It is easy to establish the following results concerning the conformal algebras of the metrics (18.7D and h A B- 

1. The KVs of h A B are also KVs of (18.7D . 

2. The HV of (18.7D is independent from that of h A B- 

3. The metric (18.7D admits proper CKVs if and only if the n metric h A B admits gradient CKVs. This is because 
m is conformally related with the decomposable metric 

ds 21 = dr 2 + h A B ( y C ) dy A dy B . (8.10) 

The above imply, that Type II hidden symmetries we shall have from the HV of the metric Hab, the sp.CKVs 
and finally from the proper CKVs of Hab whose conformal factor is a solution of Laplace equation (18.9D . 

8.3.3 Riemannian spaces admitting a sp.CKV 

It is known [22] . that if an n = m + 1 dimensional (n > 2) Riemannian space admits sp.CKVs then also admits 
a gradient HV and as many gradient KVs as the number of sp.CKVs. In these spaces there exists always a 
coordinate system in which the metric is written in the form [831 

ds 2 = — dz 2 + dR 2 + R 2 Jab ( y c ) dy A dy B ( 8 . 11 ) 

where d z is the gradient KV and zd z + R8r is the gradient HV. Jab ( y c ) , A,B,C, .. = 1,2,, ...m — 1 is an 
m — 1 dimensional metric. For a general m— 1 dimensional metric f ab the n dimensional metric (18. IIP admits 
the following special Conformal group 


= d z , H = zd z + Rd R 
~^—d z + zRd R 


J Z ■) 

J1 


I<g 

C s 


2 
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where Kq is a gradient KV, H is a gradient HV and Cs is a sp.CKV with conformal factor ijjcs 
coordinates Laplace equation (18.21) takes the form 

1 a o i/m — 1) 1 ,1 

— U zz + Urr + -Jph UAB H-^- UR - UA = 0. 

From Theorem 16.4.21 we have that the extra Lie symmetries of (18.121) are the vectors 

X 1 = K g , X 2 = H 
X 3 = Cs + 2 pzud u 

where 2 p = 1 ~ m and the non zero commutators are 

[X\X 2 ] = X 1 , [X 2 ,X 3 ] = X 3 
[X\X 3 ] =X 2 + 2 pX u . 

We consider the reduction of (18.121) with each of the extra Lie symmetries. 

Reduction with the gradient KV X 1 . 

The first order invariants of X 1 are R, y c , w (i?, y c ) and by using them we reduce the Laplacian (18.121) to (18.81) 
which admits the Lie symmetry X 2 generated by the HV. This result is expected because [A'-^X 2 ] = A' 1 [ 100] 
hence the Lie symmetry X 2 is inherited. Therefore, in this reduction the Type II symmetries are generated 
from the CKVs of the metric (18.71) . It is possible to continue the reduction by the gradient HV H and then we 
find the results of section 18.3.21 

Reduction with the gradient HV X 2 . 

The reduction with a gradient HV has been studied in section 18.3.21 To apply the results of section l8.3.2l in the 
present case we have to bring the metric (18.111) to the form (18.71) . For this we consider the transformation 

z = r sinh 6 , R = r cosh 0 


= z. In these 

( 8 . 12 ) 


which brinsrs (18.111) to 


ds 2 = dr 2 + r 2 (— d6 2 + cosh 2 QfABy A y B ) 

(8.13) 

so that the metric Hab of (18.71) is 


ds 2 h = (-dd 2 + cosh 2 df A BV A y B ) ■ 

(8.14) 


The reduced equation of (18.121) under the Lie symmetry generated by the gradient HV is Laplace equation 
in the space (18.141) . For this reduction we do not have inherited symmetries and there exist Type II hidden 
symmetries as stated in section 18.3.21 
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Reduction with the sp.CKV X 3 . 

Before we reduce (18.121) with the symmetry generated by the sp CKV X 3 , it is best to write the metric (18.111) 
in new coordinates. We introduce the new variable x via the relation 


z = 


R (xR — 1) 


In the new variables the metric (| 8 . 11 1) becomes 
R , o 2xR — 1 


ds = —- 

4a ; 3 (xR — 1) 

the Laplacian (18.121) : 


dx — 


2x 2 (xR — 1) 


dxdR — 


4a :R (x.R — 1) 


dR 2 + R 2 fAB ( y C ) dy A dy B 


(8.15) 


(8.16) 


0 = 


Jp u xx — 2 — (2 xR — 1 )u x R + Urr + j^f AB UAB + 
+ ^ m r 1 ' > u R - (in - 1) (2xR - T)u x - -^T a u a 


and the Lie symmetry X 3 


X 3 = 


R (xR — 1) 


Rd R + 2 p 


R (xR — 1) 


ud u . 


(8.17) 


The zeroth order invariants of X 3 are x, y A , w — uR 2p . We choose x, y A to be the independent variables and 
w = w (a ',y A ) the dependent one. By replacing in (18.171) we find the reduced equation 


x w xx + f w A b ~ T a w a ~ 2p (2p + 1) w = 0 


(8.18) 


We consider cases. 

The case m >: 4. 

If 2p + 1 / 0, m y 4 then (18.181) becomes 


( m ^ 4 ) A w — 2 p (2 p + 1) V ( x ) w = 0 (8.19) 

where V ( x) = x 2 ~ m and is the Laplace operator for the metric 

d 4"h4) = yj^j dx2 + fABdy A dy B ^j . (8.20) 

Equation (18.191) is the Klein Gordon equation in a space with potential V (x) = x 2 ^™ and metric (18.201) . 
Considering the new transformation <f> = J J yydx or x = (to — 2) 2 ~ m the metric (18.201) is written 


ds 2 mh 4 ) = ^ Jab dy A dy B 


( 8 . 21 ) 


where f ab 


(to 


2) 2 fAB whereas the potential V (</>) = 


which is the well known Ermakov potential 
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This means that the gradient HV (f>d$ , if}^ = 1, is a Lie symmetry of (18.191) which is the Lie symmetry X 2 . 
Therefore, if the metric /ab admits proper CKVs which satisfy the conditions of Theorem 17.3.31 then these 
vectors generate Type II hidden symmetries of (18.121) . 

The case m = 3. 

If 2p + 1 = 0, then m = 3 and / ab is a two dimensional metric. In this case, equation (18.181) becomes 

x 2 w xx + f AB w A B ~ r a w a = 0 (8.22) 

or, by multiplying with x 2 

( m=3 )A w = 0 (8.23) 

which is the Laplacian in the three dimensional space with metric 

dsf m = 3) = dx 2 + f A Bdy A dy B . (8.24) 

By making the new transformation x = -, (18.231) is of the form (18.71) and admits the gradient HV rd r which 
gives an inherited symmetry. We conclude that Type II hidden symmetries of (18.241) will be generated from the 
proper CKVs of the metric (18.241) which satisfy the condition of Theorem 16.4.21 
The case m = 2. 

For m = 2, /ab is a one dimensional metric and HMD is 

ds 2 = - dz 2 + dR 2 + R 2 d0 2 (8.25) 

which is a flat metri<Jf|. In this space, Laplace equation (18.121) admits ten Lie point symmetries, as many as the 
elements of the Conformal algebra of the flat 3D space. Six of these vectors are KVs, one vector is a gradient 
HV and three are sp.CKVs (see examole l2.7.12l) . We reduce the Laplace equation with the symmetry X 3 and 
the reduced equation is (18.181) which for /ab = See becomes 

x 2 Wxx + wee + = 0. (8.26) 

Equation (18.261) is in the form of (16.131) (see Chapter 0 with A l i = diag (a; 2 , l) and B z = 0. By replacing in 
the symmetry conditions (I6.21I) - (I6.25I) we find the Lie symmetries 

X = £ l di + ( a 0 w + b) d w 

where £* are the CKVs of the two dimensional space with metric A l U In this case, all proper CKVs of the two 
dimensional space 2W generate Type II Lie symmetries. Recall that the conformal algebra of a two dimensional 
space is infinite dimensional. 

3 The only three dimensional space who admits sp.CKV is the flat space, because in that case we also have a gradient HV and 
a gradient KV. 
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8.4 Type II hidden symmetries of the 3D and the 4D wave equation 

In this section we apply the general results of the previous section to specific spaces where the metric is known. 


8.4.1 Laplacian in M 4 

The Laplace equation in the four dimensional Minkowski spacetime M 4 

ds 2 = —dt 2 + dx 2 + dy 2 + dz 2 (8.27) 

is the wave equation I l'OOl in E 3 

Utt U X x 'Uyy 'U'zz — 0- (8.28) 

The conformal algebra of the metric (18.2711 is generated by 15 vectors (see example l2.7.12l) . From theorem 
16.4.21 we have that the extra Lie point symmetries of (18.281) are the vectors 

K x g , K A , X 1 / , X AB , H , X l c - tud u , X$ - y A ud u (8.29) 

where y A = ( x, y, z ). 

The nonzero commutators are 

[4,4 J ] = -K J o, [Kq, H] = Kq 

[Hq, X t c ] = H-X u , [K'cXJ] = X 1 / 

[H,X£ = X : c , [X I R J ,X I C \=X J C . 


Reduction with a gradient KV 

We choose to make reduction of (18.281) with the gradient KV K G = d z . The reduced equation is 

w t t ~ Wxx - w yy = 0 (8.30) 

which is Laplace equation in the space M 3 . The extra Lie symmetries of (18.301) are 

Kg i K g , K g , X^ , X a R b , H (8.31) 

and are inherited symmetries (see also the last commutators). The Type II symmetries are the vectors 

Xh - ^tud u , Vg - ^xud u , X% - ^yud u (8.32) 

that is the Type II hidden symmetries are generated from the sp.CKVs of M 3 . 
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Reduction with the gradient HV 

In this case it is better to switch to hyperspherical coordinates (r,0, </>,£). 

In these coordinates the metric (18.271) is written 

ds 2 = dr 2 - r 2 [dd 2 + cosh 2 6 (, d<j) 2 + cosh 2 (j)dC, 2 )] 

and the wave equation (18.281) becomes 

u 4>4> U CC 


cosiT 9 cosh 2 9 cosh </> 2 


3 tanh 9 tanh tj> 

H" 2 - Uq ~ -—y—U , f ) — 0 . 

r r 2 r 2 cosh 9 


(8.33) 


(8.34) 


According to the analysis of section 15.3.21 the reduced equation is (18.91) which is the Laplacian in the three 
dimensional space of the variables (9, (f), Q : 

W U W C( 


w ge 


tanh 9 tanh cf> 

+ 2--- Wq H --; 2~s\ W< f> = 


(8.35) 


cosh 2 9 cosh 7 9 cosh </> 2 r 2 " r 2 cosh 2 9 
This space is a space of constant curvature. The conformal algebrg^ of a 3D space of constant non-vanishing 
curvature consists of 6 non-gradient KVs and 4 proper CKvJ^I [23]. The conformal factors of the CKVs do not 
satisfy the condition = 0 (see Theorem 16.4.21) ; hence, they do not generate Lie point symmetries for the 
reduced equation (18.351) whereas for the same reason the KVs are Lie symmetries of (18.351) . Therefore, all point 
Lie point symmetries are inherited and we do not have Type II hidden symmetries. 

We note that the proper CKVs in a space of constant non-vanishing curvature are gradient and their 
conformal factor satisfies the relation [23] 

i>;ab = Ci/jg ab g ab ^ab = tiCi/j -> h ^ = nCtj} 

which implies that they are Lie symmetries of the conformally invariant operator but not of the Laplace equation 

(1051) . 


Reduction with a sp.CKV 


Following the steps of section IS. 3. 31 we consider the transformation to axi-symmetric coordinates (t, R, 6, (/>) in 
which (18.281) takes the form 


1 / W00 

Utt — Urr - — ( Uge 


2 tanh 9 
— —Ur -^— ug = 0 . 


(8.36) 


R 2 V° a ‘ cosh 2 9 J It" R 2 

Applying the transformation (18.151) t = \J AilpzA I we f[ nc [ (note that this is the case m = 3) that (18.361) is 
written as (18.171) and the reduced equation is the Laplacian ( m=3 )A w for the 3D metric 


ds 2 = —jd,T 2 -^ (^ 2 + cosh 2 9d(j) 2 ) . 


(8.37) 


4 A11 spaces of constant curvature are conformally flat, hence, they admit the same conformal algebra with the flat space but not 
the same subalgebras, i.e. the same conformal factors. 

5 The rotations and the sp.CKVs of the flat space are KVs for the space of constant curvature, the rest are proper gradient CKVs 
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The metric (18.371) under the coordinate transformation r = y is written 

ds 2 = dT 2 - T 2 ( dd 2 + cosh 2 Od(f> 2 ) (8.38) 

which is the flat 3D Lorentzian metric, which does not admit proper CKVs. This implies that the Lie symmetries 
of the reduced equation are generated from the KVs/HV/sp.CKVs of the flat M 3 metric and all are inherited. 
Therefore we do not have Type II hidden symmetries for the reduction with a sp.CKV. 

As we shall show in the next section this is not the case for the reduction of Laplace equation in M 3 . 


8.4.2 Laplacian in M 3 

We consider the reduction of Laplace equation in the 3d Minkowski M 3 spacetime [100] . i.e. the wave equation 
in E 2 

Utt U xx 'Uyy = 0* (8.39) 

As we have seen in section 18.4.11 the extra Lie point symmetries of (18.3911 are the ten vectors (18.311) and (18.321) . 

Reduction with a gradient KV 

We choose the vector d y and the reduction gives the reduced equation 

w t t ~ w xx = 0 (8.40) 

which is the one dimensional wave equation. The 2d space (f, x) has an infinite number of CKVs therefore (|8.40D 
has infinite Lie point symmetries [T]. From these symmetries the KVs and the HV are inherited symmetries 
and the CKVs are Type II symmetries. 


Reduction with the gradient HV 

In order to do the reduction with the gradient HV we introduce spherical coordinates (r, 9, </>) and find that 
(18.391) becomes 


1 


uee 


cosh 2 8 


2 tanh 9 
-u r - ^—ug = 0. 


(8.41) 


According to the results of section 18.3.21 the reduced equation is equation (18.91) which is the Laplace equation 
in the 2d space of the variables (</>, 9) 


wgg H--|_ tanh 8wg = 0. 

cosh 2 9 


(8.42) 


By making the transformation 9 = In (tan 0 equation (18.421) becomes 


sin ( x) 2 ( w pp + ww) = 0 


(8.43) 


which is the wave equation (18.401) with t = p , x = 
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We obtain the results, concerning the Lie symmetries of (18.4311 from section 18.4.21 with the difference that 
the Lie symmetry due to the HV of the two dimensional metric is not inherited but it is a Type II hidden 
symmetry. 

The reduction of the wave equation in the 4D and in 3D Minkowski space has been done previously by 
Abraham-Shrauner et. all 1001 and our results coincide with theirs. For example in the 3d case equation (17) 
of 100 is our equation (18.4211 in other variables. However there are two differences (a) in the case of the 2D 
space they do not obtain that the Lie symmetries are infinite and (b) they use algebraic computing programs to 
find the Lie symmetry generators whereas our approach is geometric and general and does not need algebraic 
computing programs to find the complete answer. 

The reduction with a sp.CKV has been considered in section 15.3.31 


8.5 The Laplace equation in the Petrov type III and in the FRW-like 
spacetime 

To complete our analysis, we have to reduce the Laplace equation using a non gradient homothetic vector and a 
proper (i.e. non special) CKV. In order to do this, we consider the reduction of Laplace equation in the Petrov 
type III spacetime and in the FRW-like spacetime. 

8.5.1 The Laplace equation in the Petrov Type III spacetime 

In this section we consider the reduction of Laplace equation in spaces which do not admit gradient KVs or 
a gradient HV. As it has been mentioned in section HOI we shall consider the algebraically special solutions of 
Einstein equations, that is the Petrov type D,N,II and III. In fact we restrict our discussion to Petrov Type III 
because both the method of work and the results are the same for all Petrov types. 

The metric of the Petrov type III space-time is 

3 v 2 

ds 2 = 2 dpdv + - xdp 2 H—~ (dx 2 + dy 2 ) (8.44) 

2 x 

with conformal algebra 

K 1 = d p , K 2 = d v , K 3 = vd v — pd p + 2 xd x + 2 yd v 
H = vd v + pd p , ip = 1 

where AT 1-4 are KVs and H is a non-gradient HV. (The space does not admit proper CKVs). 

In this space-time Laplace equation (18.21) takes the form 

3 x 3 x 2 

+ 2 U vp — [Uxx 4 “ ^yy) 3 U v -}- Up — 0 . 

2 F v 2 v v 


(8.45) 
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From Theorem 16.4.21 we have that the extra Lie point symmetries are the vectors 

* 1-3 = ifr-3 , X A = H 


with nonzero commutators: 

[X 2 ,,X 3 ] = 2 X 2 

[X 3 ,X 1 ]=X 1 , [X 1 ,X i ]=X 1 . 

We use X 4 to reduce the PDE because this is the Lie symmetry generated by the nongradient HV. 

The zero order invariants of X 4 are a = £,x,y,w. We choose <J,x,y as the independent variables and 
w = w (<r, x, y) as the dependent variable and we find the reduced equation 


- a ( ~xcr + 2 ) w aa + x 3 ( w xx + w yy ) = 0. 


Equation (18.461) can be written 

iiiA*w 

where 777 A* is the Laplacian for the metric 

ds 2 = - 


/ 3xcr 


V 2 


+ 1 )w„- 


3 x 3 c 


2 (3xtr + 4) 


w T — 0 


—- 7 xda 2 + (dx 2 + dy 2 ) . 

cr(|a;cr + 2) x 3 v y ' 


(8.46) 


(8.47) 


(8.48) 


The Lie symmetries of (18.471) will be generated from the conformal algebra of (18.481) with some extra condi¬ 
tions (see equations (16.21D - (I6.251) 1. Finally, we find that equation (18.471) admits as Lie point symmetries the 
vectors d y , xd x + yd x — ad a which are inherited symmetries. Therefore we do not have Type II hidden 
symmetries. 


8.5.2 The Laplace equation in the n dimensional FRW-like spacetime. 

We consider the n dimensional FRW-like space (n > 2) with metric 

ds 2 = e 2t [dt 2 — (SABdy A dy B )] (8.49) 

where Sab is the n — 1 dimensional Euclidian metric. The reduction of Laplace equation in this space (for 
n = 4) has been studied previously in j!22 . The metric (18.491) is conformally flat hence admits the same CKVs 
with the flat space but with different subalgebras. More precisely the space admits 

a. (n — 1) + ("~ 2 H"- 3 ) KVs the K A , X AB 

b. 1 gradient HV the Kq = d t 

the rest vectors being proper CKVs [IS]- In this space Laplace equation (18.21) becomes 


e 24 [utt - ( 5 ab u A b ) + (n - 2) u t ] = 0 


(8.50) 
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and the extra Lie symmetries are 

I<g, Xr B , Kq , X AA - 2 P Y a ud u 

where 2 p = . The algebra of the Lie point symmetries is the same with that of section 17.551 We consider 

the reduction with a proper CKV. 


Reduction with a proper CKV 

We may take any of the vectors X R A (because as one can see in the Appendix there is a symmetry between the 
coordinates y A ). We choose the vector 

X R ‘ = xd t + td x + 2 pxud u . 


whose zero order invariants are 

R = t 2 -x 2 , y c , w = e~ 2pt u. 

We take the dependent variable to be the w = w (R, y c ) and find the reduced equation 

4 Rw rr - 6 ab w a b + 4 w R - 4 p 2 w = 0 (8.51) 


where a = 1,... ,n — 2. We consider cases. 
Case n > 3. 

For n > 3 equation (18.511) is 


cAw — 4 p 2 f ( R ) w = 0 

where cA is the Laplace operator for the (n — 1) dimensional metric 

d '° = Tm('B. dR ' , ~ s ‘ bdv ° dyl ) 


(8.52) 


(8.53) 


and / ( R ) = R ™- 3 . The metric (18.531) is conformally flat hence we know its conformal algebra. Application of 
theorem 17.3.31 gives that the Lie point symmetries of (18.52|) are the vectors 


X u — ud u , Xfo — bd u 

X a K = dya , X a R b = y b d a - y a d b . 

These are inherited symmetries (this result agrees with the commutators). We conclude that for this reduction 
we do not have Type II hidden symmetries. 

Case n = 3. 

For n = 3 the reduced equation is a two dimensional equation (that is Sab = S yv ) 

4 Rwrr - Wyy + 4 w R - = 0 


(8.54) 
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and admits as Lie point symmetry the KV d y which is an inherited symmetry. Hence, we do not have Type II 
hidden symmetries. 

We conclude that the reduction of Laplace equation in an n dimensional FRW like space with the proper 
CKV does not produce Type II hidden symmetries and in fact the inherited symmetries of the reduced equation 
are the KVs of the flat metric. 

Reduction with the gradient HV 

The gradient HV I\q = d t is a Lie symmetry of the Laplacian (18.501) hence we consider the reduction by this 
vector. The zero order invariants are y A ,w and lead to the reduced equation 

6 ab u A b = 0 (8.55) 

which is Laplace equation in the flat space E ra_1 . We consider again cases. 

Case n > 3 

In this case the Lie symmetries of (18.551) are given by the vectors 

Kq , X AB , , x£ - y A ud u . (8.56) 

From these the Kq,X^ b are inherited symmetries and the rest - which are produced by the HV and the 
sp.CKVs of the space E n_1 - are Type II hidden symmetries. 

If n = 3, the reduced equation (18.551) is the Laplacian in E 2 , hence, admits infinite Lie symmetries. Type II 
hidden symmetries are generated from the HV and the CKVs of E 2 . 

In the following sections, we study the reduction of the homogeneous heat equation (18.11) in certain Rieman- 
nian spaces. 


8.6 Reduction of the homogeneous heat equation in certain Rie- 
mannian spaces 

In a general Riemannian space with metric gij the heat conduction equation with flux is 

Am — Ut = q (8.57) 

where A is the Laplace operator A = (v^fl^afr) and Q = q(t,x,u). Equation (18.571) can also be written 

g lj Uij - T l Ui — u t =q (8.58) 

where T* = T l j k g^ k and T l - k are the Christofell Symbols of the metric g l: j. 
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For <7 = 0, equation (18.581) admits the Lie point symmetries 

X t = d t , X u = ud u , X b = b (t, x ) d u (8.59) 

where b (t, x) is a solution of the heat equation. These symmetries are too general to provide sound reductions 
and consequently reduced PDEs which can give Type II hidden symmetries. However, in Chapter [0] it has been 
shown that there is a close relation between the Lie point symmetries of the heat equation and the collineations 
of the metric. Specifically it has been shown that the Lie point symmetries of the heat equation are generated 
from the HV and the KVs of (jij . This implies that if we want to have new Lie point symmetries which will 
allow for sound reductions of the heat equation eqn (18.581) we have to restrict our considerations to spaces which 
admit a homothetic algebra. Our intention is to keep the discussion as general as possible therefore we consider 
spaces in which the metric gtj can be written in generic form. The spaces we shall consider are: 

a. Spaces which admit a gradient KV (18.31) . 

b. Spaces which admit a gradient HV (18.71) . 

c. Space which admits a nongradient HV acting simply transitive, i.e. Petrov Type III (18.441) . 

In what follows all spaces are of dimension n 2. The case n = 1 although relatively trivial for our approach 
in general it is not so and has been studied for example in [12311124] , 

8.6.1 The heat equation in a space which admits a gradient KV 

In the 1 + n decomposable space with line element (18.31) the heat equation (18.11) takes the form 

u Z z + h AB UAB - T A u b — u t = 0. (8.60) 

Application of Theorem 16.5.21 gives that (18.601) admits the following extra Lie point symmetries generated by 
the gradient KV d x : 

Xi = d z , X 2 = td z - ^zud u 

with nonvanishing commutators 

[Xt, X 2 ] = X ! , [X 2 , Ah] = \x u . ( 8 . 61 ) 

We reduce (18.601) using the zero order invariants of the extra Lie point symmetries A 1: X 2 . 

Reduction by Xi 

The zero order invariants of Xi are 

r = t , y A , w = u. 

Taking these invariants as new coordinates eqn (18.601) reduces to 


h Aw — w t = 0 


(8.62) 
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where t,,A is the Laplace operator in the n —dimensional space with metric Lab '■ 

hAw = h AB w ab — F a wb- (8.63) 

Equation (18.621) is the homogeneous heat eqn (18.11) in the n dimensional space with metric Lab■ According to 
the Theorem [6321 (see Chapter [6]), the Lie symmetries of this equation are the homothetic algebra of Hab■ As 
it has been already mentioned the homothetic algebras of the n and the 1 + n metrics are related as follows [44] : 

a. The KVs of the n— metric are identical with those of the 1 + n metric. 

b. The 1 + n metric admits a HV if the n metric admits one and if n H A is the HV of the n - metric then 
the HV of the 1 + n metric is given by the expression 

i +n H^ = x5%+ n H a 5^ p, = z,l,...,n. (8.64) 

The above imply that equation ([8.6211 inherits all symmetries which are generated from the KVs/HV of the 
n —metric h ab- Hence we do not have Type II symmetries in this reduction. 


Reduction by A '2 


The zero order invariants of A '2 are 

A z2 

t = t , y , w = ue*t. 

Taking these invariants as new coordinates eqn (18.601) reduces to 

h AB w ab — r a wb — w T — —w = 0 


(8.65) 


or 


hAw — w T = — w. 

2 T 


This is the nonhomogeneous heat equation with flux q [r,y A ,w) 
the following resullj®). 


tj-w. Application of Theorem 16.5.11 gives 


Proposition 8.6.1 The Lie point symmetries of the heat equation 18.65\) in an n— dimensional Riemannian 
space with metric Lab are constructed form the homothetic algebra of the metric as follows: 


a. Y i is a HV/KV. 

The Lie symmetry is 

X = (2c2 4>t + ci) d T + C 2 Y l di + + a 0 ) w + b (t,x) 

b. Y l = Sj is a gradient HV/KV (the index J counts gradient KVs). 

The Lie symmetry is 

X = (i’T 0 r 2 ) d T + TorS’jdi - Q T 0 Sj + T 0 ^ wd w 
where b(r,x) is a solution of the heat equation 18.651) . 


( 8 . 66 ) 


(8.67) 


For details see Appendix 18.Al 
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We infer that for this reduction we have the Type II hidden symmetry d T — -^wd w . The rest of the Lie 
point symmetries are inherited. 

8.6.2 The heat equation in a space which admits a gradient homothetic vector 

For the spacetime with line element 

ds 2 = dr 2 + r 2 hABdy A dy B 


the homogeneous heat equation becomes 

1 


7 y4 R 

U rr d - nh UAB d~ 


(n — !) 1 


U r -5-T UA-U t =0 


( 8 . 68 ) 


r 

where T A = T^ c h BC and Tg C are the connection coefficients of the Riemannian metric Iiab (A,B,C = 
1,2,..., n). Application of Theorem l6.5.2l gives that the heat equation (18.681) admits the following extra Lie point 
symmetries generated by the gradient homothetic vector 


Xi = 2 td t + rd r , X 2 = t 2 d t + trd r - ( ^r 2 + ) ud u 


(8.69) 


with nonzero commutators 


[X t ,X 1 \=2X t , [X u X 2 ]=2X t 


[X t ,x 2 ] =x 1 --x u . 

We consider again the reduction of (18.68[) using the zero order invariants of these extra Lie point symmetries. 


Reduction by Xi 

The zero order invariants of X\ are 


= Vi' w = u ' v 


We choose w = w (<f>,y A ) as the dependent variable. 

Replacing in (18.681) we find the reduced PDE 

1 id (n — 1 ) 6 1 

WM + -02 h WAB d-^- Wcj, + -w^ - WA = 0. 

Consider a nonvanishing function N 2 (0) and divide (18.701) with N 2 (</>) to get: 


1 


1 


w 4>4> + ,2\r2 h ABw AB + 


(n — 1) (j) 


w <t> + 


1 


N 2 w ^2^2 — cj)N 2 v 2N 2 ” (j) 2 N 2 

It follows that (for n > 2) equation (18.711) can be written as 


T a w a = 0 


(8.70) 


(8.71) 


w = 0 


(8.72) 




















184 


CHAPTER 8. THE GEOMETRIC ORIGIN OF TYPE II HIDDEN SYMMETRIES 


where S A is the Laplace operator if N 2 0) = exp ( 5 ^= 27 ) and g l3 is the conformally related metric 

ds 2 = exp ^ 2(n_ 2) ) + • ( 8 - 73 ) 

According to Theorem 16.4.21 the Lie point symmetries of (18.721) are the CKVs of the metric (18.731) whose 
conformal factor satisfies the condition gAif = 0. Therefore, Type II hidden symmetries will be generated from 
the proper CKVs. The existence and the number of these vectors depends mainly on the n metric Lab- 


Reduction by A '2 

For A '2 the zero order invariants are 

, r n p A 

cp = - , w = ut 2 e 4t , y . 

We choose w = w (<j>,y A ) as the dependent variable and we have the reduced equation 

g Aw = 0 


where 

A (^t 1) 1 A o 1 A 

gAw = W 00 H- - - Wg, + —j/i. WAB - WA- 

Equation (18.741) is the Laplace equation in the space (0, y A ) with metric 

ds 2 = d(j ) 2 + <\> 2 hABdy A dy B . 


(8.74) 


(8.75) 


(8.76) 


The Lie point symmetries of Laplace equation (18.741) are given in Theorem 16.4.21 As in the last case the 
existence and the number of these vectors depends mainly on the n metric Hab- 

We note that both vectors X \, A 2 are generated form the gradient HV and in both cases the heat equation 
is reduced to Laplace equation. This gives the following 


Proposition 8.6.2 The reduction of the heat equation CO P in a space with metric ra [n > 2) by means of 
the Lie symmetries generated by the gradient HV leads to Laplace equation Au = 0, where A is the Laplace 
operator for the metric J 8 . 7ff[ j if the reduction is done by X± and for the metric Ji S. 76\ ) if the reduction is done 
by A 2 . 


8.7 Applications of the reduction of the homogeneous heat equation 


In this section, we consider applications of the general results of section [HTTTI in various spacetimes. 
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8.7.1 The heat equation in a 1 + n decomposable space 

Consider the 1 +n decomposable space 

ds 2 = dx 2 + N~ 2 (i / c ) S A BV A y B 


(8.77) 


where N ( y c ) = (l + ^ y c yc ) , that is, the n space is a space of constant non vanishing (K ^ 0) curvature. 
The space (J8.77I) does not admit proper HV, however, admits n ( n ~ 1 ' > _|_ n nongradient KVs and 1 gradient KV 
as follows HU 


1 gradient KV: 

d x 

n nongradient KVs 

: K v 

d nongradient KVs : 

Xu 


1 

N 


I< 

(2N - 1) 5] + —Nxix 1 


x u = 


In a space with metric (18.771) . the homogeneous heat equation takes the form 

u xx + N 2 (y c ) 5 ab uab - Y K y A u A - u t = 0 

Applying Theorem 16.5.21 we find that equation (18.781) admits the extra Lie point symmetries 

dd x ? Id) x ~^^^d x , Xy , A jj. 

The Lie point symmetries which are generated by the gradient KV arj^ d x , td x — 1 xud x . 

Reduction of (18.781) by means of the gradient KV d x results in the special form of equation (18.621) 

n*\ v c) sABuab ~ y KyAuA - Ut = °- 


(8.78) 


(8.79) 


(8.80) 


This is the homogeneous heat equation in an n- dimensional space of constant curvature. The Lie point 
symmetries of this equation have been determined in section f6.5.1l and are inherited symmetries. Hence, in this 
case, we do not have Type II hidden symmetries. 


Reduction of (I8.78|) with the Lie symmetry td x — \xud x gives that the reduced equation (18.651) is 

o / (~'\ c- A B A ^ x ^ 

N (y ) 6 WAB - Y Ry WA ~ w t = 7^ w J w = ue*t 

which is the heat equation with flux. By Proposition 18.6.11 the Lie point symmetries of (18.811) are: 


X = 


Cid T + (K v + Xu) + + a 0 ) w + b (r, y c ) 


d u 


(8.81) 


(8.82) 


where ci, a o are constants. From section f8.6.II we have that Type II hidden symmetry is the one defined by the 
constant Ci. 


7 Here the algebra is the one given in section 18.6.11 and a separate algebra is the algebra of the KVs of the space of constant 
curvature. More specifically the KVs Ky , V/ j commute with all other symmetries but not between themselves 


































186 


CHAPTER 8. THE GEOMETRIC ORIGIN OF TYPE II HIDDEN SYMMETRIES 


8.7.2 FRW space-time with a gradient HV 

Consider the spatially flat FRW metric 


This metric admits the gradient HV 

and six nongradient KVs 


ds 2 = da 2 — a 2 ( dx 2 + dy 2 + dz 2 ) 

1 

H = crd a (ip H = 1) 

X 1 _3 = d v A , X 4 _ 6 = y B d A -y A d B . 


(8.83) 


where y A = ( x , y, z). 

In this space the heat equation takes the form 

1 


- o (Uxx + Uyy + U zz ) + -U a - U t = 0. 


(8.84) 


The Lie point symmetries of (18.841) are 


d t , ud u , b (r, y A ) d u , X 4 - 3 , X 4 -e , 

H[ = 2 td t + ode, , H 2 = t 2 d t + tad a - ^°‘ 2 + U ^u ■ 

The Lie point symmetries H 4l H -2 are produced by the gradient HV therefore we use them to reduce (18.841) . 
We note that this case is a special case of the one we considered in section 18.6.21 for Hab = Sab■ 

Reduction by H 4 gives that (18.84[) becomes: 


- -To Ki + w yy + w zz) + ( T + 77 ) w <!> = 0 


(8.85) 


where </> = -£= , w = u. This is a special form of (18.701) . 

Dividing with N 2 (<j>) = exp ( 4”) we find that <|8.85p is written as 


gAw = 0 


( 8 . 86 ) 


where the metric g Z j is the conformally related metric of (18.831) : 

ds 2 =eT (, itj> 2 - cf, 2 (dx 2 + dy 2 + dz 2 )) (8.87) 

We have that the Lie symmetries of (18.861) are generated from elements of the conformal algebra of the space 
whose conformal factors satisfy condition gAi/j = 0. The metric (18.861) is conformally flat therefore its conformal 
group is the same with that of the flat space JIHI15], however with different subgroups. We find that these 
vectors (i.e. the Lie symmetries) are the vectors 


^i—3 > X 4 —q iSdti ixdw j b o (cj),y ) d w 


( 8 . 88 ) 
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We conclude that there are no Type II symmetries for this reduction. 
Using reduction by H 2 we find that (18.841) reduces to : 


W </>(!> ,n (Nxx T UJyy T IX zz) T i^4> — ^ 


(8.89) 


where <f> = y , w = ut 2 e Tit . This is a special form of (18.741) which is the Laplace equation. In this case the 
results of [5U] apply and we infer that the Lie point symmetries of (18.891) are: 


A 4 _3 , A 4 _6 5 Xjd w ; ^1 

X 7 = cjid^ , X 8 _io = 4>y A d$ + In 4>d A - y A wd w . 


(8.90) 


The vector X 7 is the proper HV of the metric and the vectors Ag_io the proper CKVs which are not special 
CKVs, therefore these vectors are Type II hidden symmetries. A further analysis of (18.891) can be found in 11221 . 


8.8 The Heat equation in Petrov type III spacetime 

In this section we consider the special class of Petrov type III spacetime which admits a nongradient HV which 
acts simply transitively. 

The metric of the Petrov type III space-time is 


with Homothetic algebra 


ds 2 = 2 dpdv + - xdp 2 + — ( dx 2 + dy 2 ) 

K 1 = d p , K 2 = d y , K 3 = vd v — pd p + 2 xd x + 2 yd v 

H = vd v + pd p (ijjH = 1 ) 

where A' 1-4 are KVs and H is a nongradient HV. 

In this space-time equation m takes the form: 

3 x 3 . x 2 

T 2z i V p “f y \V>xx T ’U’yy) 3 Z/.U T ZZ p Ut = 0 
2 v z v v 

From Theorem 16.5.21 we have that the extra Lie point symmetries are the vectors 


with nonzero commutators: 


Ad-3 = K 1-3 , A 4 = 2tdt + H 

[At, V 4 ] = 2A t , [A 2 „ A 3 ] = 2A 2 
[A 3 ,A 1 ]=A 1) [A 1 ,A 4 ]=A 1 . 


( 8 . 91 ) 


(8.92) 


We use A 4 for reduction because this is the Lie point symmetry generated by the HV. 
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The zero order invariants of X 4 are 


v 

71 


_p_ 

Vt 


a = —p , /3 = — -j= , 7 = x , S = y , w = u. 


We choose w = w (a, (3, 7 , 5) as the dependent variable and we find that the reduced PDE is 


hi Aw + —w a + —VJ /3 = 0 


(8.93) 


where m A is the Laplace operator for metric (18.9111 . 

It is clear that the second order PDE (18.931) admits only the Lie symmetries A' 2 , V 3 . Therefore, we do not 
have Type II hidden symmetries and the symmetries Xi, X 4 are Type I hidden symmetries. 


8.9 Conclusion 

Up to now in the literature the study of Type II hidden symmetries has been done by counter examples or 
by considering very special PDEs and in low dimensional flat spaces. In this chapter we have improved this 
scenario and have studied the problem of Type II hidden symmetries of second order PDEs from a geometric 
of view in n dimensional Riemannian spaces. We have considered the reduction of the Laplace and of the 
homogeneous heat equation and the consequent possibility of existence of Type II hidden symmetries in some 
general classes of spaces which admit some kind of symmetry; hence, they admit nontrivial Lie symmetries . 

For the Laplace equation, the conclusion of this study is that the Type II hidden symmetries are directly 
related to the transition of the CKVs from the space where the original equation is defined to the space where 
the reduced equation resides. In this sense, we related the Lie point symmetries of PDEs with the basic 
collineations of the metric i.e. the CKVs. Concerning the general results of the reduction of Laplace equation 
we can summarize them as follows: 

• If we reduce the Laplace equation with a gradient KV the reduced equation is a Laplace equation in the 
non-decomposable space. In this case, the Type II hidden symmetries are generated from the special and 
the proper CKVs of the non-decomposable space. 

• If we reduce the Laplace equation with a gradient HV the reduced equation is a Laplace equation for 
an appropriate metric. In this case, the Type II hidden symmetries are generated from the HV and the 
special/proper CKVs. 

• If we reduce the Laplace equation with the symmetry generated by a sp.CKV, the reduced equation is 
the Klein Gordon equation for an appropriate metric that inherits the Lie point symmetry generated by 
the gradient HV. In this case, the Type II hidden symmetries are generated from the proper CKVs. 

We also considered the reduction of Laplace equation in some spaces of interest in which the metric does not 
admit the symmetries of the previous cases. In this context, we showed that the reduction with the non-gradient 
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HV in the Petrov type III does not give any Type II hidden symmetries. Also, it is of interest the reduction of 
Laplace equation (i.e. the wave equation) in Minkowski spaces M 4 and M 3 where we recover the results of [100] 
in a straightforward manner without the need of computer software. Finally we considered an n —dimensional 
flat FRW like space and showed that the reduction with the proper CKV does not produce Type II hidden 
symmetries. 

Moreover, we applied the zero order invariants of the Lie symmetries in order to reduce the number of 
independent variables of the homogeneous heat equation in certain general classes of Riemannian spaces, which 
admit some type of basic symmetry. For each reduction, we determined the origin of Type II hidden symmetries. 
The spaces we considered are the spaces which admit a gradient KV, a gradient HV and finally spacetimes which 
admits a HV which acts simply and transitively. For the reduction of the homogeneous heat equation and the 
existence of Type II hidden symmetries, we found the following general geometric results: 

• If we reduce the homogeneous heat equation via the symmetries which are generated by a gradient KV ( S ’®) 
the reduced equation is a heat equation in the nondecomposable space. In this case we have the Type II 
hidden symmetry dt — ^ wd w provided we reduce the heat equation with the symmetry tS ,i — ^Sud u . 

• If we reduce the homogeneous heat equation via the symmetries which are generated by a gradient HV 
the reduced equation is Laplace equation for an appropriate metric. In this case the Type II hidden 
symmetries are generated from the proper CKVs. 

• In Petrov type III spacetime, the reduction of the homogeneous heat equation via the symmetry generated 
from the nongradient HV gives a PDE which inherits the Lie point symmetries, hence no Type II hidden 
symmetries are admitted. 

The above results can be used in many important space-times and help facilitate the solution of the heat 
equation in these space-times. 
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8.A Proof of Corollary 


Proof of Corollary 18.6.11 Using Theorem 16.5.II and replacing q we have 
For case a) 


— a T w + H ( b ) 


2 r 


(aw + b) + —w — ( t/jC 2 W + 
2t ' 


2r 


WC 1 


—a T w + H (b) - —b + 

2t 2t z 


—a T + 


Cl 

2 t 2 




0 . 

0 

0 


that is 


Cl , 

a--- + a° 


H(b) 



0 


For case b) 


then 


0 = 


-\ T ,r^+ \t iTT S- 



W — 




0 


-^T t ^+\Ttt S ~ F , 


w - 


f Tdr w - ^Tw 


(8.94) 

(8.95) 

(8.96) 


(8.97) 


(8.98) 


from here we have 


Trr = 0 T = TqT + T\ 


(8.99) 


and 


F = -T 0 i/jt. 


8.B The homogeneous heat equation in the Petrov spacetimes 

In the following subsections, we study the reduction of the homogeneous heat equation in the Petrov spacetimes 
of type N,D and II. 

8.B.1 Petrov type N 

The metric of the Petrov type N space-time is 

ds 2 = dx 2 + x 2 dy 2 + 2 dpdv + In x 2 dp 2 (8.100) 

and has the homothetic algebra [ 1201 

K 1 = d p , K 2 = d v , K 3 = d v 
H = xd x + pd p + (v- 2 p) d v (i/;h = 1) 
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where K 1 3 are KVs and H is a nongradient HV. 
The heat equation (18.11) in this space-time is 


1 o X 

T 9 '^yy + 2 lnx Uvv + 0. 

x 2 yy k X 

Application of Theorem 16.5.21 gives that the extra Lie point symmetries of (18.1011) are 


Xi _ 3 = AA -3 , A 4 = 2 td t + H 


( 8 . 101 ) 


with nonzero commutators 

[X t ,X A ] = 2 X t 


[Xu X 4 ] = X 1 - 2 X 2 , [X 2 , X A ] = X 2 . 


We use A " 4 to reduce the PDE because this is the Lie symmetry generated by the HV. The zero order 
invariants of X 4 are 

x n P v + p\n(t) . 

a = -^= , P = -j= , 7 =-- , o=y , w = u. ( 8 . 102 ) 

Choosing a, /3, 7, 6 as the independent variables and w = w (a, 0, 7, S ) as the dependent variable we find that 
the reduced PDE is 




1 


Aw + -aw a + -0wp +(-7 - 0)w 1 ) = 0. 


1 


(8.103) 


where at A is the Laplace operator for the metric (18.1001) . 
Equation (18.1031) is of the form (16.141) with 


Aij = ga 0 T k ), B i ( x k ) =r + ±a6i + ±0% + Q 7 - ^ f (x k ,u) = 0 


where (jij is the metric (18.1001) . Replacing in equations (I6.21D - (I6.25I) we obtain the Lie symmetry conditions for 
(18.1031) . Because = 0 it follows from equation (16.231) that the Lie point symmetries are generated from 
the CKVs of the metric (18.1001) . However taking into consideration the rest of the symmetry conditions we find 
that the only Lie symmetry which remains is the one of the KV A 3 . We conclude that in this reduction we do 
not have Type II hidden symmetries. 


8.B.2 Petrov type D 

The metric of the Petrov type D space-time is 

ds 2 = -dx 2 + x~^dy 2 - x 3 [dp 2 + dz 2 ) (8.104) 

with Homothetic algebra 

K 1 = d p , K 2 = 3 Z , K 3 = d y , K 4 = zd p - pd z 
H = xd x + ^ yd v V ^ d z + ^d p ( i/j h = 1 ) 
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where K 1 4 are KVs and H is a nongradient HV. 

In this space-time the heat equation ED takes the form: 


- u xx +X 3 u yy - x a ( u pp + u 


ZZ ) ^X Ut — 0 . 

X 


(8.105) 


From Theorem 16.5.21 we have that the extra Lie point symmetries are the vectors 


Xl _ 4 = Ki -4 , X 5 = 2 tdt + H. 

with nonzero commutators: 


[X t ,X 5 ] = 2 X t 

[*i,A 5 ] = \x x , [X i ,X 1 ] = -X 2 
[^2,^4] = X\ , [X 2 ,Xg] = -X2 

[V 3 . X 5 ] = -V 3 . 


We use X 5 to reduce the PDE because this is the Lie symmetry generated by the HV. The zero order 
invariants of X 5 are 


ex 1 1 fl 
1 2 


y p z 

— >7 = — ,d = — ,w = u. 
1 3 te t.B 


We choose a, /3, 7, S as the independent variables and w = w (a, /?, 7, 5) as the dependent variable and we find 
that the reduced PDE is 


dAw + 


1 2 1 1 

-aw a + -pwp + - pwj + -dw s 


= 0 


(8.106) 


where _dA is the Laplace operator with metric (18.10411 . 

Working again with the Lie symmetry conditions (16. 211) - (16.251) we find that equation (18.1061) admits as Lie 
point symmetry the vector X 4 only which is an inherited symmetry. Hence we do not have Type II hidden 
symmetries. Obviously the Lie point symmetries A'i _4 are Type I hidden symmetries for equation (18.1061) for 
the reduction by X 5 . 


8.B.3 Petrov type II 

The metric of the Petrov type II space-time is 

ds 2 = p~^ ( dp 2 + dz 2 ) — 2 pdxdy + plnp dy 2 (8.107) 

with homothetic algebra 

k 1 = d x , k 2 = dy , K 3 = d z 

H = i {x + 2 y) d x + i ydy + ^zd z + ^ pd p {ip H = 1) 
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where K 1 4 are KVs and H is a nongradient HV. 
In this space-time equation (EH) takes the form: 



+ u zz ) 


1 Z _i 

-empu xx — —u xy + p 2 Up - Ut = 0 ' 


From Theorem 16.5.21 we have that the extra Lie point symmetries are the vectors 


(8.108) 


Ad-s = K i_3 , X 4 = 2 td t + H 


with nonzero commutators: 



[Xt,X 4 ] = 2X t 

[X!,X 4 ] 

[X 2 ,X 4 ] 

II II 

CO | to CO | H 

¥ 

to 


We use X 4 to reduce the PDE because this is the Lie symmetry generated by the HV. The zero order invariants 
of A '4 are 

P a z x-\y\n(t) y 

a = — , P = — ,7=- 1 - , ° = ~ , w = u 

t 3 t3 t a t& 

We choose a, /?, 7, 6 as the independent variables and w = w (a, /?, 7, 8 ) as the dependent variable and we find 
that the reduced PDE is 


2 2 

n Aw + —aw a + -fiwp + 



W-y -\ — 5wg = 0 
6 


(8.109) 


where //A is the Laplace operator for metric (18.1071) . 

From the Lie symmetry conditions (I6.21I) - (I6.25I) it follows that (18.1091) does not admit any Lie point sym¬ 
metries. Hence, we do not have Type II hidden symmetries in this case. 
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Part IV 

Noether symmetries and theories of 

gravity 
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Chapter 9 


Noether symmetries in Scalar field 
Cosmology 

9.1 Introduction 

The detailed analysis of the cosmological data indicate that the Universe is spatially flat and has suffered two 
acceleration phases. An early acceleration phase (inflation), which occurred prior to the radiation-dominated 
era, and a recently initiated accelerated expansion [1251 - 1131] . The source for the late time cosmic acceleration 
has been attributed to an unidentified type of matter, the dark energy. Dark energy contrary to the ordinary 
baryonic matter has a negative pressure, i.e. a negative equation of state parameter, which counteracts the 
gravitational force and leads to the observed accelerated expansion. 

The simplest dark energy probe is the cosmological constant leading to the ACDM cosmology I132H134] , 
However, it has been shown that ACDM cosmology suffers from two major drawbacks known as the fine tuning 
problem and the coincidence problem 11351 . Besides ACDM cosmology, many other candidates have been 
proposed in the literature. Most are based either on the existence of new fields (i.e. a scalar field) or in some 
modification of the Einstein Hilbert action (see [ 136] ). 

In addition to dark energy and the ordinary baryonic matter, it is believed that the Universe contains a 
third type of matter, the dark matter. This type of matter is assumed to be pressureless (non-relativistic) 
and interacts very weakly with the standard baryonic matter. Therefore, its presence is mainly inferred from 
gravitational effects on visible matter. 

In the following, we consider scalar field cosmology (minimally coupled scalar field and non minimally coupled 
scalar field) and we propose a geometric principle (‘selection rule’) for specifying the potential V{<j>) and the 
coupling function F (</>) of the scalar field in order to solve analytically the system of the resulting field equations. 
We propose that the scalar field model should be selected by the geometric requirement that the dynamical 
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system of the field equations admits Noether point symmetries. The main reason for the consideration of this 
hypothesis is that the Noether symmetries provide first integrals, which assist the integrability of the system. 
Furthermore, as we saw in chapter[4]the Noether symmetries are generated from the elements of the homothetic 
algebra of the kinetic metric of the Lagrangian of the theory. Therefore, with this assumption we let the theory 
to select the potential, i.e. the dark energy model. 

The idea to use Noether symmetries in cosmology, either on scalar field models and on modified theories of 
gravity is not new and indeed a lot of attention has been paid in the literature j86 Pl02lll05|ll07[ll09|ll37lfl49] . 
However our approach is geometric and more fundamental. 

The structure of the present chapter is as follows. In sections [9.2l and l!J31 we discuss the conformal equivalence 
of Lagrangians for scalar fields in a Riemannian space of dimension 4 and n respectively. In particular we 
enunciate a theorem which proves that the field equations for a non-minimally coupled scalar field are the 
same at the conformal level with the field equations of the minimally coupled scalar field. The necessity to 
preserve Einstein’s equations in the context of Friedmann-Robertson-Walker (FRW) space-time leads us to 
apply, in section 19.41 the current general analysis to the scalar field (quintessence or phantom) spatially flat 
FRW cosmologies. 

In section [^3] we apply the Noether symmetry approach in non minimally coupled scalar field in a spatially 
flat FRW spacetime and by using the Noether invariants we determine analytical solutions for the field equations. 
Furthermore in sections l9.6l and [9.7l we apply the same procedure for a minimally coupled scalar field in a spatially 
flat FRW spacetime and in Bianchi Class A homogeneous spacetimes. 


9.2 Conformally equivalent Lagrangians and scalar field Cosmology 

In this section we discuss the conformal equivalence of Lagrangians for scalar fields in a general V 4 Riemannian 
space. The field equations in the scalar field cosmology are derived from two different variational principles. In 
the first case the scalar field <j> and the gravitational field are minimally coupled and the equations of motion 
follow form the action 


Sm = j drdx 3 y/^g 


R +-gar$' j -VW 


(9.1) 


In the second case the scalar field 0 (which is different from the minimally coupled scalar field <j>) interacts with 
the gravitational field (non minimal coupling) and the field equations follow from the action 


Snm = / drdx 3 y/~^g 


F^R+^rr -vw 


(9.2) 


where F(i/j) is the coupling function between the gravitational and the scalar field 0. Below we state the 
following proposition. 
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Proposition 9.2.1 The field, equations for a non minimally coupled scalar field if with Lagrangian L (r, x k , x k ) 
and coupling function F(if) in the gravitational field gij are the same with the field equations of the minimally 
coupled scalar field for a conformal Lagrangian L (r, x k , x k ) in the conformal metric gtj = N~ 1 2 gij, where 
the conformal function N = ^ 2 F( 4 ) W ^ i nverse * s a ^ so Rue, that is, to a minimally coupled 

scalar field it can be associated a unique non minimally coupled scalar field in a conformal metric and with a 
different potential function. 

Proof. The action for the non minimally coupled Lagrangian L (r,x k ,x' k ) is: 


Snm = / drdx 3 \/^g F(if)R + -g 13 if-iif-j - V (if) 


(9.3) 


where e = 1 for a real field and e = —1 for phantom held. Let g l3 be the conformally related metric (this is 
not a coordinate transformation!): 

9ij = N ~ 2 ' 

Then the action (19.31) becomes^ 


9ij- 


Snm = / drdx 3 N 4 ff^ [f (if) R + -N~ 2 g^if^if.j - V (if) 


Replacing 150j 

where A 2 N = gijN'N we hnd: 


R = N~ 2 R - 2 (n - l)N~ 3 A 2 N 


Snm = J drdx 3 N 4 ff~ffj F (if) (N~ 2 R - 61V' 3 A 2 7V) + | N~ 2 A ± if - V (if) 

= J drdx 3 N 4 ff=fj F (if) N~ 2 R - 6 F (if) N~ 3 A 2 N + ^N~ 2 A x if - V (if) 

= J drdx 3 ff^g F (if) N 2 R - 6 F (if) NA 2 N + £ -N 2 Anf - N 4 V (if) 

Define the conformal function in terms of the coupling function F(if) by the requirement (F (if) < 0): 

1 


N = 


We compute 


N., = 


V-2 F(if) 

F^if-i 


(-2 Ff 


(9.5) 


(9.6) 


1 We use the result tha if A = (a, : j ) is a 4x4 matrix the 


hence 


det A = £^ kl dijCLki 


g = £ ljkl gijg k i = N 4 g. 


( 9 . 4 ) 
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Then the first term in the integral becomes: 

J drdx 3 y/^gF {ip) N 2 R = J drdx 3 y/^g • 

The second term gives after integration by parts: 

[ drdx 3 \J—g (— 6 F (ip) NA 2 N) = j drdx 3 y/—g ( — 6 - 


F 


-6 ^=N. l2 g L - 

V V^2F ' 3 


3 r-J « F 1 (^ g »N, k ) 


dTdx {- 6 7=2F 

F 


drdx —6 


sf^TF 




drdx 3 y/=g ( 3 -J===4>-, j N i g i: ’ 


Replacing N :i from (19.61) we find: 

J drdx 3 y/—g (-6F (ip) NA 2 N) = J drdx 3 \J—g [ 3 -—^~2 

The third term gives: 


/ 

„3 /—- I o_ ±_ 

{(-2FY 


-iV 2 Ai ip = ^pip-jip-jg 13 


Collecting all the results we find: 

Smn = J drdx 3 ^/~^g 

= / drdx 3 \J—g 


R 


F 2 


Vty) 


2 + 4 F^ 3 ^ ~IF 2 


j. 3 ^ J. qii _ £_»/, .»/, ,„ij _ ^ ^ 

2 +6 4F 2^^9 4F V;W;j 9 Ap2 


or 


Smn = J drdx 3 y/^g 
We introduce the scalar field tb with the requirement: 


R e 

f 3 eF 2 F\ 

2 + 2 

{ 2F2 J 


4i?2 


= 


/ 3 eFl - F n 


NV 


2F 2 


dip 


and the action becomes 


Smn = / drdx 3 y/—g 


R e T T „■ V'(tf) 

-1- -'3/. i \E'. 1 a 1 - 7 -- ~~[T 

2 2 '* ' jg 4 F ($) 2 


(9.7) 


(9.8) 


(9.9) 


We conclude that the scalar field is minimally coupled to the gravitational field. Therefore we have proved 
that to every non minimally coupled scalar field we may associate a unique minimally coupled scalar field in 
a conformally related space and an appropriate potential. Since all considerations are reversible, the result is 
reversible. 

In the following section we extend the above proposition to a general V n Riemannian space. 
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9.3 Generalization to dimension n 

Consider the non minimally coupled scalar field ip whose field equations are obtained from the action: 


Snm = dx n N n V^9[F(iP)R+-N- 2 g i ^, i ,p, j -V(iP) 


dx n \/~Fg 


F {ip) N n ~ 2 R - 2(n - 1)F {ip) N n ~ 3 A 2 N+ 

-F {ip) N n {n - 1 ){n - 4)Ai A + | N n ~ 2 g ij ip ti ip - N n V {ip) 

where we have substituted llSOl 

R = N~ 2 R - 2(n - 1)A" 3 A 2 A - (n - 1 ){n - 4)A iN 

and 

Ai TV = gijN^N’i 

A>.\ = 9ij N’ ij . 


Define the function N{x l ) in terms of the coupling function F{ip) by the requirement: 


N n ~ 2 = —. . F = - 


N 2 ~ 


-2 F 1 2 

For each term of the action Snm we have the following: 

The first term gives: 

I dx n V=g(F{iP)N n ~ 2 R) = J dx n V=g(^^) ■ 

The second term gives: 

J dx n V=g (—2(n - 1)F (VO N n ~ 3 N. ij9 ij ) = J dx n V=g ((n - l)N 2 - n N n ~ 3 N, ijg ij ) 

= J dx n ^/^(^n-l)N~ x -j={yfMjg i:l N, k ), 

= j dx n V=g {{n - 1 )N- 1 N. ij g») 

= j dx n V=g (-(n - 1) (IV- 1 ).. N.rfi) . 


N = 


(-2 Fy 


— A" 1 = (-2 Fy 


A, A" 1 = - 




Furthermore we compute 
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Replacing we find for the second term: 


J dx n V~g (—2(n - 1)F {$) N n ~ 3 N, ij9 ij ) = j dx n ^9 I 


( {n-l) F\ 


\{n — 2) 2 F 2 


^A-jg 1 ' 


(note that this is the same with the previous expression for n = 4). 
The third term gives: 


J dx n V=g(F {ip) N n {n - 1 ){n- 4) AiJV) = J dx n AA N n {n - 1 )(n - 4) Aiiv) 

= J dx n V=9 [^l N2 ( n - !)(« - 


, „ ,— ( 1 (n— l)(n — 4) F$ 

dx y/=(j -—- ^2 - 4 ~^Au9 ) • 


Finally the the fourth term gives: 


\ 2 (n-2) (-2 F)^ F 2 

J dx n A^g (^N n ~ 2 g 13 ip A = J dx n y/^(^-~g l3 ip.iip. 


Collecting the results for the last three terms we find 


dx n y/=g 


( (n - 1 ) Ffj. 


^A-jg 


iJ _ 1 


l(n-l)(n-4) F% 


\{n-2) 2 F 2 ' r ’' T ’ Ji ’ 2 (n — 2) z (-2 F)^ F 2 


i’A-jg ' 3 - e—g % 3 ipA\i 


f _ i (« -1)(» - 4 > —n-i ) 

J \{n-2fF 2 2 (n- 2) 2 (-2 F)^ F 2 IF) r ’ 3U 


dx n yGipj 


e ( 2e{n - 1) F^ (n-l)(n-4) F^ 


(n - 2Y 


F 2 


— £ 


(n-2) (-2 F)~ F 2 


2—n F2 2 F 


'YAA 3 - 


We define the new scalar field \F with the requirement 


d\F = 


2e(n-l)-F$ (n — l)(n — 4) F® 


— £ 


y {n-2f F 2 {n-2) 2 {-2F)^ F 2 2F , 

In terms of \F the action becomes 


dip. 


dx n y/—g 


£ ( 2e(n - 1) F$ (n-l)(n-4) F ^ 


— £ 


i>A,ig 13 - 


, --±) 

(n- 2) 2 -F 2 (n- 2) 2 (-2 F)^ F 2 2F J 

= J dx n V=~g(^ AA 3 ) ■ 

Collecting the above we find the action Sm of a minimally coupled scalar field 

We note that the new scalar field \F is minimally coupled to the gravitational field g t j and that the potential of 


*F is 


gOg) 


(-2 F)n-2 

The above proof agrees with the one given in the paper of [151] . However it is obviously simpler, more direct 


and clear. 
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9.4 Conformal Lagrangians in scalar field cosmology 

In this section we apply the conformal transformation in the Lagrangian of the field equations in a FRW spatially 
flat spacetime. 

We consider the flat FRW ( I\ = 0) spacetime whose metric is 

ds 2 = — dt 2 + a 2 ( t ) 5ijdx l dx :i (9.10) 

where Sij is the 3-space metric in Cartesian coordinates. The Lagrangian of a scalar field <fi minimally coupled 
to gravity in these coordinates is 


Lm (a, a, (p, tpj = —3ad 2 + ^a 2 0 2 — (4 1 ) ■ (9.11) 

The Lagrangian for a non minimally coupled scalar field ip is 

Lnm (a, d, ip, ip'j = 6F (ip) ad 2 + 6 F^ (ip) a 2 dip + -a 3 i/> 2 — a3 ^ (VO (9-12) 

where F(ip) < 0 is the coupling function and e = ±1 where e = 1 for real scalar field and e = — 1 for phantom 
field. The Hamiltonian for the Lagrangian (19.1211 is 

E = 6 F (ip) aa 2 + 6 (ip) a 2 aip + La 3 ip 2 + a 3 V (ip). (9.13) 

We construct a conformal Lagrangian which corresponds to a minimally coupled scalar field. 

To do that we consider first a change in the scale factor from a(t) —► Apt) defined by the formula (see 

mm) 

A (t) = \/~^2Fa (t) (9.14) 


Then the Lagrangian (19.121) takes the form: 

1 


Lnm (A,A,ip,ip \ = 


y/^2F 


-3 A A 2 


3 eF 2 - F 
2 F 2 


A 3 ip 2 


A 3 


(—2 F)i 


-V (ip) 


that is, the cross term dip disappears. 

Next we consider the coordinate transformation: 


d'St = 






2 F 2 


dip 


and Lagrangian (19.151) becomes: 


L NM (A^ ,H,H') = 


v /z TF L 


-3 AA 2 + ^-A 3 T 2 


V(iP) = 


(-2 F )% 


(9.15) 


(9.16) 


(9.17) 


The form of the Lagrangian (19.171) is (19.111) hence the previous result applies and under the conformal 
transformation 

dr = y/-2F (iP)dt (9.18) 
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the Lagrangian (19.171) becomes: 

L m (a, A , T, V') = -3 AA' 2 + ^-A 3 ^' 2 - —— T V (^) (9.19) 

V / 2 (-2F ) 5 

where a prime ' indicates derivative wrt the new coordinate r. 

We note that if in the new coordinates r, x l we consider the metric 

ds 2 = —dr 2 + A 2 (r) 8ijdx l dx J (9.20) 

then the term 3HH' 2 equals the Ricci scalar R of the conformally flat metric ds 2 . Therefore the Lagrangian 
(19.191) can be seen as the Lagrangian of a scalar field 4' of potential V (T) minimally coupled to the gravitational 
filed (jij in the space with metric ds 2 . Replacing the coordinate r and the quantity A (r) from (19.141) . (19.181) . we 
find: 

ds 2 = yf^TFi-dt 2 + a 2 (t) SydaPda?) = y/^2Fds 2 (9.21) 

that is, the metric ds 2 is conformally related to the metric ds 2 with conformal function \J—2F. This means 
that the non-minimally coupled scalar field in the gravitational field ds 2 is equivalent to a minimally coupled 
scalar field - with appropriate potential defined in terms of the conformal function - in the gravitational field ds, 
the resutl is reversible. Equivalently the Lagrangians Lm , L^m are conformally related and the field equations 
(the Euler-Lagrange equations) are invariant under the conformal transformation if the Hamiltonian constrains 
Hm, Hnm vanish (see Lemma [7.2.21) . 

In the following sections we apply the Noether symmetry approach as a geometric selection rule in order to 
determine the dark energy models; that is, we search for dark energy models by requiring the field equations to 
admit Noether point symmetries. 


9.5 Noether point symmetries of a non minimally coupled Scalar 
field. 


Consider a non-minimally coupled scalar field with action 


Snm = J drdx 3 ^g F (^) R + -9ij - V (V>) 
in a flat FRW space-time, whose metric in Cartesian coordinates is 

ds 2 = —dt 2 + a 2 (t) 5ijdx l dx : ’ 


+ / L m drdx 3 


and L m is the Lagrangian of dust matter of density pn (for commoving observers). 

The Lagrangian of the field equations is (19.121) are the Hamiltonian (total energy density) (19.131) and the 
Euler-Lagrange equations 


d dLjvM dL 
dt d(d,ip) 5 ( a ’^) 
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If the Hamiltonian (19.131) is E ^ 0 then the space admits dust which, however does not interact with the 
scalar field and has energy density po = ^.If E = 0 the space does not admit dust. In the following we 
determine all potentials V {ip) for which this dynamical system admits Noether point symmetries beyond the 
trivial one <9 t . Subsequently we use the resulting Noether integrals to find analytical solutions for the field 
equations for each of these potentials. 

In order to determine the Noether point symmetries of the Lagrangian (19.121) we shall follow the results 
of chapter |4] That is we brake the Lagrangian in the kinematic part which defines the kinematic metric and 
the remaining part which we consider to be the potential. Then we apply theorem 14.3.21 which states that 
the Noether point symmetries of the Lagrangian follow form the homothetic algebra of the kinematic metric. 
The kinematic metric admits a non-trivial homothetic (not necessarily proper homothetic) algebra if a given 
condition is satisfied which involves the symmetry vector and the potential. The solution of this relation provides 
all the potentials for which extra Noether symmetries are admitted. We use the Noether integrals of these extra 
Noether symmetries to find an analytic solution for each of the corresponding potentials.. 

From the Lagrangian (19.121) we define the kinematic metric: 

ds 2 KM = 12.F {ip) aa 2 + 12 F^ {ip) a 2 aip + ea 3 ip 2 . (9.22) 


This is a two dimensional metric in the space (a, ip). Because the homothetic algebra of a 2 dimensional metric 
is different for a flat and a non-flat (but conformally flat because all two dimensional spaces are conformally 
flat) we consider the case the metric (19.221) is maximally symmetric^. 

The Ricci scalar of the metric (19.221) is computed to be: 


R, 


2 F^F Fk 


(KM) 


4 a 3 


(eF-3F*y 


(9.23) 


Hence if the metric (19.221) is maximally symmetric then it follows that R(km) = 0, that is, the kinetic metric 
(19.221) must be flat. 


9.5.1 Case A. Rkm = 0 

Condition Rkm = 0 and (19.231) give: 

2 F^F -F 2 = 0 (9.24) 

provided 

eF - 3F| / 0. (9.25) 

The solution of (19.241) is 


2 The Ricci scalar is R = K where K is a consta 


FW = —^{i> + iH>) 2 


(9.26) 
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where e = ±1 and -Foe > 0. We note that this F (ip) satisfies condition (19.251) therefore it is acceptable. 

In order to determine the homothetic algebra of the kinematic metric (19.221) we write it in a more familiar 
form. We introduce the coordinates A, 4> by the relations 


A = V-2Fa 


d4> = 


( 3 eFl - F n 


W 


2 F 2 


dip. 


(9.27) 

(9.28) 


In the new coordinates A, 4> the metric (19.221) . the Lagrangian (19.121) and the non minimal coupling function 
F (4/) take the following form 
For e = 1 and Fq > 0 


ds 2 

ab KM 


Lm = 


1 


V Z 2F(T) L 
1 


-3 AA 2 + ^A 3 ^ 2 


^-2F(4>) 


-3 aA 2 + -A 3 i> 2 


A 3 


(—2F (40 ) 5 


W(vk) 




For £ = — 1 and —1 < F 0 < 0 

as KM — 

Lnm = 


1 


1 /-2F(^*) . 

1 

sf-ZF^*) L 


- 3A4 2 - A 3 '!' 2 

2 


-3A4 2 - -A 3 4 ' 2 


A 3 




(-2 F('F )) 5 
- 1 < F 0 < 0 


W(v&) 


For £ = — 1 and Fq < — 1 we introduce a new real field ’F* = i'F and get the real field F (4/*) 


(9.29) 

(9.30) 

(9.31) 

(9.32) 

(9.33) 

(9.34) 


ds 2 

ab KM 


J NM — 


1 


1 /-2F(4'*) . 
1 

V- 2 F(«r*) L 


-3A4 2 + -A 3 ^* 2 


1 


-3AA 2 + -A 3 & 


3vT7*2 


A 3 


(-2 FOF*))* 


-1/(4'*) 


= -W 6XP ^o<-L 


(9.35) 

(9.36) 

(9.37) 


4'*. 


We see that in the region —oo < Fo < — 1 starting from a phantom field 4^ we end up with a real scalar field 
In order to consider the three Lagrangians (I9.30D . (I9.33D . (I9.36I) at the same time we consider the Lagrangian 


L = N 2 (40 


-3AA 2 + yA 3 ^- 


— A 3 V (4 f ) 


(9.38) 
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where N 2 (T) = , = and V ('EM = — a where F (\&) < 0. The constant £*, = ±1 where the value +1 

is for e = 1, Fo > 0 and e = —1 , To < —1 and the value —1 is for e = —1 , — 1 < To < 0. Then the new 
kinematic metric is written as 

ds\ M = N 2 (*) - 3 AA 2 + ^-A 3 ^ 2 . ( 9 . 39 ) 

We simplify this metric by introducing new coordinates r, 9 defined by the transformation: 

iSsk 


r = \l -A 3 , 9 = 




(9.40) 


This step is necessary in order to deduce the homothetic algebra of the metric from well known previous results. 
In the new coordinates the metric (19.391) takes the simple form: 


ds 2 KM = N 2 (9) (— dr 2 + r 2 d9 2 ) . 
that is, it is directly related to the flat 2d Lorentzian space with metric 

ds 2 = -dr 2 + r 2 d9 2 

with conformal factor N 2 ( 9 ). In the new coordinates the curvature scalar is 

2 


(9.41) 


Rkm = -- 


N - m ~ Nje) (Ar, " >2 


r 4 N 3 ( 9 ) 

hence the condition Rkm = 0 gives the function N ( 9 ): 

N ( 9 ) = N 0 e ke , k € C , iV 0 e R 

where A: is a new constant. 

Taking this into account we have that in the r, 9 coordinates the Lagrangian (19.381) becomes: 


(9.42) 


(9.43) 


1 


1 


L = N 2 e 2kb [--r 2 + £ r 2 9 2 - r 2 V (9). 


(9.44) 


2 2 

The constant k is related to the previous constant To via the function N(9). Using (19.401) we express N (9) in 
terms of T: 

7V(T) = N 0 e k ^' s '. (9.45) 

Comparing with T (4/) and eliminating N (4/) we find: 

1 


T(T) = - 


-4k 


2Nq 


(9.46) 


This is a second expression of T (T) in terms of the constant k. Comparing with the previous expression 
(19.311) . (19.341) and (19.371) . which expresses T (4/) in terms of T 0 (and holds for all ranges of values of T 0 !), we 
find: 


T 0 e 


exp(± — 


Vo I eT 0 


To + 1 


=- 


1 


2 N 0 4 


(9.47) 
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This relation must hold identically which leads to the conditions 


Nn = 


6 


1/4 


and 


1*1 = h 1 £F ° 


(9.48) 


(9.49) 


3 V F 0 + 1 

In Appendix 19.Al we give the relation between the various ranges of the constant Fq and the corresponding 
ranges of the constant |fc|. 


Case \k\ ^ 1. 


For | A; | ^ 1 the homothetic algebra consists of the gradient KVs vectors 


K 1 = 
K 2 = 


= (1 -k)B k 


the non gradient KV 

and the gradient HV 


N 2 

O—(1 +k)9 r ~k 

N$ 


K 3 = rd r - 


— d r 


-do 

r 

f -a 

r 


H l = 


1 


N 2 (k 2 -1) 


{-rd r + kdg) , H (r,9) = 


1 r 2 e 


2 _ 2 k8 


2 k 2 - 1 ' 


Using the results of chapter Q] we find the following results 

1. The gradient KV K 1 produces Noether symmetries for the following potentials 

a) For V ( 6) = Voe 2e we have the Noether symmetries K 1 , tK 1 with Noether integrals 


h = 




d / y*i-\-k ^(i-\-k)6 \ 


nX-\-k 6 


dt V {k +1) ) ’ 2 dt ^ {k +1) ) ^ {k +1 ) ) 


(9.50) 

(9.51) 

(9.52) 

(9.53) 


(9.54) 


b) For V ( 9 ) = V 0 e 28 — 2 (k^i) e2fc6 we have the Noether symmetries e ± '^™- t K 1 m =constant, with Noether 
integrals 


T, = e ±V ^ t 


- d / r l+k e (l+k)0 \ / r l+k e (l+k)9y 

dt\ (fc + i) ) ^ y (fe + i) ) 

From the Noether integrals we construct the time independent first integral / x i = I + 1-■ 


(9.55) 


2. The gradient KV K 2 produces the following Noether symmetries for the following potentials 
a) For V {9) = Voe ~ 26 ,we have the Noether symmetries K 1 , tK 1 with Noether integrals 


Ji — 


dt 


.1 — k^,— (1 — k)6 

k- 1 


J‘2 — t 


d fr^e-d-W 


dt 


k- 1 


r l—kg—(l—k)6 

k- 1 


(9.56) 
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b) For V ( 9 ) = Voe 20 — 2 (™i Vo 1 ) e 2fc0 , we have the Noether symmetries e ±v ^77 2 m =constant, with 
Noether integrals 


J, = e ± ^ TKt 


d 

dt 


„i-k e -(i-k)e 
k - 1 


-F V™ 


r l —feg—(1 — 

jfe - 1 


(9.57) 


From the Noether integrals we construct the time independent first integral <7^-2 = 


3. The non gradient KV I\ 3 produces a Noether symmetry for the potential V (0) = Vc,e 2k0 with Noether 
integral 


h = 


re 


2 k6 


(hr + rO ^ . 


(9.58) 


4. The gradient HV produces the following Noether symmetries for the following potentials 


a) For V ( 0) = V 0 e~ 2 
Noether integrals 


( fc2 ~ 2 ), 


fc 2 - 2 / 0 we have the Noether symmetries 2 tdt + H l , t 2 dt + tH l with 


I Hl =2tE-- - 


1 r 2 e 


, 2„2 kS 


dt V 2 k 2 — 1 


= f 2 £ - i— - 


1 r 2 e 


2 n 2k9 


1 r 2 e 


2„2 kS 


dt \ 2 k 2 - 1 2k 2 -l' 


(9.59) 


We note that in this case the system is the Ermakov-Pinney dynamical system (because it admits the 
Noether symmetry algebra the sl( 2, 7?), hence the Lie symmetry algebra is at least sl( 2, R)) . 

(fc 2 - 2 ) 2 

b) For V (9) = Voe -2 £ 0 — e 2ke , fc 2 - 2 / 0 we have the Noether symmetries -==e ±v/ ™ t dt ± 

e ±C^t H i 

, m =constant with Noether integrals 


7, _ = e ±2 \ / ™ t 


1 d /I r 2 e 2ke 

m g?£ \ 2 A: 2 — 1 


2-y^m 


1 r 2 e 2ke 


(9.60) 


2 fc 2 - 1, 

For this potential the Noether symmetries form the si (2,7?) Lie algebra, i.e the dynamical system is the 
two dimensional Kepler-Ermakov system Therefore it admits the Ermakov - Pinney invariant which we 
may construct with the use of the Noether symmetries or with the use of the corresponding Killing Tensor 
(see Proposition 15.6.21) 


5. The case V (9) = 0 corresponds the free particle (see chapter [2]). 


Case |fc| = 1 

We have to consider two cases i.e. 7 = 1 and k = — 1. 


Case k = 1 The KVs of the kinematic metric are the 77^ of (19.5019.511) and the vector 

77fc =1 = —r (in (re~ 9 ) — l) d r + In (re~ 0 ) dg. 

The vectors ^ are gradient and 7\ 3 is non-gradient. The HV is gradient and it is given by 

TP = ir (2 In (re" 0 ) + 3) 1 (in (re~ 0 ) + 0 d e 


(9.61) 


(9.62) 
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Case k = — 1 The KVs of the kinematic metric are K(' 2 _, of (19.5019.511) and the vector 

K 3 = r (in ( re 8 ) — l) d r + In ( re 8 ) dg. (9.63) 

The vectors A' 1,2 are gradient and K 3 is non-gradient. The gradient HV is given by 

^ d e (9.64) 

In the following we consider only the case k = 1. The results for the case k = —1 are found if we make the 
change 6» (fc= _ 1} = -9. 

Using theorem 14.3.21 and making simple calculations we find the following results 

1. Noether symmetries generated by the KV AT 1 . 

a) If V (9) = Voe 28 then we have the extra Noether symmetries K 1 , tK 1 with Noether integrals the (19.541) 


H l = (2 In (re 8 ) + 3) d r + ^ ^ln (re 8 ) + 


with k = 1. 


b) If V (9) = (Voe 28 — ^9e 28 ), then we have the Noether symmetries e ±v ^” t A' 1 with Noether integrals 
(19.551) with k = 1. 

2. Noether symmetries generated by the KV A' 2 . 

a) If V (9) = Voe~ 28 then we have the Noether symmetries A' 2 , tK 2 with Noether integrals 


I' 2 = -(e-\nr) , I' 2 =t 


dt 


(■9 — In r) 


— (9 — In r) 


(9.65) 


b) If V (9) = V 0 e 28 — jpe 28 then we have the Noether symmetries AT 2 , tK 2 with Noether integrals 


I[ = — (0-lnr) -pt , I' 2 =t 


Tt ,e - >ur) 


- (9-lnr) - -pt 2 


(9.66) 


3. If V (9) = 0 then the system becomes the free particle and admits seven extra Noether symmetries. 


As we have remarked the results for k = — 1 are obtained directly from those for k = 1 if we make the 
substitution 0(k—-i) = —9. Therefore there is no need to state them explicitly. 

In the next section using the Noether symmetries for the potentials we have found, we determine the analytic 
solution for each case. 


9.5.2 Case A: Analytic solutions for k = 1 

We introduce new coordinates u, v by the relations 

u = (9 — lnr) , v = ^ e 28 r 2 


(9.67) 
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with inverse relations: 


= (2ve~ 2u ) 4 , 6 = - In (2ve 2u ) . 


(9.68) 


In the new coordinates it, v the Lagrangian (19.441) of the field equations becomes 


N 2 

L (u, v , it, it) = ( uv ) — U (it, v) 


(9.69) 


and the field equations are 


N? 

E = — (uv) + U (u,v) 


-f-u + U v = 0 
N 2 

~YV + U U = 0 

where the potential U (it, v ) is one of the potentials we have found in the last section. In the new coordinates 
we have ( p,m are constants; recall that in general U(r,6) = r 2 V ( 9 )): 




U(r, 9) = V 0 r 2 e~ 2e -t U (it, v) = V 0 e~ 2u (9.70) 

U (r, 9) = V 0 r 2 e 2e -> U (it, v) = 2V 0 v (9.71) 


U(r,9)=r 2 (V 0 e- 2e -^pe 2e 


U (it, v) = V 0 e 2u - 


(9.72) 


U(r,6) = r 2 (Voe 26 — ^ 9e 28 ^j —t U (it, v) = 2 ^Vo — v ~ ~ (9.73) 


U(r,6) =0^-U(u,v) = 0 


The Hamiltonian equals 


E = 


AT 2 

—- (uv) + U (it, v). 


(9.74) 


(9.75) 


We write Lagrange equations for each potential and solve them taking into consideration the first integrals 
for each Noether symmetry we have found and the constraint imposed by the Hamiltonian. For each of the 
potentials above we find the corresponding analytic solution given below. 
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• U(u,v) = V 0 e~ 2u 


U (t) = Ult + U2, V ( t ) 


e~ 2M2 Vo _ 2U1 « 
u\ Nf 


+ V\t + l>2 


with Hamiltonian constraint 


E = 


u\Vi 

2Nl 


• U (u, v) = 2 Vqv 


. . 2Vo n / \ 

i( (f) = ——+ Ult + U2, V (t) = V\t + V2 
™0 


with Hamiltonian constrain 


E = 2V 0 v 2 + N 2 


U 1V\ 
2 


• U ( u, v) = Voe 2u — |u 


where 


v\ 


2Vov^ ( u i N o 

3 Ar eX P - 

pi N 0 \ P 




— 2U2 


with Hamiltonian constraint 


E = N, 


2 V 3 Ui 


V4P 

2 ' 


• U(u,v) = 2 (V 0 -m^v-fvlnv-fuv 


u(t) 

v(t) 

u(t) 

v{t) 


-ff-y/rnt . — -T7- y/rnt v ^ / /—\ 1 

wie^o v +u 2 e -In V2 - - , 

2Nn m V / 2 


"TT7— v/ TYlt 7 —i 

e N o , E = —u^m 


-jfj- \ I ~ -5^- 

w 1 e iV o v + iV o v 

-tJtT V^t 771 

e ^0 v , b = —u\m. 


™i + — - In | 

2N 0 m 


1 

2 ’ 


(9.76) 

(9.77) 

(9.78) 

(9.79) 

(9.80) 

(9.81) 


(9.82) 

(9.83) 

(9.84) 

(9.85) 


• U (u,v) = 0 (the free particle) 


u ( t) = U\t + u 2 , v (f) = Ult + u 2 


with Hamiltonian constraint 


N 2 

E = —~uiVi. 


(9.86) 


(9.87) 


9.5.3 Case A: Analytic solutions for \k\ ^ 1 

When \k\ ^ 1 we have to consider two cases k 2 > 1 and k 2 < 1. Both cases it is convenient to be discussed if 
we use as variables the functions Si (r, 6 ), S 2 (r, 0) which generate the Killing vectors (i.e. K 1 ' 1 = Sj I = 1,2). 
A standard calculation gives (see appendix B for details) : 
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K 1 = 


K = 


a (l — k)6 r k 

o — j,—k 

Nl 


— d r 


Si(r,9) = 


d r + -d e , S 2 (r,0) = 

r 1 


,l-\-k g(l+fc) 6 

(9.88) 

(fc + i) 

,l—k^—(l—k)6 


k- 1 

(9.89) 


Because the metric is flat the new variables Si (r, 0 ), S 2 (r, 0) are Cartesian and will be denoted with x, y. So 
we write: 


x = 


g — (l+fc)0 

(fc + i) 


y = 


r ,i-fc e (-i+fc)e 

fc -1 ' 


The inverse transformation is: 
for k 2 > 1 

9 = 


■In 


> 2 -l) 


1-k 


a -k 


2 (1 — k 2 ) 

= \J (fc 2 - 1) xy 


(,it - iy y 
\e-i) 


i ~ k x i~k \ 


and 


for fc 2 < 1 


■In 


(fc-1) 2 2/ 




2(1 — k 2 ) l (1-fc) 2 y 1 


_/ (1 - fc 2 ) 

r = ^/(l — fc 2 ) xy ' V ' 


2y- k x i- k \^M 


(9.90) 


(9.91) 

(9.92) 


v ( 1 -fc ) 2 y 1+k ) 

Note that in the second case we have written x, y while we have kept the x, y notation for the case k 2 > 1. 


(9.93) 

(9.94) 


The case k 2 > 1 

Before we look for analytic solutions we transform the Lagrangian in the canonical coordinates x, y. Using 
the transformation relations (19.911) . (19.921) we find that in the coordinates x,y the Lagrangian (19.421) takes the 
form 

N 2 

L{x,y,x,y) = -£-xy-U(x,y) (9.95) 

where U (x,y) = r 2 V (9) where V ( 9 ) is one of the potentials computed above. In the coordinates x,y these 
potentials are as follows: 




V 0 r 2 e 2kB = V 0 (fc 2 - 1) xy 

(9.96) 

r 2 e +26 = Vq (fc + l) 1 ^ x 1+^ 

(9.97) 
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U 3 (x,y) = V 0 r 2 e 29 = V 0 {k - l) 1 ^ y 


(9.98) 




Ua (x, y) 



Vo 


(k 2 -l y 1 
(&- 1 )* 



To the potentials U 2 , U 3 , U 4 we have to add three more which we obtain by the addition of the potential of 
the harmonic oscillator. Therefore finally we have 7 potentials. The extra potentials are 


U5 (x, y ) = Vo r 2 e +2$ + mr 2 e 2ke = Vo+ x *+* + mxy 

Ue (x, y) = r 2 e~ 29 + mr 2 e 2ke = Vo~y + mxy 

where Vq+ = Vq (k + l) 1 ^ , Vq~ = (k — l) 1 ”^ , to = m (k 2 — l) 


(fc 2 - 2 ) _ 1 / T \ ¥ _1 

U 7 (x, y) = Vor 2 e -2 * 9 + mr 2 e 2ke = Vq— ( — \ + fhxy 

y 2 \yj 


where Vo = Vo- 2 - — 1 —. 

(fc-l)V 

And the free particle potential 


u 8 (x,y) = 0 


(9.99) 

(9.100) 


(9.101) 


(9.102) 


These expressions allow us to write for each potential the Lagrangian and the Hamiltonian constraint in 
the coordinates x, y. This means that we obtain the corresponding field equations in the coordinates x, y to 
determine their solution. 


Analytic solutions The solution of the field equations for each potential is a formal and lengthy operation 
which adds nothing but unnecessary material to the matter. What is interesting is of course the final answer 
for each case and this is what we give below for each of the potentials above. 

• Ui (x, y) = V 0 (k 2 - l) xy 


x (t) = Xi sin (ojt) + X 2 cos (u)t) 
y (t) = yi sin (uit) + 2/2 cos (u>t) 


where w 2 


2V 0 (fc 2 -l) 

N 2 
iV o 


and the Hamiltonian is 


(9.103) 

(9.104) 


E = V 0 ( k 2 - l) (aqt/i + x 2 y 2 ) 
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• U 2 (x, y) = Vo (k + x *+* 
When k ^ — 3 


x (t) = X\t + X 2 

2V(k + 1) {xit. + x 2 ) ( ' 1+ ^ , +l 
=- ~2 75 ^ M at2 - + Vlt + V2 


x\ (3 + k) Nq 

~ 2 

where V = Vo (k + l) 1 ^ , and the Hamiltonian is 

E = yia’1^0 


V 

■Nfx{ 


V (t) = -2 2 2 In (xit + x 2 ) + yit + y 2 . 


When k = — 3 

x(t), E being the same. 

• U 3 (x,y) = V 0 (k - l) 1 ^ 

When k ^ 3 

2V (k - 1) {yit. + y 2 f 
x(i) = — 

y (t) = yit + yi 

_ 2 

where V = Vo (A; — 1) 1 ~ k , k ^ 3and the Hamiltonian is 

E = yiXxNfi 


+ Xi t + x 2 


When k = 3 


2V 

X (*) = ~~ i\t2 2 ln (V 1 * + V 2 ) + Xlt + X2 ~ 


y(t),E being the same 
_ 2 

U 5 (x, y) = V 0+ xi+z + fhxy 

x (t) = X\ sin (cot + wo) 

y(t) = cos(wt + w 0 ) (yi +2 


w I y 2 - x\Vq+ sin (wt + w 0 ) 1+fc 
ffl J X\ (cos (cot + Wo) + 1) 


dt 


where w 2 = and E = y 2 . 


,2 _ 2m 

v o 

J 2 „—26 


Uq (x, y ) = r 2 e + mr 2 e 2kU — Vo~y 1 ~ k + mxy 

x(t) = cos (wt + wo) ^xi + 2 
2/ (t) = 2/1 sin (wt + w 0 ) 


w I" x 2 — yi Vo- sin (wt + w 0 ) 1 
fh J yi (cos (wt + w 0 ) + 1) 


-dt 


where w 2 = ^and E = x 2 . 

» n 


(9.105) 

(9.106) 


(9.107) 


(9.108) 

(9.109) 


(9.110) 


(9.111) 

(9.112) 


(9.113) 

(9.114) 
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2 

• Ua,7 (x, y) = Vopr (§) * + ffixy. (t/ 4 is for m = 0) 

This is the Ermakov Pinney system. To solve it, it is convenient to go to spherical coordinates. We 
consider the coordinate transformation 


x = ze w , y 


ze 


— W 


(9.115) 


and the Lagrangian takes the form 


L (z, w, z, w) 


Nl 

2 


(z 2 - 


2 • 2 \ 
Z W 



whereas the Hamiltonian becomes 


(9.116) 



_z 2 w 2 ) + %i w + fhz 2 . 

/ z Z 


This system admits the Ermakov-Lewis invariant, which is 


Jel = Z 4 W 2 



e k 


(9.117) 


(9.118) 


Using the Ermakov invariant the Hamiltonian becomes 


E - N o *2 N 2 Jel 
E-—z -N 0 ^ 

This is the Hamiltonian of the Ermakov Pinney equation: 


+ mz . 


z + 2 mz + N, 


2 Jel 


= 0 


(9.119) 


(9.120) 


whose solution is 


Z(t) = (l 0 Z! (t) + hz 2 (t) + l 3 ) 

ta„h’ (HI 


e i w (*) 


NjU el 

2V 0 


EL 


V 


dt 


+ 1 1 


where 21,2 (t) are solutions of the differential equation z + 2 mz — 0 and / 0-4 



are constants. 


(9.121) 

(9.122) 


0 

II 

IS 

£ 



This is the free particle whose solution is 

x(t) = 

x\t + x 2 , y(t) = yit + y 2 

(9.123) 

E = 

N$ 

—xm 

(9.124) 
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The case k 2 < 1 

In this case the canonical coordinates are the x,y. Using the transformation equations (19.9311 . (19.9411 we write 
the Lagrangian (19.421) as follows: 

/ . . \ jy2 _ . _ 

L\x,y,x,yj = U (x,y) (9.125) 

where U (x,y) = r 2 V (6) the potentials V (0) being as above. In the coordinates x,y the potentials U (x,y) are: 




Ui (x, y) = V 0 r 2 e 2ke = Vo (l - k 2 ) xy 


(9.126) 


U 4 (x,y) = V 0 r 2 t 

As before we have three more potentials 


where U 0 = V 0 ± - } s—. 

(1 -k)n 

• and the free particle potential. 


2 2 

r 2 e +2e = V 0 (k + l) 1 ^ xx+k 

(9.127) 

r 2 e~ 26 = Vo (1 — fc) 1 ^ y 1 ^ 

(9.128) 

(i-* 0 * y \yJ 

(9.129) 

_ 2 

V 0 r 2 e +2 = Vo+ x.x+z + fhxy 

(9.130) 

Vo r 2 e~ 2d = Vo-y 1 ^ +fhxy 

(9.131) 

^ , TO = TO (l — fc 2 ) . 


0 e 2 2 kB 1 fxY~ X 

& + mr 2 e 2k = Vo—r ( — ) + mxy 

y \yj 

(9.132) 

Us (x,y) = 0 

(9.133) 


Analytic solutions Working as in the case k 2 > 1 we find the following analytic solutions and the associated 
Hamiltonian constraint for each of the potentials above. 
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Ui (x,y) = V 0 (l- k 2 ) xy. 


x (t) = X\ cosh (cot) + X 2 sinh ( u)t ) 

V (t) = 2/i cosh (cut) + i /2 sinh (cot) 


and the Hamiltonian E = Vo to — 3 : 22 / 2 ) where w 2 = 


2 _ 2Vb(l—fc 2 


JV 2 


U 2 (x, y) = +1) 1 ^ a; 


1 + fc 


a: (2) = X\t + x 2 

. . 2H (fc + 1) (a^/ + a: 2 )^ 1+T +^ 

yW = ^ Jl , J2 -+ yn + y 2 


a; 2 (3 + fc) N 2 

- 2 jY 2 

where V = Vo (fc + 1) 1+fc and the Hamiltonian E = — f-xiyi- 
U 3 (x,y) = V 0 (1 - k)~ y*=* 

2V (1 - fc) (a/i t + y 2 ) u 


s(t) ~ yl(k-3)NS 

y ( t ) = yit + y 2 


+ X\t + x 2 


where V = Vo (fc + l) T + ¥ and the Hamiltonian constrain E = ~^-x\y\. 

_ _ 2 

• U 5 (x, y) = Vo+ x T + ¥ + fhxy 

x ( t ) = aii sinh (cot + Wo) 

/_ 2w f E - xiVo+sinh^t + uo)^ 
y(t) = cosh H +U0 )\y 1 --J - — - - — - - 

where w 2 = 

iV 0 

- _ - 2 

• U 6 (x, y) = V 0 -y 1 - k + rrm/ 

w +l A (- 2w f E-yiVo-smhiut + uJo)^ 

X(() = csh (rf+lDo) I X. ~ — y (cosh M + ^ + J) 


y(t) = 2/1 sinh (wt +w 0 ) 


where w 2 = 


IV 2 


U^ 7 {x,y) = V 0 jz (f)* + mxy. ( U 4 is for to = 0). 

This is again the Ermakov Piney potential. To solve it we go to spherical coordinates 


x = ze , y = ze 


(9.134) 

(9.135) 


(9.136) 

(9.137) 


(9.138) 

(9.139) 


( 9 . 140 ) 
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in which the Lagrangian takes the form 


N% 


L (z, w, z, w ) = (— z 2 + z 2 w 2 ) — — 


mz 2 


and the Hamiltonian 


N$ 

2 


E = -H (—i 2 + z 2 w 2 ) + e kW + mz 2 


The Ermakov-Lewis invariant is 


Jel = Z A W 2 + 

No 


which when replaced in the Hamiltonian gives 


N 2 

E = -7Az 2 + N { 


2 Jel - 2 


2 ' *'° 2z 2 


This is the Hamiltonian of the Ermakov Pinney equation: 

z — 2 friz — N% —^ = 0 


V °~ 


whose solution is 


z(t) = (i 0 zi {t) + hz 2 (t) + i 3 y 


e i w (t) = 


Nil 


0 J EL 


2 Vr 


0 


1 — tanlb 




EL 


dt 

IW) 


h 


where z 1,2 {t) are solutions of the ode z — 2 mz = 0 and I 0-4 are constants. 

• U s (x,y) = 0 

• This is the free particle whose solution is 

x(t) = x x t + x 2 , y (t) = yit + 2/2 
Nq 

E = — Y XlVl ' 


(9.141) 

(9.142) 

(9.143) 

(9.144) 

(9.145) 

(9.146) 

(9.147) 


(9.148) 

(9.149) 


9.5.4 Case B: The 2d metric is conformally flat 

In this case it is preferable to work with (19.391) which under the coordinate transformation (19.401) becomes: 

L = N 2 (9) -\r 2 + \r 2 e 2 - r 2 V (6). (9.150) 


The kinetic metric in this case is not flat (i.e. R ( 2 ) 0) but of course it is conformally flat being a two 

dimensional metric. Its conformal algebra is infinity dimensional however it has a closed subalgebra consisting 
of the following vectors (this is the special conformal algebra of M 2 ): 

A' 1 = coshdclf.-sinh Odg , A 2 = sinh 6d r -cosh0<9g 

r r 

A' 3 = dg , X 4 = rd r , X 5 =-r 2 cosh 6d r +-r sinh 9dg 


A' 6 = —r 2 sinh 8d r + —r cosh 6dg 


(9.151) 
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Writing L x igij = 2 Cj (r,9) gij we find the conformal factors of the CKVs X 1 I = 1, ...6 above in terms of 
the the conformal function. The result is: 


Ci(r,0) 

C 3 (r,0) 

C 6 (r,e) 


1 No 1 No 

-sinh (0) -A- , C 2 (r,0) = -cosh (9) -A- 

r N r TV 


^ , C 4 (r,9) = 1, C 5 (r,9) = r - 

r f 2 N sinh 9 + cosh 9Ng ^ 

2 V N ) 


2 N cosh 9 + sinh 9Ng \ 

N ) 


(9.152) 


The N (9) ^ e ° e , otherwise the kinetic metric of the Lagrangian (19.1501) is flat (the Ricci scalar vanishes) and 
we return to the previous case A. This means that the vectors X 1 1=1, ...6 except the 7 = 4 are proper CKVs 
therefore they do not give (in general) a Noether symmetry. The vector X 4 is a non-gradient HV which does not 
also produce a Noether symmetry. Therefore according to theorem l4.3.2l onlv Killing vectors are possible to serve 
as Noether symmetries. KVs do not exist but for special forms of the conformal function N(9). Each such form 
of N(9) results in a potential V(9) hence to a scalar field potential which admits Noether point symmetries. In 
the following we determine the possible N(9) which lead to a KV and give the corresponding Noether symmetry 
and the corresponding Noether integral which will be used for the solution of the field equations. 


1. If N (9) = cosh ^° 6) ^_ 1 then X 5 is a non gradient KV and a Noether symmetry for the Lagrangian (19.15011 
for the potential 


V(9) = 


V 0 


cosh (29) — 1 


The corresponding Noether integral is 


/.Y 5 — 


Nh 


(cosh (29) — 1)" 


(r9 


or V(9)= 0 


sinh 9 — r cosh 9 ] . 


(9.153) 


(9.154) 


2. If N (9) = cosh (^°g) +1 then X 6 is a non gradient KV, X 6 and a Noether symmetry for the Lagrangian 

(Emm if 

V 0 


V(9) = 


cosh (29) + 1 


or V (9) = 0 


The corresponding Noether integral is 


/ A -6 = 


(cosh (29) + 1)' 


r9 


cosh 9 — r sinh 9 


(9.155) 


(9.156) 


3. If N (9) = cosh 2 ^g + e 0 ) then the linear combination X 56 = ciX 5 + C 2 X 6 where ci = sinh (9q) and C 2 = 


cosh (0o)■ X 56 is a Noether symmetry for the Lagrangian (19.1501) if 

Vq 


with Noether integral 


lx 56 = 


V(9) = 


X 0 V 


cosh 4 (9 + 9 0 ) 


- or V (9) = 0 
cosh“ (9 + 9o) 

(r9 cosh (9 + 9q) — r sinh (9 + 0 O )) 


(9.157) 
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Obviously case 3 is the most general and contains cases 1 and 2 (and the trivial case) as special cases. 
Therefore in the following we look for analytic solutions for the vector X 56 only. 


We recall that 


, J - = N 2 (9) from which follows: 

V- 2F (o 


i 


F(0) = ~2Wl COSh (0 + 0o) ' N ° € 


(9.158) 


We may consider 9q = 0 (e.g. by introducing the new variable O = 9 + 9q). 
For the potential (19.1571) the Lagrangian (19.1501) becomes 

N 2 


L = 


cosh 4 9 


and the Hamiltonian 


The equations of motion are: 


E = 


NJ_ 

cosh 4 9 


1 -2 , 1 2n2 

~2 r + 2 r 6 


1 - 2,1 2 n2 

—v +-r 9 


2 fo> 

r - 5 — 

cosh 2 9 

r 2 Vo 
cosh 2 9 


r + t9 2 — 4 tanh 9 r9 — 2-^-r cosh 2 9 = 0 
N 2 


1 


2 • 


for 


9 — 2 tanh 9 ( — r 2 + 9 2 ) 4— r9 — 2—^-cosh0sinh0 = 0 

r N 2 


and the Noether integral lx 56 for $o = 0 becomes: 


lx* 8 = 


N 2 r 2 


cosh (9 + 9q) 


(r9 cosh (0) — r sinh 


(9.159) 

(9.160) 

(9.161) 

(9.162) 

(9.163) 


In order to proceed with the solution of the system of equations (19.1611) , (19.1621) we change to the coordinates 
x, y which we define by the relations 


r = 


V 1 - x2 v 2 


, 9 = arctan h (xy). 


In the coordinates x, y the Lagrangian and the Hamiltonian become: 

L = ~Y ( -i;2 + x4 y) ~ foo * 2 

E=^(-x 2 + x*y 2 ) + V 0 x 2 
and the Noether integral (we write I for I x sb ) 

I = x y. 

Let us assume that I ^ O.In the new variables the Euler - Lagrange equations read: 

x + 2a : 3 y 2 — 2VoX = 0 

4 

y + -xy = 0. 
x 


(9.164) 

(9.165) 

(9.166) 

(9.167) 

(9.168) 

(9.169) 
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From the Noether integral we have y = which upon substitution in the field equations gives the equation 


2 1 2 

x — 2Vox H-=- = 0 

x° 

(-X 2 + —r \ + Vox 2 = E. 


from which we compute 


and finally the analytic solution 


From the Noether integral we find 


x = \l —r + 2Vbcc 2 — 2 E 


dx 


+ 2VqX 2 - 2 E 


= t-t 0 . 


y(t) - y 0 = J dt . 

If I = 0 then the analytic solution is 

x = x 0 sinh (\/2Vo t + aq) , y = y 0 

with Hamiltonian constrain E = — Xq Vq. 

If Vo = 0 (he. free particle) and 7 = 0 the analytic solution is 


x = x 0 t + x i , y = y 0 


(9.170) 

(9.171) 

(9.172) 

(9.173) 

(9.174) 

(9.175) 


(9.176) 


with Hamiltonian constrain E = — ^Xq. 


9.6 Noether point symmetries of a minimally coupled Scalar field. 

In this section we study the Noether point symmetries of a minimally coupled scalar field in a spatially flat 
FRW spacetime. The action of the field equations is 


Sm = I drdx^y/^g R+ ^Y(f)' j - V {<j>) 


+ / Lmdrdx 3 . 


(9.177) 


where L m is the Lagrangian of the dust matter fluid. For a spatially flat FRW spacetime the Ricciscalar is 

„ „ a a* 

R = 6 —I —- 


hence, the Lagrangian of the field equation is (19.111) and the field equations are 

E = —3ad 2 + |a 2 </> 2 + a 3 V (</>) 


(9.178) 


(9.179) 
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3 • 

cj) -\ — d.(p sY(b — 0 

a 

From the kinetic term of (19.1111 we define the two dimensional metric 

ds 2 = —6a da 2 + ea 3 d(j) 2 . 


(9.180) 


(9.181) 


We find that the curvature of the {a, <fi} space is R = 0 implying flatness (since all 2 dimensional spaces 
are Einstein spaces hence R = 0 implies that the space is flat). Also, the signature of the metric ea. (19. 1811) is 
0, hence the space is the 2-d Minkowski space. In order to simplify the held equations we apply the following 
coordinate transformation 



i 3 / 2 e = 

in the new coordinates the two dimensional metric (|9.181l) is given by 

ds 2 = -dr 2 + r 2 d0 2 


(9.182) 


(9.183) 


that is, (r, 0) are hyperbolic spherical coordinates in the two dimensional Minkowski space {a, 4>}. Next we 
introduce the new coordinates ( x , y) with the transformation: 


x = r cosh ( 9) 
y = r sinh ( 9) 

which implies that the metric ( 19 . 1831 ) becomes ds 2 = —dx 2 + dy 2 . We also point here that 

r 2 = x 2 — y 2 6 = arctanh (y/x) . 

The scale factor (a(t) > 0) is now given by: 


a = 


3(x 2 - y 2 ) 


1/3 


(9.184) 

(9.185) 

(9.186) 


which means that the new variables have to satisfy the following inequality: x > |y|. 

In the new coordinate system (x, y) the Lagrangian (19.111) and the Hamiltonian (19.1781) are written: 

1 


L = g (y 2 -* 2 ) ~ v of( x ,y) 
E =\ if -i 2 ) +V e ff(x,y) 


(9.187) 

(9.188) 


where 


Veff(x,y) = {x 2 -y 2 )V (|) . (9.189) 

Note that we have used 

V{0) = —V{0). (9.190) 

We now proceed in an attempt to provide the Noether point symmetries of the current dynamical problem 
using the results of chapter [U 

Since the Lagrangian (19.1871) is autonomous admits the Noether point symmetry d t with Noether integral 
the Hamiltonian (19.1881) . Lagrangian (19.1871) admits extra Noether point symmetries in the following cases. 
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9.6.1 Hyperbolic - UDM Potential 

Hyperbolic - UDM Potential: Generically, we use the following potential: 

Wl cosh2 ( 0 ) - W2 sinh2 ( 0 ) 
v (?) = -o- 


or 


Veff(x,y) = r 2 V{9) 


LO\X 2 — UJ2y 2 
2 


The corresponding Noether symmetries, X n , are known (see for example [5]). These are: 


X ni — d± , X n2 — sinh ( y/\ /) d x , X n3 — cosh (-^/caU) 0 X 
X ni = sinh (y/UJ^t) d y , X„ 5 = cosh (y/uJ^t) d v 


The Noether integrals are the Hamiltonian and the quantities: 


J „ 2 = sinh (y/HJit) x — y/uJi cosh (y/Uit) x 
I n3 = cosh (y/uJit) x — y/ZJ\ sinh (y/Uit) x 
In 4 = sinh (y/ui^t) y — y/u }2 cosh (y/U^t) y 
Inn = cosh (y/u^t) y - y/u>2 sinh ( v CJ^t) y 


Obviously the UDM potential is a particular case of the current general hyperbolic potential. 
uji = 2w 2 and with the aid of eas. (l9.182l) . (19.1901) we fully recover the UDM potential |l421il53fllS5j 

' 3ke 


V(</>) = U 0 


1 + cosh 


where Vq = modulus a constant. 


9.6.2 Exponential Potential 

Exponential Potential: The exponential potential 

V e ff(r, 9) = r 2 V(d) = r 2 e~ de 

admits the extra Noether symmetry 

X n = 2td t + d x + (^y + ^x ) d y . 

In general the Noether integral for the vector X n = 2 td t + rf d, is 

I = 2 tE + (x + ^-y ] x — (y + ^-x ) 


(9.191) 

(9.192) 


Indeed for 

(9.193) 


(9.194) 


y 


(9.195) 
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where E is the Hamiltonian. Using V = e de together with ea. (19.182l) and ea. (19.190[) we write the potential to 
its nominal form 11561 which is 


V(P) 


Vo exp 



(9.196) 


where V 0 = ^ modulus a constant]. 

We note that the analytic solutions of sections 19.5.31 and 19.5.41 are also solutions for the minimally coupled 
Lagrangian (19.111) if and only if the space does not admit dust. 


9.7 The Lie and Noether symmetries of Bianchi class A homoge¬ 
neous cosmologies with a scalar field. 

The class of Bianchi spatially homogeneous cosmologies contains many important cosmological models, including 
the standard FRW model. In these models the spacetime manifold is foliated along the time axis, with three 
dimensional homogeneous hypersurfaces. Bianchi has classified all three dimensional real Lie algebras and has 
shown that there are nine of them. This results in nine types (two of them being families of spacetimes) of 
Bianchi spatially homogeneous spacetimes. The principal advantage of Bianchi cosmological models is that, 
in these models the physical variables depend on the time only, reducing the Einstein and other governing 
equations to ordinary differential equations. 

The Bianchi models are studied in the well known ADM decomposition ( [157lil58j ) according to which the 
metric is written 

ds 2 = —N 2 (t)dt 2 + g^uj^ ® w v (9.197) 

where N(t) is the lapse function and {w a } is the canonical basis of 1-forms which satisfy the Lie algebra 

djjf = Cjf.uji A oj k . (9.198) 

Cj fc are the structure constants of the algebra. The spatial metric g^ splits so that 

5 V = exp(2A) exp(—2/1)^ (9.199) 

where exp(2A) is the scale factor of the universe and P^ is a 3 x 3 symmetric, traceless matrix, which can 
be written in a diagonal form with two independent quantities, the so called anisotropy parameters /?+,/3_, as 
follows: 

A- = diag [p + ~\p+ + y-P-, ~\p+ ~ y-P-^j ■ (9.200) 

The Bianchi models are grouped in classes A and B by means of a vector a M and a symmetric 3x3 metric n^ v 
which are constrainted by the condition n^a 1 ' = 0. Class A is defined by = 0 and Class B by a M 7 ^ 0. Each 


3 In the special case of d = 2. the system admits an additional Lie symmetry d x + d y , with Noether integral I = x — y. 
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Class is divided into several types according to the rank and (the modulus of the) signature of nFA Because of 
the difficulty in formulating the class B Bianchi models in the ADM formalism, it is usually the case that one 
confines attention to the class A models. Furthermore it is well known that for the class A models there is a 
Lagrangian f!59l whereas for the class B models, to the author’s knowledge, no such Lagrangian seems to exist. 
Details on the structure and the Physics of the Bianchi models can be found e.g. in |157U159) . 

Research in Physics on inflationary models has shown the importance of scalar fields in cosmology m- 
This has raised interest in the dynamics of Bianchi spacetimes filled with a scalar field, with an arbitrary self 
interaction potential, minimally coupled to the gravitational field m ■ The Lagrangian leading to the full 
Bianchi scalar field dynamics is 


L = e 


3A 


R* 4- 6A 


A 9 \ 


(9.201) 


where R* is the Ricci scalar of the 3 dimensional spatial hypersurfaces given by the expression: 


R* = -re 


—2A 


N- 


fe 4 ^ 1 + e“ 2/?1 (A^e^ 2 - N - 2N 1 e 01 (A^e^ 2 - A^e - ^ 2 ) 


+ -NiN 2 N 3 (1 + NiN 2 N 3 ). 


The constants Ni,N 2 , and N 3 are the components of the classification vector n^ and pi = — \P + + ^/3_, 
P 2 = — \P+ — ^/3_. It is important to note that the curvature scalar R* does not depend on the derivatives 
of the anisotropy parameters /3+, /3_ , equivalently on /3i, /?2 • 

The Euler Lagrange equations due to the Lagrangian (19.20111 are |86J: 

A + + \{sl + Si) + \i 2 - F e -» A (e“/r) - \v(s) 

1 c ) /?* 

Pi + 3A/3r + - ——- 
3 dpi 

1 r) /?* 

* + 3 ^ 2 + 57 % 

(j> + 3^A + ^ 

where a dot over a symbol indicates derivative with respect to t. 

In the following we apply Theorem 14.2.21 and Theorem 14.3.21 and compute the Lie and the Noether point 
symmetries of class A Bianchi models. The Lie and the Noether point symmetries of Bianchi class A models 
with a scalar field have also been computed in |861I139[I143| . However, as it will be shown, these studies are not 
complete, in the sense that they have not found all Noether symmetries. Furthermore our approach is entirely 
different than the classical Lie approach employed in these works. Finally it is general and can be applied 
without difficulty to Class B spacetimes. 

We consider the four dimensional Riemannian space with coordinates x l = (A, pi, P 2 , (f>) and metric 


= 0 
= 0 
= 0 
= 0 


ds 2 = e 3X (l2dA 2 - 3 dpi - 3d/3| - 2 dp 2 ) . 


(9.202) 
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The metric (19.2021) is the conformally flat FRW spacetime whose special projective algebra consists of the non 
gradient KVs [45ll46l 

Y 1 = d 01 , Y 2 = dp 2 , Y 3 = d^, Y 4 = 

Y 5 = Wfh. - f Y 6 = dd P2 - ^/? 2 d 0 

and the gradient HV 

H l = \d x , 4 = 1 . 

The Lagrangian (19.2011) is written: 

L^T-U^) 

where T = | giji: l x 1 is the geodesic Lagrangian, U(x l ) is the potential function 

U(x i ) = -e 3A (V(</») +R*) (9.203) 

and we have used the fact that the curvature scalar does not depend on the derivatives of the coordinates , /?2 - 
Now we apply Theorem 14. 2. 21 and Theorem 14. 3. 21 to determine the Lie and the point Noether symmetries of the 
dynamical system with Lagrangian (19.2011) . 

In order to compute the potential U(x l ) we need the expression of R* for each Bianchi type. We find for 
the Class A models 
Bianchi I: R* = 0 
Bianchi II: R* = - e ( 2 ^- A ) 

Bianchi VI 0 : Class A. , R* = -\e~ 2X (e 401 + er^i-WaN) + 2e /3i+V3/3 2 j 
Bianchi VII 0 : Class A., R* = ~\e~ 2X (e 4/?1 + e " 2 ( /3l ”^ /32 ) - 2e /3l+ ' /5 ^) 

Bianchi VIII: R* = — ie _2A ^e 4/?1 + e~ 2 ^ 1 (^e^ 3 ^ 2 + e _% ^^ 2 ^ — 2e /31 ^e'^ 2 — e~'Y 3 ^ 2 x^j 

Bianchi IX: R* = —Ae _2A ^ 'e 4 ^ 1 + e _2/31 ^e^ 3 ^ 2 + — 2e^ 1 ^e^ 32 — + 1. 

We determine the Lie and the Noether point symmetries in the following cases: 

Case 1. Vacuum. In this case tf> =constant and the metric (19.2021) reduces to the three dimensional FRW 
metric. 

Case 2. Zero potential V (</>) = 0, </> ^ 0 

Case 3. Constant Potential V (</>) =constant, <p 0 

Case 4. Arbitrary Potential V (</>), </> ^ 0. 


9.7.1 Bianchi I 


Case 1. 

In this case </> = 0, V (4>) = 0 and the Lagrangian becomes L = e 3X 
U(x^) = 0 where = (A, /3i, /32)- The auxiliary metric is ds 2 = e 3X 


6A 2 -|(/3 2 +4 2 )' 
(l2e?A 2 - 3d/?! 2 - 3 dp 


2 

2 


hence the potential 
) . The special PCs 
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of this metric are the non gradient KVs Y 1 , Y 2 , Y 4 and the gradient HV H l . 

From Theorem 14.2.21 we find that the Lie point symmetries are the vectors 

dt, td t , Y 1 , Y 2 , Y 4 ,H\ t 2 d t +tW 

which coincide with those found in [55!. From Theorem 14. 3. 21 we find that the Noether point symmetries are 

dt, Y 1 , Y 2 , Y 4 , 2td t + H\t 2 d t +tW 


i.e. we find two more Noether symmetries than 

Case 2. V (<j>) = 0 , <j> ± 0 


In this case the Lagrangian is L = e 3A 
auxiliary metric is (19.2021) . From Theorem 


6A 2 — 


(ft + Bl) 


and the potential function U{x l ) = 0. The 


d t 


4.2.21 we find that the Lie point symmetries are 

td t , y 1 , y 2 , y 3 , y 4 , y 5 , y 6 , h\ t 2 d t +tw 


and coincide with those found in [35 • Application of Theorem 14.3.21 gives that the Noether point symmetries 
are 


d t , Y 1 , Y 2 , Y 3 , F 4 , F 5 , F 6 , 2tdt + H l ,t 2 d t + tH l 
i.e. two more from the ones found in 1361. 


hence the potential U{x l ) = —C 0 e 3A . Using- 


Case 3. V{(t>) = C 0 , 0 

The Lagrangian is L = e 3A 6 A 2 — | ^/j 2 + $2^ — </> 2 + C 0 
Theorem 14.2.21 we find that the Lie point symmetries are 

d t , Y 1 , Y 2 , Y 3 , Y 4 , Y 5 , Y 6 , H\ ^e ±Ct d t ± e ±Ct H l 

o 

where C = . and coincide with those found in [86]. Application of Theorem 14.3.21 gives the Noether point 

symmetries 

Again we find two more Noether symmetries than [86] . 


d t , Y 1 , Y 2 , Y 3 , Y 4 , F 5 , F 6 , —e ±Gt d t ± e ±Ct H\ 


Case 4. V (4>) =arbitrary <j) ^ 0 

In this case the Lagrangian is L = e 3A 6A 2 — | (/3 2 + /3|J — </> 2 + V ( (j )) and the potential U[x l ) = —e 3A U {(f)). 
Application of Theorem 14 . 2.21 gives the Lie point symmetries dt , Y l , Y 2 , Y 4 , H l and application of 
Theorem 14 . 3.21 gives the Noether symmetries dt , Y 1 , Y 2 , Y 4 ■ 

Working in a similar manner we compute the Lie and the Noether point symmetries of all Bianchi class A 
homogenous spacetimes. The results of the calculations are collected in the following Tables. 
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Table 9.1: Lie and Noether Symmetries of Bianchi I scalar field 


BianchiI 

Noether Symmetries 


Lie Symmetries 



Case 1 

d t , Y 1 , Y 2 , Y 4 


d t , tdt, Y 1 , Y 2 , Y 4 , 

H' 



2td t + H\ t 2 d t + tH' 


t 2 d t + tH 1 



Case 2 

d t , Y 1 , Y 2 , Y 3 , Y 4 , Y 5 , 

Y 6 

d t , td t , Y\ Y 2 , Y 3 , 

y 4 ,y 5 , 

Y 6 


2td t + H\ Udt + tH 1 


H\ f 2 d t + tH 1 



Case 3 

dt, y\ Y 2 , Y 3 , Y 4 , Y , 

Y 6 

d t , Y 1 , Y 2 , Y 3 , Y 4 , 

Y 5 , Y 6 , 

H l 


Y e ±ct d t ± e ±Ct H l 


±e ±ct d t ± e ±Ct H l 



Case 4 

ZD 

to 


d t , Y 1 , Y 2 , Y 4 , H* 




Table 9.2: Lie and Noether Symmetries of Bianchi II scalar field 


Bianchi II 

Noether Symmetries 

Lie Symmetries 

Case 1 

d t , Y 2 , 6 td t + 3 H l - 5 Y 1 

dt, y 2 , \tdt + H\ tdt - y 1 

Case 2 

d t , Y 2 , Y 3 , Y 6 , 6 td t + 3 H‘ - 5F 1 

dt, Y 2 , Y 3 , Y 6 , \td t + H\ tdt - F 1 

Case 3 

d t , Y 2 , Y 3 , Y e 

d t , Y 2 , Y 3 , Y 6 , 3 W + Y 1 

Case 4 

d t , Y 2 

d t , Y 2 , 3LP + F 1 


Table 9.3: Lie and Noether Symmetries of Bianchi VI/VII scalar field 


Bianchi VI 0 / VII 0 

Noether Symmetries 

Lie Symmetries 

Case 1 

d t , 6 td t + 3 H l - 2F 1 - 2 V / 3F 2 

d t , H' + iy 1 + ^y 2 , 2 td t - y 1 - Vsy 2 

Case 2 

d t , Y 3 , 6 tdt + 3 H 1 - 2Y 1 - 2 V / 3F 2 

d t , y 3 , & + iy 1 + ^ y 2 , 2 td t - y 1 - y^y 2 

Case 3 

d t , Y 3 

dt, Y 3 , ffi + ^Y 1 + ^ y 2 

Case 4 

d t 

d t , W + \Y 4 + ^Y 2 
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Table 9.4: Lie and Noether Symmetries of Bianchi VIII/IX scalar field 


Bianchi VIII 

Noether Symmetries 

Lie Symmetries 

Case 1 

d t 

d t , | td t + H‘ 

Case 2 

d t , Y 3 

d t , Y 3 , ltd t + H l 

Case 3 

d t , Y 3 

d t , Y 3 

Case 4 

d t 

d t 


Bianchi IX 

Noether Symmetries 

Lie Symmetries 

Case 1 

d t 

d t 

Case 2 

d t , Y 3 

d t , Y 3 

Case 3 

d t , Y 3 

d t , Y 3 

Case 4 

d t 

d t 



9.7. THE LIE AND NOETHER SYMMETRIES OF BIANCHI CLASS A HOMOGENEOUS COSMOLOGIES WITH A SCA 


From the above tables we infer that the Lie point symmetries we found coincide with those of [86] . Some 
differences which appear are due to linear combinations of symmetries from the other set. The same does not 
apply to the Noether symmetries, for which we found a larger number than in |86j . 

We note that in Case 1 the Noether symmetry 2 t + H is a combination of two Lie point symmetries, which 
is peculiar since the Noether point symmetries are considered to be a direct subset of Lie symmetries. This 
is explained as follows. The addition of a Killing vector to a homothetic vector retains a homothetic vector. 
Therefore a Lie symmetry due to a Killing vector and one due to a homothetic vector is possible to give a Lie 
point symmetry due to a homothetic vector. Concerning [143] from the examination of the Tables [DTTTI9.41 and 
the results they present it can be seen that they loose the Noether symmetries which have a component along 
dt direction. 


The Bianchi I model with scalar field and exponential potential 

We consider a scalar field described by an exponential potential V {<j>) = e~ d $ in a Bianchi class A spacetime. 
For this potential all the models admit the extra Lie symmetry tdt + \ Y 3 . Concerning the Noether symmetries 
we have an extra Noether symmetry only for the types I. II, VIo, VII o as follows: 

Type I 

td > + \ H, + 1 / 3 


Type II 


Type VIo / VII 0 


tdt + \h" - Iy 1 + V 3 

2 6 a 


6td t + 3iP - 2V 1 - 2V3Y' 2 + -Y 3 . 

a 


In the following we concentrate on the Bianchi I model and make use of the extra Noether integral to define 
a transformation j!62] which allows the determination of the analytic form of the metric. 

The Lagrangian describing a scalar field with exponential potential in an empty Bianchi I spacetime is 

3 


L = e' 


3A 


6A 2 — - ('+ /3|) — V + ^o e 


(9.204) 


and the corresponding Hamiltonian vanishes. The metric defined by this Lagrangian is (19.2021) . 
Using the transformation A = A In (if) the Lagrangian becomes 

L = 3aa 2 - ^a 3 0 - ^a 3 (/3 2 + /j 2 ) + ^V 0 a 3 e~ d ^. 

We change variables by means of the transformation 

V6 , 1 . / 3*. a /6 1 , 3 n 

u = —(t> + - In (a 3 ) , v = — —(f) + - In (a 3 ) 
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and the Lagrangian takes the form 

L (u, v, u , *) = e<“ + "> - | [hi + hi) + V 0 e- 2K ^~ V ^ . 

Next we change the time coordinate as follows 


dr 

dt 



We make one more change /?i = J jgBi , P 2 = J ^-^2 and in the coordinates r, -u, v, i?i, #2 the Lagrangian is: 


L (r, u, v, B t , B 2 ) = e O+v) e -K(u-v) ( u ' v , _ ^2 + B aj + ^ ( 9 . 20 5) 

where u! = ^, v' = , B[ 2 = dB d ^ 2 . The equations of motion are 

u" + (1 - K) u' 2 + (1 + K) B[ 2 + (1 + K) B 2 - (1 + K) = 0 (9.206) 

v" + (1 + K) v' 2 + (1 - K) B[ 2 + (1 - K) B' 2 2 -(1-K) = 0 (9.207) 

B x + (1 - K) B[u + (1 + K) B[v' = 0 (9.208) 

B 2 + (1 - K) B 2 u! + (1 + K) B' 2 v' = 0 (9.209) 


with constrain (the zero Hamiltonian) u'v' — ( B' 2 + B l2 ) — 1 = 0. These expressions are symmetric in Bi, B 2 
therefore we set B\ = B 2 . = \B and the system of equations of motion becomes 

u" + (1 - K) u' 2 + (1 + K) B 2 - (1 + K) = 0 (9.210) 

v" + (1 + K) v 2 + (1 - K) B 2 - (1 - K) = 0 (9.211) 

B" + (1 - K) B'v! + (1 + K) Bv' = 0 (9.212) 

with constraint 

u'v' — B' 2 — 1 = 0. (9.213) 

We consider two cases K = 1 and K 7 ^ 1. 

For K = 1 the metric is ds 2 = 2e 2v (dudv — dB 2 ) . The potential is the gradient KV V (u,v) = —e 2v and 
the solution of the system is 


u (t) = t 2 + 2c\ In (t + c 2 ) + 2tc 2 (9.214) 

v (r) = 1 In (2t + c 2 ) (9.215) 

B (r) = ci In (t + c 2 ). (9.216) 


For A' / 1 we make use of the extra Noether integral e^ u+v ^e K ( u B = C and solve the system. We find 
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that K = and that the system has two solutions. The first is: 

" (t) = w ^ k ) 1,1 (rn? sin ( 2v,jr2 - lT )) 

“ W = W+K) 1,1 ( sin ( 2 v ' AiriT ) ) 

B (r) = —^==arctanh ^cos (^2\/K' 2 — Irj j 


and the second: 

“ (r) = sirbn 1,1 (rn? cos ( 2 A^u)) 
»< T > = jjrhq 1,1 ( cm ( 2Va ' j “ lT )) 

i / i \ 

B (r) = — . arctanh --— . - . 

2 VK' 2 - 1 ysin (2VA' 2 - lr) / 

These solutions complement the results of ) 163j 


(9.217) 

(9.218) 

(9.219) 

(9.220) 

(9.221) 

(9.222) 


9.8 Conclusion 

In this chapter we have studied conformally related metrics and Lagrangians in the context of scalar-tensor 
cosmology. We have found that to every non-minimally coupled scalar field we can associate a unique minimally 
coupled scalar field in a conformally related space with an appropriate potential. The existence of such a 
connection can be used in order to study the dynamical properties of the various cosmological models, since the 
field equations of a non-minimally coupled scalar field are the same, at the conformal level, of the field equations 
of the minimally coupled scalar field. The above propositions can be extended to general Riemannian spaces 
in n-dimensions. Furthermore, we have identified the Noether point symmetries and the analytic solutions of 
the equations of motion in the context of a minimally coupled and a non minimally coupled scalar field in a 
FRW spacetime and we have classified the Noether symmetries of the field equations in Bianchi class A models 
with a minimally coupled scalar field. We found that there is a rather large class of hyperbolic and exponential 
potentials which admit extra (beyond the d t ) Noether pont symmetries which lead to integrals of motions. 

In general, the Noether point symmetries play an important role in physics because they can be used to 
simplify a given system of differential equations as well as to determine the integrability of the system. The 
latter will provide the necessary platform in order to solve the equations of motion analytically and thus to 
obtain the evolution of the physical quantities. In cosmology, such a method is extremely relevant in order to 
compare cosmographic parameters, such as scale factor, Hubble expansion rate, deceleration parameter, density 
parameters with observational constrains. 

However, since the Noether point symmetries are generated from the kinetic metric of the Lagrangian, they 
are not only a criterion for the integrability of the system and a method to determine analytical solutions of the 
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field equations, but they are also a geometric criterion since by demanding the existence of Noether symmetries 
we let the geometry to select the dynamics, i.e. the dark energy model. 

In the following chapters we study the Noether symmetries of the / (R) and the / (T) theories of gravity. 



9.A. RELATING THE RANGES OF THE CONSTANTS F 0 AND \I<\ 
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9.A Relating the ranges of the constants F 0 and \k\ 

We consider the following ranges for the constants Fq and |fc| 

a. F 0 > 0. In this case we have |fc| = -■ 1 from which follows 

\k \ 2 < 1 , F 0 > 0 


b. — 1 < Fo < 0. In this case we have|fc| = |y^^^from which follows. 

\k \ 2 = 1 , Fo = - A ; |fc| 2 < 1, Fo > -1; \k\ 2 > 1 , Fo S (-1,-^) 

c. F 0 < 1 . Then |fe| = | j^lf from which follows 

\k\ 2 = l, F 0 = -| ; |fc| 2 <l , Fo < ^|; |fc| 2 > 1 , F 0 e 
The ranges of \k\ are needed because they select different groups of Killing vectors of the metric (19.411) . 


9.B Computation of the gradient functions S\ (r, 6) , S 2 (r, 6) 


The functions Si (r, 9 ), S 2 (r, 9) are the canonical coordinates x, y for the KVs K 1 , K 2 . The canonical coordinates 
are defined with the requirement K 1 = 4j^,K 2 = and are computed as follows. We have the system of 
differential equations: 

Q g(l -k)6 r k 

dy 

d_ 

dx 


N 2 


-dr + -dg 

r 


e -(l+k)6 r - k ( i 

—IvJ—+ 


To solve it we consider the associated Lagrange system and write: 


d'y = at2 dr = 2 d9 

1 JV 0 r k e (l~k)9 JV 0 r k-l e (l-k)6 


The first equation gives: 


The second equation gives: 


V = -Ny-'+W J^ = -N 2 e f- 1 **)*! 


i-fc 


- k 


$( 0 ) 


y = N 2 r ~ k+1 


d6 0 r 

= N, 


1 -k 


e (l k)0 0 + k 


e (l-fc)0 _|_ $ 1 ( r ) 


„l-k 


y = N 0 


0 -(l -08 


k - 1 


hence we have (this is the S 2 (r, 9)): 
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For the other coordinate we have: 


dx dr dd 

_ _ ]\J Z _ — ]\I Z _ 

■j 0 r -k e -(l+k)0 0 r -k-l e -(l+k)6 


The first equation gives: 


= N, 


2(l+k)6 


0 ' 


dr 

/V* k 


= iV 0 2 e (1+fc)e 


„i+fe 


1 + k 


+ $(#) 


and the second equation gives: 


dd 


„ _ Ar2 l + fc _ _ 

N ° J e-V+W 1 + k iy ° 


7V 2 r 1+fc e (1+fc)e + $i(r) 


hence (this is the Si ( r,6 )): 


Therefore, we have the canonical coordinates 


1 + k 


-fV n V + V 1+fc > e . 


— (1 -\- k )0 


r l-k e (-l+k)e 


X = 


k + 1 


y = 


k- 1 



Chapter 10 


Using Noether point symmetries to 
specify f(R) gravity 

10.1 Introduction 

In chapter [5] we used the Noether point symmetries of the scalar tensor theories in order to constrain the dark 
energy models. Except the sclarar field cosmology there are other possibilities to explain the present accelerating 
stage. For instance, one may consider that the dynamical effects attributed to dark energy can be resembled 
by the effects of a nonstandard gravity theory. In other words, the present accelerating stage of the universe 
can be driven only by cold dark matter, under a modification of the nature of gravity. Such a reduction of the 
so-called dark sector is naturally obtained in the f(R) gravity theories [57]. In the original nonstandard gravity 
models, one modifies the Einstein-Hilbert action with a general function f(R) of the Ricci scalar R. The f(R) 
approach is a relatively simple but still a fundamental tool used to explain the accelerated expansion of the 
universe. A pioneering fundamental approach was proposed long ago with f(R) = R + mR 2 1164) . Later on, 
the f{R) models were further explored from different points of view in [B81I59UTS5] and indeed a large number 
of functional forms of f{R) gravity is currently available in the literature [1401il66Hl69| . 

In the following, we will use the Lie and the Noether point symmetries in order to specify the / ( R ) gravity 
in a FRW spacetime and use the first integrals of these models to determine analytic solutions of their field 
equations. 

The structure of this chapter is as follows. The basic theoretical elements of the problem are presented in 
section [TO. 2 1 where we also introduce the basic FRW cosmological equations in the framework of f(R) models. 
The Noether point symmetries and their relevance to the f(R) models are discussed in section [10.41 In section 
110.51 we provide analytical solutions for those f(R) models which are Liouville integrable via Noether point 
symmetries. In section IT0.6I we study the Noether point symmetries in spatially non-flat f(R) cosmological 
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models. Finally, we draw our main conclusions in section 110.71 


10.2 Cosmology with a modified gravity 

Consider the modified Einstein-Hilbert action: 


S= 


1 

2 P 


f(R)+Cr, 


( 10 . 1 ) 


where C m is the Lagrangian of dust-like ( p m = 0) matter and fc 2 = 87 tG. Varying the action with respect to 
the metric^ we arrive at 

■2 ur-u-Rfy 


(1 + f')G$ - + 


6* = k 2 Tff 


( 10 . 2 ) 


where the prime denotes derivative with respect to R, G% is the Einstein tensor and Tff is the ordinary energy- 
momentum tensor of matter. Based on the matter era we treat the expanding universe as a dust fluid which 
includes only cold dark matter with comoving observers U M = 5 q . Thus the energy momentum tensor becomes 
T fll/ = PmUfJJv, where p m is the energy density of the cosmic fluid. 

Now, in the context of a flat FRW model the metric is 

ds 2 = —dt 2 + a 2 (t)(dx 2 + dy 2 + dz 2 ). (10.3) 

The components of the Einstein tensor are computed to be: 

= -3 H 2 , Gl = -6% (2H + 3H 2 ^ . (10.4) 

Inserting (110.41) into the modified Einstein’s field equations (110.21) . for comoving observers, we derive the modified 
Friedman’s equation 


/ , , fR-f 

3/ H 2 = k 2 p m + J - J - 3 Hf R 


2 f'H + 3 f'H 2 = -2 Hf"R - (/'"i ? 2 + f"R) 
The contraction of the Ricci tensor provides the Ricci scalar 


S-Rf 


R = g^R^ = 6 ^ ^ j = 6(2 H 2 + H) . 

The Bianchi identity T^ v = 0 leads to the matter conservation law: 


Pm T — 0 


whose solution is 


Pm — PmO& 


-3 


(10.5) 

( 10 . 6 ) 

(10.7) 

( 10 . 8 ) 

(10.9) 


1 We use the metric i.e. the Hilbert variational approach. 
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Note that the over-dot denotes derivative with respect to the cosmic time t and H = a/a is the Hubble 
parameter. 

If we consider f(R) = R then the field equations (110.21) boil down to the Einstein’s equations. On the other 
hand, the concordance A cosmology is fully recovered for f(R) = R — 2A. 

From the current analysis it becomes clear that unlike the standard Friedman equations in Einstein’s GR, the 
modified equations of motion (110.51) and (110.61) are complicated and thus it is difficult to solve them analytically. 

We would like to stress here that within the context of the metric formalism the above f{R) cosmological 
models must obey simultaneously some strong conditions |136j . These are: (i) / >0 for R > Rq > 0, where 
Ro is the Ricci scalar at the present time. If the final attractor is a de Sitter point we need to have / > 0 for 
R> Ri > 0, where R\ is the Ricci scalar at the de Sitter point, (ii) / > 0 for R > R 0 > 0, (iii) f(R) ~ R — 2A 
for R^> R 0 and finally (iv) 0 < - y-(r ) < 1 at r = — = —2 

10.3 Modified gravity versus symmetries 

In the last decade a large number of experiments have been proposed in order to constrain dark energy and 
study its evolution. Naturally, in order to establish the evolution of the dark energy (DE) (’’geometrical” in the 
current work) equation of state parameter a realistic form of H (a) is required while the included free parameters 
must be constrained through a combination of independent DE probes (for example SNIa, BAOs, CMB etc). 
However, a weak point here is the fact that the majority of the f(R) models appeared in the literature are 
plagued with no clear physical basis and/or many free parameters. Due to the large number of free parameters 
many such models could fit the data. The proposed additional criterion of Noether point symmetry requirement 
is a physically meaning-full geometric ansatz. 

According to the theory of general relativity, the space-time Killing and honrotlietic symmetries via the 
Einstein’s field equations, are also symmetries of the energy momentum tensor. Due to the fact that the f(R) 
models provide a natural generalization of GR one would expect that the theories of modified gravity must 
inherit the symmetries of the space-time as the usual gravity (GR) does. 

Furthermore, besides the geometric symmetries we have to consider the dynamical symmetries, which are 
the symmetries of the field equations (Lie symmetries). If the field equations are derived from a Lagrangian 
then there is the special class of Lie symmetries, the Noether symmetries, which lead to conserved currents or, 
equivalently, to first integrals of the equations of motion. The Noether integrals are used to reduce the order 
of the field equations or even to solve them. Therefore a sound requirement, which is possible to be made 
in Lagrangian theories, is that they admit extra Noether symmetries. This assumption is model independent, 
because it is imposed after the field equations have been derived, therefore it does not lead to conflict with 
the geometric symmetries while, at the same time, serves the original purpose of a selection rule. Of course, 
it is possible that a different method could be assumed and select another subset of viable models. However, 
symmetry has always played a dominant role in Physics and this gives an aesthetic and a physical priority to 
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our proposal. 

In the Lagrangian context, the main field equations (110.51) and (110.61) . described in section [10.21 can be 
produced by the following Lagrangian: 

L (a, d, R , Rj = 6a/' d 2 + 6a 2 /" aR + a 3 (j'R - /) (10.10) 


in the space of the variables {a,l?}. Using ea. (IIP.101) we obtain the Hamiltonian of the current dynamical 
system 


E = 6a/ a 2 + 6a 2 / al? — 

a 3 (f'R-f) 

(10.11) 

or 

E = 6a 3 


/) - 6RHf") 

(10.12) 

Combining the first equation of motion 

(|10.5|) with ea. (110.121) 

we find 



E _ 3 
Pm ~ 2 k 2 Q 


(10.13) 

The latter equation together with p m = 

PmCfo -3 implies that 




PmO — 2 j^2 ^mPcr, 0 — 2/j^ ^ ^ (10.14) 

where fl m = Pmo/Pcr,o, Per ,o = SHy/k 2 is the critical density at the present time and Hq is the Hubble constant. 

We note that the current Lagrangian eq. ( 110 . 101 ) is time independent implying that the dynamical system is 
autonomous hence the Hamiltonian E is conserved. 

10.4 Noether point symmetries of / (. R ) gravity 

The Noether condition for the Lagrangian ( 110 . 101 ) is equivalent with the following system of eight equations 


ia = 0 (10.15) 

= 0 (10.16) 

a 2 f"i 7$ = 0 (10.17) 

/V 1} + a/V 2) + 2 af'r$ + a 2 f"r$ - ^o/'O = 0 (10.18) 

2a/'y i} + a 2 /"V 2) + a 2 /"^ + 2a/'rjg + a 2 /"rg - \a 2 f"^ t = 0 (10.19) 

- Za 2 RfrP + 3a 2 /?? (1) - a 3 Rf" V ™ + a 3 (/ - /'i?) + g, t = 0 (10.20) 

12a/yy + 6 a 2 f"r)f + a 3 [f'R - /) - g, a = 0 (10.21) 
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Oa 2 f"r,y + a 3 (/i? - /) - g, R = 0 (10.22) 

The solution of the system (110.15ll - (ll().22l) determines the Noether symmetries. 

Since the Lagrangian (110.101) is in the form L = T (a, a, R, Ilj — V (a,R), the results of chapter [4] can be 
used The kinematic term defines a two dimensional metric in the space of {a,l?} with line element 

ds 2 = 12 afda 2 + 12a 2 /''da dR (10.23) 

while the ’’potential” is 

V (a, R) = —a 3 (f R — f) . (10.24) 

The Ricci scalar of the two dimensional metric (110.231) is computed to be R = 0, therefore the space is a 
flat space) 3 ) with a maximum homothetic algebra. The homothetic algebra of the metric (110.231) consists of the 
vectors 

K 1 = ad a - 3^8 R , K 2 = -d a - 

J & a j 

KS = lr d «' H = a 2 °‘ + 1 2 T d « 

where K are Killing vectors (K 2,3 are gradient) and H is a gradient Homothetic vector. 

Therefore applying theorem 14.3.21 we have the following cases: 

Case 1: If / ( R ) is arbitrary the dynamical system admits as Noether symmetry the X 1 = dt with Noether 
integral the Hamiltonian E. 

Case 2: If / ( R ) = l?l the dynamical system admits the extra Noether symmetries 

X 2 = K 2 , X 3 = IK 2 

X 4 = 2td t +H+-K 1 . 

6 

with corresponding Noether Integrals 

‘■iM 

R = t— (aVltj — aVR 

o /— a 3 ■ 

I 4 = 2 tE — 6 a 2 dy/R — 0—=R 

Vr 

the non vanishing commutators of the Noether algebra being 

[X 1 ,X 3 ]=X 2 [X 1 ,X 4 ]=2X 1 

2 Where T is the ’’kinetic” term and V is the ’’potential 

3 All two dimensional Riemannian spaces are Einstein spaces implying that if R = const the space is maximally symmetric m 

and if R = 0, the space admit gradient homothetic vector, i.e. is flat. 


(10.25) 

(10.26) 

(10.27) 

(10.28) 
(10.29) 
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[A 2 ,A 4 ]=^A 2 [A 3 , A 4 ] = ^A 3 

Case 3: If / ( R ) = R s the dynamical system admits the extra Noether symmetries 


A 5 = 2 td t + H , A 6 = t 2 d t + iH 

(10.30) 

with corresponding Noether Integrals 


/5 = 2 tB -|s(“ 3rS ) 

(10.31) 


(10.32) 

with non vanishing commutators 



[A 1 ,A 5 ]=2A 1 [. X\X 6 ]=X 5 [X 5 ,X 6 ]=2X 6 


From the time dependent integrals (U0.31I) . (U0.32I) and the Hamiltonian we construct the Ermakov-Lewis in¬ 
variant (see chapter [5]) 

E = 4 1 6 E - if (10.33) 

3 

Case 4: If / (R) = (R — 2A ) 2 the dynamical system admits the extra Noether symmetries 


X 2 = e^K 2 , A 3 = e-^K 2 


with corresponding Noether Integrals 


h = e'f™ t (jt (aVR - 2 L) - 9y/rnaVR - 2 A 
J 3 = e -V^t ^ (aVi? - 2L) + 9\fm.a\/R - 2A^j 


(10.34) 

(10.35) 

(10.36) 


where m = |A. The non vanishing commutators of the Noether algebra are 


[A 1 , A 2 ] = VmX 2 [A 3 , A 1 ] = yftRX 3 

From the time dependent integrals (110.3511 . (110.361) we construct the time independent integral J 23 = hh- 

7 

Case 5: If / (J?) = (R — 2A ) 8 the dynamical system admits the extra Noether symmetries 

1 


e 2V^tg t + e 2V^t H 

A 6 =- ^=e~ 2 ' / ™' t dt + e _2%/ ™ < H 


X s = • u t 

\/m. 

1 


m 


with corresponding Noether Integrals 

1 


I 5 = e 2 Y™ t 


E — —— 

m 8 dt 


(a 3 (R- 2A) 8 ) + ^-^rna 3 (R - 2A) 8 


(10.37) 

(10.38) 

(10.39) 
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h = e 


— 2 y/rnt 


1 „ 21 d 

—E-\ - 

m 8 dt 


(a 3 {R- 2A) - ^ 


+ (R~ 2A) * 


(10.40) 


and the non vanishing commutators of the Noether algebra are 


[X 1 ,* 5 ] = 2s/mX 5 [X^X 1 ] = 2i/mX 6 

rx 5 ,x 6 i = -jLx 1 

yjm 

From the time dependent integrals (I10.31H . (110.3211 and the Hamiltonian we construct the Ernrakov-Lewis in¬ 
variant. 


• = E 2 — I 5 I 6 


(10.41) 


Case 6: If / ( R ) = R n (with n ^ 0,1, |, |) the dynamical system admits the extra Noether symmetry 


X^ = 2 t * + H+ (£^) Kl 

with corresponding Noether Integral 

h = 2 tE - 8 na 2 R n ~ 1 a (2 - n) - Ana 3 R n ~ 2 R (2 n - 1) (n - 1). 


(10.42) 


(10.43) 


and the commutator of the Noether algebra is [X^X 7 ] = 2X 1 . 

We note that the Noether subalgebra of case 2, {X^X^X 3 } and the algebra of case 4 {X-^X^X 3 } is 
the same Lie algebra but in different representation. The same observation applies to the subalgebra of case 
3 {X 1 ,X 5 ,X 6 } and the algebra of case 5 {X^X^X 6 }. This connection between the Lie groups is useful 
because it reveals common features in the dynamic systems, as is the common transformation to the normal 
coordinates of the systems. 

For the cosmological viability of the models see [13611169] 


10.5 Analytic Solutions 

Using the Noether symmetries and the associated Noether integrals we solve analytically the differential 
eas. (110.5l) . (110.61) and (110.71) for the cases where the dynamical system is Liouville integrable, that is for cases 
2-5. Case 6 (i.e. / (R) = R n ) is not Liouville integrable via Noether point symmetries, since the Noether 
integral (110.431) is time dependent 


10.5.1 Power law model R^ with /j = | 

In this case the Lagrangian ea. dlO.lOl) of the f(R) = R% model is written as 

9a 2 ~ 3 - 


L = 9aV~Ra 2 


.— zClR —/? 2 

2 VR 2 


(10.44) 


4 In the appendix 1 10 -Al we present special solutions for the / ( R ) = R n model, using the zero order invariants. 
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Changing the variables from (a, R) to (z, w) via the relations: 


° = 2 


sfz R= — 


the Lagrangian (110.441) and the Hamiltonian (19.1781) become 

L = zw + Vq w 3 
E — zw — Vqw 3 

where Vo = g. The equations of motion in the new coordinate system are 

w = 0 

5 - 3Vow 2 = 0 

The Noether integrals (110.27D . (110.281) in the coordinate system {z,y} are 

/ / 

Il= w , I 2 = tw — w 

The general solution of the system is: 

V (t) = i[t ~ I 2 


z ~ - 7~N2 (-M ~ ^2) + z it + 

36 (/;) v > 


z o 


(10.45) 

(10.46) 

(10.47) 

(10.48) 

(10.49) 

(10.50) 

(10.51) 

(10.52) 


The Hamiltonian constraint gives E = z\I± where zoq are constants and the singularity condition results in the 
constraint 


, N 4 


36(/() 2 W 

10.5.2 Power law model R!‘ with fi — \ 

In this case the Lagrangian eq. (110.101) is written as 


+ Zq — 0. 


(10.53) 


21 a 9 21 a 2 • 1 „ 7 

L = - -a --— 5 -ai? — —a R 8 . 


4Ri 16 Rl 

Changing now the variables from (a, R) to (/?, a) via the relations: 


e CT R = 


21 

T 

The Lagrangian (110.821) and the Hamiltonian (19.1781) become 

1 1 p 12<t 

L — —p — —p a + Vq —— 


(10.54) 


(10.55) 


(10.56) 


tti 1 -2 1 2-2 1 ; 

E = 2 P ~ 2 P<T - Vc 


e ! 2 a 

0— 2 ~ • 
P 


(10.57) 
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where Vq = — -h ■ The Euler-Lagrange equations provide the following equations of motion: 


p + pa 2 + 2V 0 


a 12a 

p 3 

12a 


= 0 

(10.58) 

= 0. 

(10.59) 


2 e 

a + -op + 12Vb— o 
P P 

The Noether integrals (110.31D . (110.321) and the Ermakov-Lewis invariant 110.331 in the coordinate system {u,v} 
are 


h = 2tE - PP 

l ' 6 = t 2 E-tpp+^p 2 . 

E = p 4 d 2 + 4V 0 e 12a . 

Using the Ermakov-Lewis Invariant, the Hamiltonian (110.561) and equation (110.58|) are written: 

1 , IS 
-/ ~27 = e 

.. s „ 

pi - 3 — 0 - 

p s 


(10.60) 

(10.61) 

(10.62) 

(10.63) 

(10.64) 


And the analytical solution of the system is 

p (t) = I p2t 2 + pit + 


(W-4E) 


4/92 


f 21 

V , r 

—:e 

l 2 

I tanh 


<To P 2 \/S — 6 arctan h ^ 


- 1 


(10.65) 


( 10 . 66 ) 


where B (t) = ^4 2p ^A Pl ^ and pi 2 , oq are constants with Hamiltonian constrain E = Ip 2 ■ The singularity 
constraint gives (pi) 2 = 4E 

In the case E = 0 the analytical solution is 


p(t) — ( P2t 2 + pit + - 
exp a (t) = 


1 (Pi) 2 


1 


2 P2 J 

(2 p 2 t + pi) 


24y/Vo (Ioap 2 t + 2cr 0 P2Pi - 1) 
The singularity constraint gives p\ = 0, then the solution is 


,(t) = 


do t* 


(10.67) 

( 10 . 68 ) 

(10.69) 


(a 2 t - l) 6 

In contrast with the claim of 11701 this model is analytically solvable and there exists models which admit 
Noether integrals with time dependent gauge functions. 
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10.5.3 Ab c CDM model with (b,c) = (1, |) 

Inserting f(R) = (R — 2A ) 3 / 2 into ea. (|10.10l) we obtain 

q a 2 . „3 

L = 9 ay/R - 2Ad 2 + . iiR + — (R + 4A) y/R- 2 A (10.70) 

2VR - 2A 2 v ' v ' 

Changing the variables from (a, i?.) to (x, y) via the relations: 

v 2 

yfx i?=2A + — (10.71) 

x 

the Lagrangian (110.701) and the Hamiltonian (19.1781) become 

L = xy + V 0 (y 3 + fhxy) 

E = xy-V t 3 (y 3 + fhxy) 

where Vo = ^ and fh = 6 A. 

The equations of motion, using the Euler-Lagrange equations, in the new coordinate system are 

x - 3 V 0 y 2 - ffiVox = 0 (10.74) 

y — fhVoy = 0. (10.75) 

The Noether integrals (IIP.351) . (IIP.361) in the coordinate system {x, y} are 

I[ = e ut y - l oe^y 
% = e~ ut y + uje- ut y 

where u> = -y/2A/3. From these we construct the time independent first integral 

$ = / 1 / 2 =y 2 -oj 2 y 2 . (10.78) 


(10.76) 

(10.77) 


(10.72) 

(10.73) 



The constants of integration are further constrained by the condition that at the singularity (t = 0), the scale 
factor has to be exactly zero, that is, a:(0) = 0. 

The general solution of the system (I10.74I) - (I10.75I) is: 


x (t) = x 1G e 

The Hamiltonian constrain gives E = 
tion results in the constrain 


y (t) = —e ut — —e~ ut 
w 2 w 2 w 


+ x 2G e~ UJt 


1 


+ 4^A (/2e “ t + /l 
w (xiah - x 2G h) where ccig, 2 G 


(10.79) 

e~ ut ) 2 + (10.80) 

tow z 

are constants and the singularity condi- 


XiG + X2G + -r 


1 o 

. r — n 4“ I2 ) + —— j = 

4tow tow 


At late enough times the solution becomes a 2 (t) oc e 2 


(10.81) 
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10.5.4 Af, c CDM model with (b,c) = (1, |) 

In this case the Lagrangian ea. dlO.lOl) of the f(R) = (R— 2A) 7 / 8 model is written as 


L = 


21a 


-a 2 - 


21 


4 (R — 2A)® 16 (i?-2A) 5 

Changing the variables from (a, R) to (u, v ) via the relations: 


,6 1 3 (J? — 16A) 

an——a - 

8 (R- 2A)» 


'ue u 


R = 2A + 


the Lagrangian (110.821) and the Hamiltonian (19.1781) become 

r 1.2 1 2 -2 TO 2 e 12 ’' 

L = -u 2 - -u 2 v 2 + V 0 --u- + Vo 
2 2 4 u 


2 

r-, 1 9 1 9 9 T ,m , e 12 *' 

E = -u 2 - -uV - H 0 —u 2 - Vb— 2 ~- 
2 2 4 u z 

where to = —28A , Vo = — 

The Euler-Lagrange equations provide the following equations of motion: 


Vqto e‘ 


12v 

u + uv z - -—u + 2Vq —= 0 

2 ir 

2 e 12 ” 

v + -uv + 12Vo— 7- = 0. 
u u 


(10.82) 

(10.83) 

(10.84) 

(10.85) 


( 10 . 86 ) 

(10.87) 


The Noether integrals (IIP.391) . (IIP.401) and the Ermakov-Lewis invariant (110.411) in the coordinate system {u, v} 


are 


1+ = \e 2Xt E - e 2Xt uii + Xe 2Xt u 2 

A 

( 10 . 88 ) 

/_ = \e~ 2Xt E - e~ 2Xt uu + A e - 2 At u 2 . 

A 

(10.89) 

4> = u 4 v 2 + 4Voe 12v . 

(10.90) 

where A = |A. 


Using the Ermakov-Lewis Invariant (|l0.90|). the Hamiltonian (|lO.S5|) and equation (|10.86p are written: 

1.2 T/ m 2 1 <t> P 

—u — Vo— u —= E 

2 8 2 w 2 

(10.91) 

•• H 0 to <j> 

u -- —u -|— 5 - = 0 . 

4 u A 

(10.92) 

The solution of (110.921) has been given bv Pinnev 1751 and it is the following:: 


u (t) = (uie 2Xt + U 2 e~ 2Xt + 2m 3 ) 2 

(10.93) 


where ui_ 3 . From the Hamiltonian constraint (110.911) and the Noether Integrals (I10.88I) . (I10.89|) we find 


E = —2Au 3 , /+ = 2Au2 , I- = 2Aui. 

































248 


CHAPTER 10. USING NOETHER POINT SYMMETRIES TO SPECIFY F(R) GRAVITY 


Replacing (IIP.9311 in the Ermakov-Lewis Invariant (110.901) and assuming iji/Owe find: 

exp (v (t)) = 2^e~ A ^ + e~ 12A ^ 


where 


Then the solution is 


A (t) = arctan 




+ 4A 2 'lil y/j. 


a 2 ( t) = 2 (w 0 + e" 12 ^) 5 ( Ul e 2Xt + u 2 e- 2At + 2 u 3 ) 1 


where from the singularity condition x (0) = 0 we have the constrain u\ + u 2 + 2 rt 3 = 0 , or 

2E -(/+ + /_) = 0. 


(10.94) 

(10.95) 

(10.96) 

(10.97) 


At late enough time we find A (t) ~ Ao, which implies a 2 (t) oc e A4 . 

In the case where <f> = 0 equations (I10.91l) . (110.92l) describe the hyperbolic oscillator and the solution is 


u ( t ) = sinh A t , 2E = A 2 . 
From the Ermakov-Lewis Invariant we have 

A sinh At 


exp (v (f)) = 


A^i sinh At — 12^/| Vq |e —2At 


(10.98) 


(10.99) 


where rq is a constant. The analytic solution is 


(*) = 


A sinh 7 At 


Azq sinh At — 12^/|Vo|e 2At 


( 10 . 100 ) 


10.6 Noether point symmetries in spatially non-flat f(R) models 

In this section we study further the Noether point symmetries in non flat f(R) cosmological models. In the 
context of a FRW spacetime the Lagrangian of the overall dynamical problem and the Ricci scalar are 


L = 6 fad 2 + 6f"Ra 2 a + a 3 ( f'R - f) - 6 Kaf 


( 10 . 101 ) 


r = s(° + *L!JL) ( 10 . 102 ) 

\a a z ) 

where K is the spatial curvature. Note that the two dimensional metric is given by ea. (110.231) while the 
” potential” in the Lagrangian takes the form 


V K (a,R) = -a 3 (fR-f) + Kaf. 


(10.103) 
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Based on the above equations and using the theoretical formulation presented in section 110.41 we find that 
the f(R) models which admit non trivial Noether symmetries are the f(R) — (R — 2A) 3 / 2 , f(R) = R 3 ^ 2 and 
f(R) = R 2 ■ The Noether symmetries can be found in section H0.41 

In particular, inserting f(R) = (R — 2A) 3 / 2 into the Lagrangian (110.10111 and changing the variables from 
(■ a,R ) to (x,y) [see section [TO.5.3] we find 

L = xy + V o (j/ 3 + mxy ) — Ky (10.104) 

E = xy — V o ( y 3 + mxy ) + Ky (10.105) 

where I\ = 3(6 1 / 3 Ji). Therefore, the equations of motion are 

x — 3Vo y 2 — fhVox + K = 0 
y ~ rhV 0 y = 0 . 

The constant term K appearing in the first equation of motion is not expected to affect the Noether symmetries 
(or the integrals of motion). Indeed we find that the corresponding Noether symmetries coincide with those of 
the spatially flat f(R) — (R — 2A) 3 / 2 model. However, in the case of K ^ 0 (or K ^ 0) the analytic solution 
for the a;-variable is written as 

Xk{I) = x{t) + —» (10.106) 

where x(t) is the solution of the flat model K = 0 (see section 110.5.31) . Note that the solution of the y -variable 
remains unaltered. 

Similarly, for the f(R) = R 3 ^ 2 model the analytic solution is 

z K {t)=z{t) + K (10.107) 

where z ( t) is the solution of the spatially flat model (see section flQ.5.11) . 

10.7 Conclusion 

In the literature the functional forms of f{R) of the modified f(R) gravity models are mainly defined on a 
phenomenological basis. In this article we use the Noether symmetry approach to constrain these models with 
the aim to utilize the existence of non-trivial Noether symmetries as a selection criterion that can distinguish 
the f(R) models on a more fundamental level. Furthermore the resulting Noether integrals can be used to 
provide analytic solutions. 

In the context of f(R) models, the system of the modified field equations is equivalent to a two dimensional 
dynamical system moving in A'l 2 (mini superspace) under the constraint E =constant. Following the general 
methodology of chapter [TJ we require that the two dimensional system admits extra Noether point symmetries. 
This requirement fixes the / (R) function and the corresponding analytic solutions are computed. It is interesting 
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that two well known dynamical systems appear in cosmology: the anharmonic oscillator and the Ermakov- 
Pinney system. We recall that the field equations of the A—cosmology is equivalent with that of the hyperbolic 
oscillator. 
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10.A Special solutions for the power law model R n 

The case / ( R ) = R n is not Liouville integrable via Noether point symmetries. However the zero order invariant 
will be used in order to find special solutions. Inserting f(R) = R n (n ^ 0,1, |) into ea. (IIP.101) we obtain 


^a, a, R, R'j = 6 naR n 1 a 2 + 6 n (n — 1) a 2 R n 2 aR + (n — 1) a 3 R n 


and this leads to the modified field equations 


1 , 1 

a H —a aR = 0 

a 6 

n — 2 • 9 1 R 9 2- (n — 3) 9 

R + —— R 2 - 9 a 2 + -aR - - — R = 0 


R 


n — 1 a 2 


6 n [n — 1) 


(10.108) 

(10.109) 

( 10 . 110 ) 
( 10 . 111 ) 


E = 6 naR n 1 a 2 + 6n (n — 1) a 2 R n 2 aR — (n — 1) a 3 R n . 

The Noether point symmetry (110.421) is also and a Lie symmetry, hence we have the zero order invariants 

a 0 = at~ N , R 0 = Rt~ 2 . (10.112) 

Applying the zero order invariants in the field equations (110.109D - (I10. 11 ID and in the Noether integral (110.431) 
we have the following results. 

The dynamical system admits a special solution of the form 


a = a 0 r v , R = 6 N (2N - 1) t 


-2 


(10.113) 


where the constants N, E and I 7 are 


TV = - , E = 0 , h = 0 


or 


w = _ (2n—l)(n—1) E = 0 h = a 


n — 2 


or 


(?) 

Another special solution is the deSitter solution for n = 2 


N = -n , E = 
3 ’ 


(4n - 3)™ -1 (I3n - 8 n 2 - 3) a 3 0 , I 7 = 0. 


a = aoe Hot 


R = 12 m 


(10.114) 


where I 7 = 0 and the spacetime is empty i.e. E = 0. 
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Chapter 11 


Noether symmetries in f(T) gravity 

11.1 Introduction 

In this chapter we continue our analysis on the application of Noether point symmetries in alternative theories 
of gravity and specifically the / (T) modified theory of gravity. / (T) gravity it is based on the old formulation 
of Teleparallel Equivalent of General Relativity (TEGR) (17H - 1174] which instead of the torsion-less Levi-Civita 
connection uses the curvatureless Weitzenbock connection 1 175] in which the corresponding dynamical fields 
are the four linearly independent vierbeins. Therefore, all the information concerning the gravitational field is 
included in the Weitzenbock tensor. Within this framework, considering invariance under general coordinate 
transformations, global Lorentz-parity transformations, and requiring up to second order terms of the torsion 
tensor, one can write down the corresponding Lagrangian density T by using some suitable contractions. 

Furthermore / (T) gravity which is based on the fact that we allow the Lagrangian to be a function of T 
UTiMTHl . inspired by the extension of / (R) Einstein-Hilbert action. However, / (T) gravity does not coincide 
with / (R) extension, but it rather consists of a different class of modified gravity models. It is interesting 
to mention that the torsion tensor includes only products of first derivatives of the vierbeins, giving rise to 
second-order field differential equations in contrast to the / (R) gravity that provides fourth-order equations, 
which potentially may lead to some problems, for example in the well position and well formulation of the 
Cauchy problem 11791 . Moreover, as we showed in chapter [10] the Lagrangian of the field equations in f (R) 
gravity described a regular dynamical system; however, in / (T) the dynamical system is singular and the T 
variable can be seen as a Lagrange multiplier. 

In section 111.21 we discuss the role of unholonomic frames in the context of teleparallel gravity and its 
straightforward extension. In section [1 1.31 we briefly present f(T) gravity, while in section Hi. 41 we construct 
the corresponding generalized Lagrangian formulation. In section Til. 51 we analyze the main properties of the 
Noether Symmetry Approach for f(T) gravity. Then, in section [11.61 and 111.71 we apply these results in the 
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FRW and the static spherically symmetric spaces. 

11.2 Unholonomic frames and Connection Coefficient 

In an n— dimensional manifold M consider a coordinate neighborhood U with a coordinate system {x^}. At 
each point PeU we have the resulting holonomic frame {<9^}. We define in U a new frame {e a (x 11 )} which is 
related to the holonomic frame {<9 0 } as follows: 

e a (x^) = h^dfj, a,n = l, 2 ,...,n (11.1) 

where the quantities h£(x) are in general functions of the coordinates (i.e. depend on the point P ). Notice that 
Latin indexes count vectors, while Greek indexes are tensor indices. We assume that det h£ 0 which guaranties 
that the vectors (e 0 (a; M )} form a set of linearly independent vectors. We define the ’’inverse” quantities h.% by 
means of the following ’’orthogonality” relations: 

KK = 5Z,h^ = 6 c b . ( 11 . 2 ) 

The commutators of the vectors {e a } are not in general all zero. If they are, then there exists a new coordinate 
system in U, the {y b } say so that e b = i.e. the new frame is holonomic. If there are commutators 
[e a ,e b ] 7^ 0 then the new frame {e a } is called unholonomic and the vectors e a cannot be written in the form 
e b = db- The quantities which characterize an unholonomic frame are the objects of unholonomicity or Ricci 
rotation coefficients O a bc defined by the relation 

[e a ,e b \ = fl c ab e c . (11.3) 

We compute: 

[e a ,e b ] = Kd^XbdA = [KK^K ~ KK, V K\ e c 
from which follows that the Ricci rotation coefficients of the frame {e a } are: 

n a bc = 2h^ b K u K. (ii.4) 

The condition for {e a } to be a holonomic basis is O a bc = 0 at all points PeU. This is a set of linear partial 
differential equations whose solution defines all holonomic frames and all coordinate systems in U. One obvious 
solution is h b = 5 b . The set of all coordinate systems in U equipped with the operation of composition of 
transformations has the structure of an infinite dimensional Lie group which is called the Manifold Mapping 
Group. 

We consider now the special unholonomic frames which satisfy Jacobi’s identity: 


[[e a ,e b ],e c ] + [[e b ,e c ],e a ] + [[e c ,e a ],e b ] = 0. 


(11.5) 
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These frames are the generators of a Lie Algebra, therefore they have an extra role to play. Replacing the 
commutator in terms of the unholonomicity objects we find the following identity: 

^ d ab,c + >a,a + ^ca.b ~ ^ ab^tl ~ ^bc^al ~ ^ca^bl = 0- (H-6) 

Using the definition of the covariant derivative we write: 

V ei e,. = Y%e k (11.7) 

where T*- are the connection coefficients in the frame {ej}. Let us compute these T*- assuming that 

\ e ii e j] = ^.ij e k 

from which follows 

C k r)k 

.ij . jk • 

Consider three vector fields X , Y. Z and the covariant derivative of the metric wrt X. Then we have: 

Vx 5 (Y, Z) = X(g(Y, Z)) - g(X x Y, Z) - g(Y, X Y Z) (11.8) 

and by interchanging the role of A', Y, Z : 

Vy 9 (Z, X) = Y(g{Z , A)) - g(y Y Z, X) - g(Z, V Z X) (11.9) 

Xzg(X, Y) = Z(g(X, Y)) - g(X z X, Y) - g(X, X x Y). (11.10) 

Adding (111,81) . (111.91) and subtracting (111.101) we obtain: 

X x g(Y, Z) + X Y g{Z , X) - X z g(X, Y) = X(g(Y, Z)) + Y(g(Z , A)) - Z(g( A, Y)) + 

- [g(X x Y, Z) + g(X Y Z, A) - g(X z A, Y)] + 

- [g(Y, X x Z) + g(Z , VrA) - g( A, X Z Y)} 

then 

Vxg(Y,Z) + 'V Y g(Z,X)-'V z g(X,Y) = X(g(Y, Z)) + Y(g(Z,X)) - Z(g(X,Y)) + 

-[g(S7 x Y,Z) + g(Z,X Y X)] + 
-\g(X Y Z,X)-g(X,X z Y)\ + 
-[g(Y,X x Z)-g(X z X,Y)\/ 








256 CHAPTER 11. NOETHER SYMMETRIES IN F(T) GRAVITY 

that is 

X x g(Y,Z) + X Y g(Z,X)~X z g(X,Y ) = X(g(Y, Z)) + Y(g(Z, X)) - Z(g(X, Y)) + 

- \g{Z, X x Y + X Y X) + g(X, X Y Z - X Z Y) + g(Y, V X Z - V Z X)]. 

The term 

g(Z, X x Y + Vyl) = 2 g (Z, V X Y) + g (Z, X Y X - X X Y ). 

Replacing in the last relation and solving for 2 g (Z, V_yY) we find 

2 g(Z,X x Y) = [X(g(Y,Z)) + Y(g(Z,X))-Z(g(X,Y))} + 

- [V. Y $(V, Z) + X Y g{Z, X) - X z g(X, Y)] + 

- [g (Z, X Y X - X x Y) + g(X, X Y Z - X Z Y) + g(Y ., X x Z - V Z X)] 

or 

2 g{Z,X x Y) = [X(g(Y,Z)) + Y(g(Z,X))-Z(g(X,Y))\ + 

- [X x g(Y, Z) + X Y g(Z , X) - X z g(X, Y)] + 

- [g (Z, X Y X - X x Y - [Y, X}) + g(X, X Y Z - X Z Y - [Y, Z}) + g(Y, X X Z - X Z X - [X, Z})} + 

- \g (. Z , [Y, X])+g (X, [Y, Z]) + g (Y, [X, Z])]. 

Define the quantities 

T V (X,Y) = V x Y-V F X- [X,Y] 

A V (X,Y,Z) = X x g(Y, Z) 

The tensors Ty and Ay are called the torsion and the metricity of the connection V respectively. Last relation 
in terms of the fields Ty and Ay is written as follows: 

2 g{Z,X x Y) = [X(g(Y,Z)) + Y(g(Z,X))-Z(g(X,Y))] + 

- [Ay (X, Y, Z) + (Y, Z, X) - X v (Z, X, Y)] + 

- [g (Z, Ty (Y, X)) + g (X, Ty (Y, Z)) + g (Y, Ty (X, Z))] 

- [g (Z, [Y, X]) + g (X, [Y, Z\) + g (Y, [X, Z})\ . 

Let X = ei , Y = ej and Z = eu- Contracting with ^g il we have 

2 ff (Y,V. Y F)^r} fc 

[X(g{Y, Z)) + Y(g(Z, X)) - Z(g(X, Y))] {},} 

g(X,Ty(Y,Z))^Q% 


( 11 . 11 ) 
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g (Z, T V (Y, X )) + g (Y, T v (X, Z)) -»■ g i \gtjQ\i + = -S?jy 

</(*> [y,z])-»>ic" ifc 

5 (Z, [Y, X]) + g (Y, [X, Z]) = + <fc fc C*,) = -S% 

and 

(X, Y, Z ) + A v (V, Z, X) - A v (Z, X, Y) A iW 

Replacing in (111.111) we find the connection coefficients in the frame {e*} 

rj fe = } + s% + S% - l -g a A jkl + Q) k - \& jk ( 11 . 12 ) 

where is the standard Levi Civita connection coefficients (Christofell symbols). This is the most general 
expression for the connection coefficients in terms of the fields |) fc |, Tv, Xy and C* fc . 

Concerning the symmetric and antisymmetric part we have: 

= { )k} + Si jk + Si jk -\g il X jkl ( 11 . 13 ) 

= Q'jk-l&ik- ( 11 . 14 ) 

From the above we draw the following conclusions: 

1. The connection coefficients in a frame {e,} are determined from the metric, the torsion, the metricity 
and the unholonomicity objects (equivalently the commutators) of the frame vectors 

2. The symmetric part T®^ of T®. fc depends on all fields. This means that the geodesics and the autoparallels 
in a given frame depend on the geometric properties of the space (fields gij , Q l k j , 9 ij \ k) and the unholonomicity 
of the frame (field C l - k ) 

3 . The antisymmetric part F'',- fc , of T l - k depends only on the fields Q l k j and C^ k . 

4 . The objects of unholonomicity behave in the same way as the components of the torsion. This means 

that even in a Riemannian space where Q\j = 0, < 7^-1 = 0 in an unholonomic basis the antisymmetric part 

r z [jk] = ~\C l ,- k ^ 0. This result has lead to the misunderstanding that when one works in an unholonomic frame 
then one has introduced torsion, which is not correct! This is the case with the TEGR. This misunderstanding 
has important consequences because the effects one will observe in an unholonomic frame will be frame dependent 
effects and not covariant effects. Therefore all conclusions made in a specific unholonomic frame are restricted 
to that frame only. 

11.3 f(T)~ gravity 

Teleparallelism uses as dynamical objects special unholonomic frames in spacetime, called vierbeins, which are 
defined by the requirement 


gifii, ej) — ei.ej — rjij 


(11.15) 
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where rjij = diag(l, — 1, — 1, — 1) is the Lorentz metric in canonical form. Obviously g^(x) = rnjh 1 {x)h 3 v {x) 
where e l (x) = h^(x)dx l is the dual basis. Differing from GR, which uses the torsionless Levi-Civita connection, 
Teleparallelism utilizes the curvatureless Weitzenbock connection [ 175] , where Weitzenbock non-null torsion is 

Z& = - £% = /if (0„/it - d v h^) . (11.16) 

Notice that we assume that the Ricci rotation coefficients obey and encompass all the informa¬ 

tion concerning the gravitational field. The TEGR Lagrangian for the gravitational field equations (Einstein 
equations) is taken to be: 

T = S; v T^ (11.17) 

where 

S? = + 5p e e v - (11.18) 

and Kg V is the tensor 

K£ v = -^{T^ -T^ -T^), (11.19) 

which equals the difference of the Levi Civita connection in the holonomic and the unholonomic frame. 

In this work the gravitational field will be driven by a Lagrangian density which is a function of T. Therefore, 
the corresponding action of f(T) gravity reads as 

A = i6 be / d4;ce/(T) (1L20) 

where e = det^e 1 ^ ■ el) = \J~g and G is Newton’s constant. TEGR and thus General Relativity is restored 
when f(T) = T. First of all, in order to construct a realistic cosmology we have to incorporate the matter and 
radiation sectors too. Therefore, the total action is written as 

iStot = A + J d A xe (L m + L r ), (11.21) 

If matter couples to the metric in the standard form then the variation of the action (111.211) with respect to the 
vierbein leads to the equations jl80l 

e-%{eSnf(T) ~ h^ x S^f'(T) 

+S? v d ll (T)f"{T) + \Kf(T) = 4xGh?T$ (11.22) 

where a prime denotes differentiation with respect to T, Sg V and T^ is the matter energy-momentum 

tensor. 


11.4 Generalized Lagrangian formulation of f(T) gravity 

In this section, we provide a generalized Lagrangian formulation in order to construct a theory of f(T) gravity. 
Specifically, the gravitational field is driven by the Lagrangian density f(T) in (111.201) . which can be generalized 
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through the use of a Lagrange multiplier. In particular, we can write it as 


L (x\x ,k ,T) = 2f T % (® fe ) x H x' j + M ( x k ) (/ - Tf T ) 


(11.23) 


where x' = M{x k ) is the Lagrange multiplier and 7-7 is a second rank tensor which is related to the frame 
[one can use eT(x k ,x' k )] of the background spacetime. In the same lines, the Hamiltonian of the system is 
written as 

H (x k ,x ,k ,T) = 2 f T jij ( x k ) a*o'* - M ( x k ) (/ - Tfr) = 0 . (11.24) 


In this case, the system is autonomous hence d T is a Noether symmetry with corresponding Noether integral 
the Hamiltonian H. 

In this framework, considering {x k ,T} as the canonical variables of the configuration space, we can derive, 
after some algebra, the general field equations of f(T) gravity. Indeed, starting from the Lagrangian (111.231) . 
the Euler-Lagrange equations 


“=o. 


dT 


dr \dx' k ) dx k 


(11.25) 


give rise to 

/tt (V*'' - MT) = 0, (11.26) 

x in + t\ k x j, x k ' + - AT 1 = B l m . (11.27) 

It 4/ t 

The functions T* fc are considered to be the Christoffel symbols for the metric 77 . Therefore, the system 
is determined by the two independent differential equations (111.26D . dll.271) and the Hamiltonian constraint 
H = C m where H is given by equation (111.241) and C m , B l m are the components of the energy momentum 


tensor T^.. 

The point-like Lagragian (111.231) determines completely the related dynamical system in the minisuperspace 
{x k ,T}, implying that one can easily recover some well known cases of cosmological interest. In brief, these are: 


• The static spherically symmetric spacetime: 

ds 2 = -a 2 (r) dt 2 + \ dr 2 + b 2 (r) (d6 2 + sin 2 6dq9) (11.28) 

arising from the diagonal vierbein 0 

Ci ‘ = (° (T) - W(a(r 1 ),t(r)) - t(r) - i ’ (T)Si118 ) (1L29) 

where a(r) and b(r) are functions which need to be determined. Therefore, the line element of 77 and 
M ( x k ) are given by 

„ n nh 2 

ds 2 = N (2b da db + a db 2 ) , M(a,b) = (11.30) 


1 Note that, in general, one can choose a non-diagonal vierbein, giving rise to the same metric through 111.151 . 
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• The flat FRW spacetime with Cartesian coordinates: 

ds 2 = — dt 2 + a 2 (■ t ) [dx 2 + dy 2 + dz 2 ) 

arising from the vierbein 

ef = (1 ,a(t) ,a{t) ,a(t)) 

where t is the cosmic time and a(t) is the scale factor of the universe. In this case we have 

r>2 — T\/r( n \ — /t.3/ 


ds^ = 3a da 2 , M(a) = a A {t). 


The Bianchi type I spacetime: 


ds~ = — 


N 2 (a(t),/3(t)) 


arising from the vierbein 


ef = 


N (a (t),/3{t))' 


In this case, we obtain 


ds 2 = N (—4acia 2 + a 3 d/3 2 ) , M(a,/3) = 


(11.31) 

(11.32) 

(11.33) 


M ( dy 2 + dz 2 ) 

(11.34) 

, . PM \ 

i(t) = J . 

(11.35) 

a 3 (t) 

N ' 

(11.36) 


In the present work we will focus on the static spherically-symmetric metric deriving new spherically sym¬ 
metric solutions for f(T) gravity. In particular, we look for Noether symmetries in order to reveal the existence 
of analytical solutions. 


11.5 The Noether Symmetry Approach for f(T) gravity 

The aim is now to apply the Noether Symmetry Approach to a general class of f(T) gravity models where 
the corresponding Lagrangian of the field equations is given by equation (111.231) . First of all, we perform the 
analysis for arbitrary spacetimes, and then we focus on the spatially flat FRW spacetime and on the static 
spherically-symmetric spacetime. 

11.5.1 Searching for Noether point symmetries in general spacetimes 

The Noether symmetry condition for Lagrangian (111.231) is given by 

X^L + LC =g' , g = g(T,x i ). (11.37) 


Notice that the Lagrangian (111.511) is a singular Lagrangian (the Hessian vanishes), hence the jet space is 
Bm = {t, x l , T, i' -1 } and thus the first prolongation of X in the jet space Bm is 

X^=i{r,x k ,T)d T + r 1 k ( r,x k ,T)d l 

+y (r, x k , T) d T + (' r]" - £'x n ) d x n. 


(11.38) 
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For each term of the Noether condition (111.371) for the Lagrangian (111.231) we obtain 

X [1] L = 2f T g lJ ,kV k x' i x , i + (/- T/ t ) 

+2 fTT^9ijX n x' j — M/ttP 

+IfTgijX n {if T + rf k x’ k + rf T T’ 

-irX ,j - i k x'i x ,k - iTx'iT') , 

L£ = [2f T gijX H x ,j + M (x l ) (/ - Tf T )\ (£ T +£ k x' k + £ T r) , 
g' = g,r + g,kx' k + g, T T'. 

Inserting these expressions into (111.371) we find the Noether symmetry conditions 


£,fc = 0 , £,t = 0 , g,T = 0 , t 7 ,t = 0, 

4/T%?7 fc r = g,k, 


M, kV k (f - Tfr) - MTfrrg + £,tM (/ - Tfr) - g. T = 0 , 


(11.39) 

(11.40) 

( 11 . 41 ) 


2/r7ij,fe?7 fc + ZfTTgiij + IfTlijrfk - 2/T7ij?,r = o . (11.42) 

Conditions q.T = g,T = 0 imply, through equation (111.4011 . that q k T = gj- = 0. Also, equation (111.421) takes the 
form 

L v% = (t,r - (11.43) 

where L^j is the Lie derivative with respect to the vector field q l {x k ). Furthermore, from (111.431) we deduce 
that q l is a CKV of the metric 7 , with conformal factor 

24 , ( x k ) = £ t - = ir - S(t, x k ) . (11.44) 

JT 

Finally, utilizing simultaneously equations (111.411) . (111.431) . (111.441) and the condition g iT = 0, we rewrite (111.411) 
as 

Tfr 

f-Tfr 

Considering that S = S(x k ) and using the condition g^ T = 0, we acquire £ jT = 2i/j 0) V’o S K with S = 2(4>o — 4>). 
At this point, we have to deal with the following two situations: 

Case 1. In the case of S = 0, the symmetry conditions are 

L v jij = 2 ^ 0 % 

M >k q k + 2 4> 0 M = 0 


M = 0 . 


(11.45) 


M M q k + 


2ip - 


(11.46) 
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implying that the vector rf(x k ) is a homothetic Vector of the metric 7 .;j. The latter means that for arbitrary 
/ (T) ^ T n functional forms, the dynamical system could possibly admit extra (time independent) Noether 
symmetries. 

Case 2. If S' ^ 0 then equation (111.451) leads to the differential equation 

Tfr 


f-Tfr 


= C 


which has the solution 


f(T) = T n , C = 


1 — n 


In this context, rf(x k ) is a CKV of 7 y, and the symmetry conditions become 

= 2 ^ 7 ij, 

M, kV k + [2if + (1 - C) S] = 0, 

with S = 2fifo — VO- 

Collecting the above results we have the following result 
Lemma 11.5.1 The general autonomous Lagrangian 

L (x k ,x' k ,T) = 2/ r %- ( x k ) x^x'i + M ( x k ) (/ - T/ r ) 

admits extra Noether point symmetries as follows 

a) If f (T ) is an arbitrary function of T, then the symmetry vector is written as 

X = (2 ip 0 T + Cl) dr + rf ( x k ) di 

where if (cc fe ) is a HV/KV of the metric 7 ^ and the following condition holds 

M, k r) k + 2-00 M = 0. 

b) If f ( T) is a power law, i.e. f (T) = T n , then we have the extra symmetry vector 


X = (2 ip 0 r) d T + rf ( x k ) di 


2fj 0 - 2f, ( x k ) 


C 


Tdj 


(11.47) 

(11.48) 


(11.49) 


where C = rf ( x k ) is a CKV of the metric jij with conformal factor if ( x k ) and the following condition 

holds 

M tk rj k + [2ff + (1 - C) S] M = 0 

where S = 2 (ifo — rff). 

In both cases the corresponding gauge function is a constant. 

In the following we apply the above Lemma in the case of FRW cosmology and static spherical symmetric 
spacetimes. 
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11.6 Spatially flat FRW 

The FRW in the holonomic (commoving) frame { dt , dx, dy 1 dz } has the form 

ds 2 = — dt 2 + a 2 (t)(dx 2 + dy 2 + dz 2 ) 

where a(t) is the cosmological scale factor. In this spacetime we define the vierbein (unholonomic frame) {e*} 
with the requirement: 

h^(t) = diag(—1, a(t),a(t), a(t)). (11.50) 

In order to derive the cosmological equations in a FRW metric, we need to deduce a point-like Lagrangian from 
the action (111.201) . As a consequence, the infinite number of degrees of freedom of the original field theory will 
be reduced to a finite number. In this framework considering (a, T) as canonical variables the corresponding 
f{T) Lagrangian becomes: 

C = a 3 [f(T) - Tf'(T )] - 6 d 2 af\T). (11.51) 

Therefore the field equations are 


T = -6 


= -6 H z 


12 H 2 f'(T) + f(T) = 16t tG P 
48 H 2 f"(T)H - f 2 +4 H-f(T) = 16nGp 


(11.52) 

(11.53) 

(11.54) 


where H is the Hubble parameter, p = p m + p r and p = p m + p r are the total energy density and (isotropic) 
pressure respectively, which are measured in the unholonomic frame. It is interesting to mention that using the 
conservation equation p + 3 H(p + p) = 0 one can rewrite equations (111.531) and (111.541) in the usual form 

8t tG. 


H 2 = 


-{p + Pt) 


2H + 3H 2 = -- 


8t tG 


(P + Pt ) 


where 


1 


p T = 


Pt = 

1 

167tG 


■[2Tf(T) — f(T) — T] 


167tG 

[2H(4T f"(T) + 2f'(T) — 1)] — p T - 


(11.55) 

(11.56) 

(11.57) 

(11.58) 


are the unholonomicity contributions to the energy density and pressure. Finally, a basic question here is the 
following: under which circumstances f(T) gravity can resemble that of the scalar field dark energy? In order 
to address this crucial question we need to calculate the effective equation-of-state parameter w(a) for the f(T) 
cosmology. Indeed, utilizing equations (111.571) and (111.581) . we can easily obtain the effective unholonomicity 
equation of state as 


_ Pt . 
ojt = — = —1 
PT 


4H(4Tf"(T) + 2 f(T) - 1) 
4 Tf'(T) - 2f(T) - T 


(11.59) 
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11.6.1 Noether symmetries 

From Lemma H 1.5.1 1 for the Lagrangian (111.5111 we find that for 


• For arbitrary / (T) the Lagrangian (111.511) admits only the Noether symmetry d t 


For / (T) = foT n where /o is the integration constant we have the following extra Noether symmetries: 
- For n / i | the Noether point symmetry vector is 


Xi — — -t'jdt+^Ca + c 3 a 1 2 n ^5 a + 

'1 /, . 3 C 

+ - (c - m) n + 3c 3 a 2 " + --- + 1 

n V / 2n — 1 


Td T 


with corresponding Noether integral 

h = 


( 2 ^ - 1 *) ^ ~ 12 ^° n ( Ca 2 + C 3 a2 23n ) 


where C = ro(1 ~ 3 n)+wc . 

- For n = |. the Noether point symmetry is 


A ' 2 = - (3c — 2 to) f(9 t + 

5 


/ c m\ 
V 2 ~~ " 6 / 


a + C 4 


(to + 11 c)-^ 4 — ( 8 c — 2 to) 

a 5 


5 a - 

T5 t 


with corresponding Noether integral 

1 


I 2 = 


(3c — 2 to) tTL — I 8/0 ^ a 2 + C 4 a 


T 2 a 


- For n = the Noether point symmetry becomes 


(11.60) 


X, = 


citd t + ( 


—2ci + c 3 a' 4 ) d a + ( 4ci + c 2 + ^-o « ) T5 t 


with Noether integral 


I 3 = 


C\1TL — Ufa (^—2c\a + c^a 4 ^ T 2 a. 


We would like to stress that our results are in agreement with those of 114? ; but they are richer because 
we have considered the term fd t in the generator which is not done in |147| , To this end it becomes evident 
that / (T) = foT n is the only form that admits extra Noether point symmetries implying the existence of exact 
analytical solutions. 
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11.6.2 Exact cosmological solutions 


In this section we proceed in an attempt to analytically solve the basic cosmological equations of the / (T) = 
foT n gravity model. In particular from the Lagrangian (111.511) we obtain the main field equation 




/".~ 1 t'T-S 

T ~ i a ~T~ = ' 


Also differentiating equation (111.521) we find 



(11.61) 


(11.62) 


Finally, inserting / (T) = foT n , H = a/a, equation (111.521) and eauation (111.62D into eauation dl 1.611) we derive 
after some algebra that 


(2 n 


1) 


a 2 (2 n — 3) 
2 a n 


= 0 


(11.63) 


a solution of which is 

a(t) = a 0 t 2n/3 H(t) = ^ 


(11.64) 


or 


H = H 0 a~ 3/2n = H 0 (1 + z) 3/2n 


(11.65) 


where n € — {^}, a[z ) = (1 + z)~ l and H 0 is the Hubble parameter. We note that the above analytic 

solution confirms that of [ 447i . 

From eauation dl 1.641) it is evident that this cosmological models have no inflection point (that is the deceler¬ 
ation parameter does not change sign). Therefore, the main drawback of the /(T) = foT n gravity model is that 
the deceleration parameter preserves sign, and therefore the universe always accelerates or always decelerates 
depending on the value of n. Indeed, if we consider n = 1 (TEGR) then the above solution boils down to the 
Einstein de Sitter model as it should. On the other hand, the accelerated expansion of the universe (q < 0) is 
recovered for n > ^. The latter means that even if we admit n > | as a mere phenomenological possibility, we 
would be also admitting that the universe has been accelerating forever, which is of course difficult to accept. 


11.6.3 Cosmological analogue to other models 

In this section (assuming flatness) we present the cosmological equivalence at the background level between 
the current f(T) gravity with f(R) modified gravity and dark energy, through a specific reconstruction of 
the f(R) and vacuum energy density namely, f(R) = R n and A (H) = 3y H 2 . In particular, in the case of 
f{R) = R n it has been found (see chapter [Toll that the corresponding scale factor obeys equation (111.641) . where 

2 The Lagrangian here is Cr = QnaR 71-1 a? + 6n(n — 1 )a 2 R n ~ 2 aR + (n — 1 )a 3 R n , where R is the Ricci scalar. For n = 1 the 
solution of the Euler-Lagrange equations is the Einstein de-Sitter model [a(t) oc £ 2 / 3 ] as it should. Note, that for n = 2 one can 

find a de-Sitter solution [a(t) oc e Hot , see chapter 1101 . 
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On the other hand, considering a spatially flat FRW metric and in the context of GR the combination of 
the Friedmann equations with the total (matter+vacuum) energy conservation in the matter dominated era, 
provides (for more details see [18311184] 1 

3 9 A 

H+-H 2 = -. (11.66) 

Solving equation (111.661) for A (H) = 3q H 2 (see [18514187] ) we end up with 

H = H 0 a“ 3(1 “ 7)/2 = H 0 ( 1 + z) 3(1_7)/2 . (11.67) 

Now, comparing equations (111.651) . (111.671) and connecting the above coefficients as n _1 = 1 — 7, we find that 
the f(T) = foT n and the flat A (H) = 3q H 2 models can be viewed as equivalent cosmologies as far as the 
Hubble expansion is concerned, despite the fact that the time varying vacuum model is inside GR. However, 
when the A (H) = 3~/H 2 cosmological model is confronted with the current observations it provides a poor 
fit [18311184] . Because the current time varying vacuum model shares exactly the same Hubble parameter with 
the f{T) = foT n gravity model, it follows that the latter is also under observational pressure when compared 
against the background cosmological data. The same observational situation holds also for the f(R) = R n 
modified gravity. 

11.7 Static spherically symmetric spacetimes 

We apply now the results of the general Noether analysis of the previous subsection, to the specific case of 
static spherically-symmetric geometry given by the metric (111.281) . that is the vierbein (111.291) . Armed with 
the general expressions provided above, we can deduce the Noether algebra of the metric (111.281) . 

In this metric the Lagrangian (111.231) and the Hamiltonian (111.241) become 

L = 2 f T N (2 ba'b' + ab' 2 ) + M(a, b) (/ - f T T) (11.68) 

H = 2 f T N (2 ba'b' + ab' 2 ) - M{a, b) (/ - f T T) = 0 (11.69) 

where M(a,b) is given by (111.301) . As one can immediately deduce, TEGR and thus General Relativity is 
restored when f(T) = T, while if IV = 1, r = r and ab = 1 we fully recover the standard Schwarzschild solution. 

Applying Lemma 1 11.5. II in the case of static spherically-symmetric geometry, we determine all the functional 
forms of f(T) for which the above dynamical system admits Noether point symmetries beyond the trivial one 
d T . We summarize the results in Tables Hi. II 111.21 and 111731 Furthermore, we can use the obtained Noether 
integrals in order to classify the analytic solutions for each case. 

In the case of / (T) = T n we have the additional extra Noether symmetries of Table HTTT1 

11.7.1 Exact Solutions 

Using the Noether symmetries and the corresponding integral of motions obtained in the previous section, we 
can extract all the static spherically-symmetric solutions of f(T) gravity. Without loss of generality, we choose 
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Table 11.1: Noether Symmetries and Noether Integrals for arbitary f(T) 


N (a, b) 

Noether Symmetry 

Noether Integral 

( a 2 b ) 

Xl = ~2V* da + W db 

h = (2 ba' + aV) St 

N 2 {by/a) 

X 2 = -2 ad a + bdb 

h = N 2 {by/a) {b 2 a' — abb') fr 

aN 3 (b) 

= 

I 3 = N 3 {b)b'f T 


Table 11.2: Extra Noether Symmetries and Noether Integrals for f(T) = T n 


N {a, b) 

Noether Symmetry^. 


Noether Integral 

arbitrary 

X 4 = 2 / 0 t + ^ad a + ^ 

2 ^Td T 

I4 = 2ipon f/2/ abN (a, b) T n ~ 1 b' 

arbitrary 

X b = -2 ad a + bd b - ^ Td T 


h = nN (a, b) T”" 1 {b 2 a' - abb') 

arbitrary 

X 6 = -% b 40 da + b ^^d b 

- Td r 

h = f N{a,b)T n ~ 1 (2 b^a' +ab~^f L b^ 

arbitrary 

X 7 = a-Zcb-^da - Td r 


I 7 = N {a,b)na~^b- 1 ^-T n - 1 b' 


Table 11.3: Extra Noether Symmetries and Noether Integrals for f{T) = T? 

N (a, b) 

Noether Symmetry 

Noether Integral 

arbitrary 

X 4 = 2/ 0 t + 3 ^° a In ( a 2 b) d a + 2 *“ 2 *T<9 t 

I 4 = {a, B) T~?ab In (a 2 b) b 1 

arbitrary 

X 5 = bd b - P/Tdr 

h = \N (a, b) T-3 ( b 2 a! + abb') 

arbitrary 

X 6 = -a In ( ab) d a + b In bd b - ^pTd T 

I 2 = (a, B) T~ib {b In b a' — a In a b') 

arbitrary 

X 7 = ad a - P/Tdr 

h = \N{a,b)T-?ab b’ 
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the conformal factor N(a,b ) as N(a,b) = ab 2 [or equivalentfyQ M(a,b) = 1], In order to simplify the current 
dynamical problem, we consider the coordinate transformation 


b = (3y ) 3 o = 


' 2 x 

(3 y) 1 


(11.70) 


Substituting the above variables into the field equations (111.261) . (111.271) . (111.691) we immediately obtain 


// . ITT l r ..l n 

x H —-—x 1 = 0 

JT 

y" + y' T ' = 0 

JT 

H = Afrx'y' - (/ - Tf T ) 

while the torsion scalar is given by 

T = Ax'y' . 

Finally, the generalized Lagrangian (111.231) acquires the simple form 

L = Af T x'y' + (/ - Tf r ) . 


(11.71) 

(11.72) 

(11.73) 

(11.74) 

(11.75) 


Since the analysis of the previous subsection revealed two classes of Noether symmetries, namely for arbitrary 
/(T), and f(T) = T n , in the following subsections we investigate them separately. 


Arbitrary f(T) 

In the case where f(T) is arbitrary, a special solution of the system (111.71l) - (111.74l) is 


x(t) = cir + c 2 (11.76) 

y(r) = c 3 r + c 4 (11.77) 


and the Hamiltonian constraint (H = 0) reads 

4ClC3 drl T=4ciC3 _ ^ + T ^I't=4cic 3 = 0 (11.78) 

where T = 4cic 3 , and ci_ 4 are integration constants. Utilizing (111.701) . (111.761) and (111.771) . we get 


b (r) =33 (c 3 t + c 4 ) 3 

\/6 1 1 

a (t) = — (c\T + C 4 ) 2 {C 3 T + a) e . (11.79) 

3 3 


For convenience, we can change variables from b (r) to r according to the transformation b (r) = r, where r 
denotes the radial variable. Inserting this into the above equations, we conclude that the spacetime (111.281) in 

4 Since the space is empty, the field equations are conformally invariant, therefore the resutls are similar for an arbitrary function 
N(a, b) (see chapter [9]l 
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the coordinates ( t , r, 6 , (/>) can be written as 


ds 2 = —A (r ) dt 2 + 


1 1 

4 A (r) 


dr 2 + r 2 (dO 2 + sin 2 Odcj) 2 ) , 


with 


and 


A(r) = 


2 ci 

3c 3 


2 A T-*. 


= A a (1 - -)J?(r), 
c 3 r r 


i?(r) = 


r* 


+ — + 1 . 
r* 

1/3 


(11.80) 


(11.81) 


(11.82) 


( gcic 2 S ±/o 

j and r* = (-^-) 1//3 = (^~) 1//2 is a characteristic 

radius with the restriction c^Ci > 0 . 

We observe that if we select the constant c 3 = 1 then we retain the Schwarzschild-like metric. On the 
other hand, the function R(r) can be viewed as a distortion factor which quantifies the smooth deviation from 
the pure Scliwarzschild solution. Thus, the f(T) gravity on small spherical scales (r — > r+) tends to create a 
Schwarzschild solution. In particular, the f(T) spherical solution admits singularity only at r = r*, which is 
also the case with the usual Schwarzschild solution. 

Within this framework, for commoving observers, u l Ui = A 2 (r), it is easy to show that the Einstein’s tensor 
becomes 

G] = diag ( 2 cic 3 -y, 2 cic 3 - 5 -, 2 cic 3 , 2 cic 3 I . 


(11.83) 

(11.84) 

(11.85) 

( 11 . 86 ) 

(11.87) 

( 11 . 88 ) 


r r 

Therefore, from the 1+3 decomposition of Gywe define the fluid physical parameters 


Pt = 


PT — Q^ijGij — 2ciC 3 ^^2 


( U l Ui ) 13 

q l = h ij G jk U k = 0 

_ (j) _ TT r _ 1 

^ ~ _ T = 3^2 


GijU l v? = 2cic 3 -ir 


where 


Try = (Kh* - -hijh rs )G r 


is the anisotropic stress tensor and /iy is the u l projection tensor defined by 


hij = g ZJ - 


1 


y«i) 


Furthermore the fluid is also anisotropic ( 7 ry ^ 0 ) but not heat conducting (q l = 0). 

In order to apply the above considerations for specific f(T) forms, we consider the following viable /(T) 
models, motivated by cosmologjjfl 


5 The f(T) models of Refs. I188II189I are consistent with the cosmological data. 
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• Exponential f(T) gravity |l'S'9j : 

/(T) = T + / 0 e- /lT , 

where fo and fi are the two model parameters which are connected via (111.7811 

fo = o f 4Cl ° 3 exp (4/iCiC 3 ). 

8/1C1C3 + 1 

• A sum of two different power law f(T) gravity: 


f(T) =T m + f 0 T” 


where from (111. 7811 we have 


fo = 4——r ( 4c i c 3) r 


2 n — 1 

Note that in the case of m = 1 we recover the f(T) model by Bengochea & Ferraro |188l . 


f(T) = T n 

In the f(T) = T n case, the field equations (111.261) . (111.271) . (111.691) and the torsion scalar (111.741) give rise to 
the following dynamical system: 


T = 4 x'y', 

(11.89) 

AnT n ~ l x'y' - (1 - n) T n = 0, 

(11.90) 

x" + {n-T)x , T~ 1 T' = 0, 

(11.91) 

y" + ( n ~ 1) y'T~ 1 T' = 0 . 

(11.92) 


It is easy to show that combining equation (111.891) with the Hamiltonian (111.901) , we can impose constraints on 
the value of n, namely n = 1/2. Under this condition, solving the system of equations (111.911) and (111.921) we 
arrive at the solutions 

x{t) = a ^ + c a (11.93) 

y(r) = ^ (11.94) 

where c a is the integration constant. Now using (111.701) we derive a,fo as 


6(r) 

a(r) 


1 2 [ct 3 (t) + 3c ct ] 


3ct(t) 


(11.95) 

(11.96) 


Using the coordinate transformation er(r) = r, which implies r = F(r ) [with F(ct(t)) = r], and using simulta¬ 
neously (111.951) . the spherical metric (111.281) can be written as 


ds 2 = —A(r)dt 2 + B(r)dr 2 + r 2 (dd + sin 2 9d(f > 2 ) 


(11.97) 
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where 


and 


,, . 2 2 2c 

A {r) = o r + — 

6 r 


B(r) = 


F 2 


A(r)r 4 


(11.98) 


(11.99) 


2fr 3 +3c ) 

Furthermore, considering the connnoving observers (vluij = —-— 3r " , we can write the Einstein tensor 
components as 


r<t — _ _ 

* 3F 3 L 

2r^__± 
Fl r 2 


4 rF,rr (r 3 + 3c CT ) - 2 F, r (7r 3 + 12c CT ) + —F 3 


1 r 


Gg = = [rF rr (4r 3 + 3c CT )-F r (l4r 3 + 6 c CT )] 

where F r = dF/dr and F rr = d 2 F/dr 2 . 

Similarly, based on the equalities (111. 8311 - (111.8711 . we compute the following fluid parameters 


4 r 2 F rr (1 


Pt = 


F 3 

I 7 " 


:'c + c CT - 


2r / 7 


F 2 \ 3 


r 3 - 4c CT + 


2 r 2 F rr ( 4 


Pt = ~ 


3 F 3 \3 
2 r 3 F rr (4 


r 3 + c. 


2 r /17 


3 F 2 V 3 


r + c ff - 


3 F 2 V 3 

2 1 


■r 3 + 2c CT - 


3 F 2 \ 3 


r 3 + 2 c ct 1 - 


1 

3r 2 

2 


3r 2 


n e ~ ' k 4 > ~ ^ r 


( 11 . 100 ) 

( 11 . 101 ) 


q i = 0 


11.8 Conclusion 

In this chapter we studied the Noether symmetries of / (T) gravity. We proved that for some diagonal frames 
the Lagrangian of the field equations admits Noether symmetries for arbitrary / (T) function. However, in the 
case of power law / (T), i.e. / ( T) = T n it is possible the Lagrangian to admits extra Noether symmetries. We 
applied this results in order to classify the Noether symmetries of the field equations in a spatially flat FRW 
spacetime and in a static spherical symmetric spacetime. For each background spacetime we found analytical 
solutions of the field equations. 
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Chapter 12 


Discussion 


12.1 Discussion 

In this thesis we study the Lie point symmetries and the Noether point symmetries of second order differential 
equations usinng a geometric approach and we apply the results to systems which are relevant to relativistic 
physics. 

In particular, we have studied the point symmetries of the equations of motion of dynamical systems in a 
Riemannian space with Lagrangian 

L (x\x k ) = i g i jX l x 3 - V ( x k ) (12.1) 

where Qij = gij (a; fe ) is the metric of the space and we proved that the Lie point symmetries of the Euler- 
Lagrange equations, i.e. E l ( L ) = 0, of Lagrangian (112.11) are generated from the elements of the special 
Projective algebra of the Riemannian manifold with metric g t j whereas the Noether point symmetries are 
generated from the homothetic algebra of the space with metric g t j . Therefore we have transfer the problem of 
determination of the Lie/Noether symmetries of differential equations to the determination of the collineations 
of the underlying manifold; hence, we are able to use the plethora of existing results of differential geometry. 

We have applied this geometric approach in many directions. In particular, we have classified the Lie and 
the Noether symmetries of the geodesic Lagrangian for some important spacetimes, such as the FRW spacetime, 
the Godel space, the Taub space and the 1+3 decomposable spacetimes. Moreover we proved that for Einstein 
spaces the point symmetries of the geodesic equations are generated from the elements of the Killing algebra of 
the metric. 

Furthermore we have determined all the two and the three dimensional Newtonian systems which admit Lie 
and Noether point symmetries. We note that, due to the geometric derivation and the tabular presentation, the 
results can be extended easily to higher dimensional flat spaces. We applied these results in the study of the 
symmetries of the Henon - Heiles potential and of the Kepler-Ermakov potential in a two dimensional space. 


273 




274 


CHAPTER 12. DISCUSSION 


Moreover, we determined the potentials which admit Noether symmetries in a two dimensional sphere S 2 . 

We proved that a dynamical system admits as Lie symmetries the si (2, R ) Lie algebra if and only if the 
underlying manifold admits a gradient Homothetic vector. The Newtonian system which is invariant under 
the Lie group si (2 ,R) is the well known Kepler-Ermakov system. Therefore, the requirement for a dynamical 
system with Lagrangian of the form of (112.11) to admit as Lie and Noether symmetries the generators of the 
si (2, R) Lie algebra leads us to the generalization of the Newotian Kepler-Ermakov system in a Riemannian 
manifold; that is, we found that the general autonomous Kepler-Ermakov system follows from the Lagrangian 

L (t i, ii, y A , y A ) = i (u 2 + ii 2 h A By A y B ) + y« 2 + -^V ( y c ) (12.2) 

In additionally, we studied the Liouville integrability of the three dimensional Newtonian Kepler-Ermakov 
via Noether point symmetries and we investigated the application of Lagrangian (112.21) in dynamical systems 
emerging from alternative theories of gravity. In particular we showed that the field equations in a Bianchi I 

7 

spacetime for an exponential scalar field and for / (R) gravity when / (R) = (R — 2A) 8 follow from Lagrangians 
of the form of (112.21) and for these models we proved that the field equations are Liouville integrable. 
Concerning the second order partial differential equations we considered equations of the generic form 

A y ( x k ) Uij — x k , u)ui — f(x k , u) = 0 (12.3) 

and we proved a theorem which relates the Lie pont symmetries of equation (112.31) with the elements of the 
Conformal Killing vectors of the second order tensor Ay (x fc ) (considered to be a metric). We have applied 
this result in order to study the Lie point symmetries of the Heat equation and the Poisson equation. It has 
been shown that the Lie symmetries of the Heat equation follow from the Killing and the homothetic algebras 
of Aij ( x k ) , whereas the Lie symmetries of the Poisson equation follow from the Killing, the homothetic and 
the conformal algebras of Ay (x fc ) . In each case we have determoned the form of the Lie symmetry vectors. 
Furthermore, we have determined the Lie symmetries of the Schrodinger equation 

A u — u it = V (x fc ) u (12-4) 

and the Klein Gordon equation 

Art = V(x k ) u (12.5) 

in a general Riemannian space. It has been shown that these symmetries are related to the Noether symmetries 
of the classical Lagrangian for which the metric gij is the kinematic metric. More precisely, for the Schrodinger 
equation (112.41) it has been shown that if a KV or a HV of the metric (jij produces a Lie symmetry for the 
Schrodinger equation, then it produces a Noether symmetry for the Classical Lagrangian in the space with metric 
gij and potential V{x k ). For the Klein Gordon equation (112.51) the situation is different; the Lie symmetries of 
the Klein Gordon are generated by the elements of the conformal group of the metric g l3 . The KVs and the HV 
of this group produce a Noether symmetry of the classical Lagrangian with a constant gauge function. However 














12.1. DISCUSSION 


275 


the proper CKVs produce a Noether symmetry for the conformal Lagrangian if there exists a conformal factor 
N ( x k ) such that the CKV becomes a KV/HV of g,j. 

We have applied these results to three cases of practical interest: the motion in a central potential, the 
classification of all potentials in two and three dimensional Euclidian spaces for which the Schrodinger equation 
and the Klein Gordon equation admit a Lie symmetry and finally we have considered the Lie symmetries of 
the Klein Gordon equation in the static, spherically symmetric empty spacetime. In the last case, we have 
demonstrated the role of the Lie symmetries and that of the conformal Lagrangians in the determination of 
the closed form solution of Einstein equations. Furthermore, we investigated the Lie point symmetries of the 
null Hamilton Jacobi equation and we proved that if a CKV generates a point symmetry for the Klein Gordon 
equation, then it also generates a point symmetry for the null Hamilton Jacobi equation. 

We also studied the problem of Type II hidden symmetries of second order partial differential equations in n 
dimensional Riemannian spaces from a geometric of view. We have considered the reduction of the Laplace and 
of the homogeneous heat equation and the consequent possibility of existence of Type II hidden symmetries in 
some general classes of spaces which admit some kind of symmetry; hence, they admit nontrivial Lie symmetries. 

The Type II hidden symmetries of Laplace equation are directly related to the transition of the CKVs from 
the space where the original equation is defined to the space where the reduced equation resides. In this sense, 
we related the Lie symmetries of PDEs with the basic collineations of the metric i.e. the CKVs. 

Concerning the Type II hidden symmetries of the homogeneous heat equation we considered the problem 
in the spaces which admit a gradient KV or a gradient HV and finally spacetime which admits a HV which 
acts simply and transitively. For the reduction of the homogeneous heat equation and the existence of Type II 
hidden symmetries, we found the following general geometric results: (a) If we reduce the homogeneous heat 
equation via the symmetries which are generated by a gradient KV (S' 1 ) the reduced equation is a heat equation 
in the nondecomposable space. In this case we have the Type II hidden symmetry dt — ^wd w provided if we 
reduce the heat equation with the symmetry tS' 1 — ^ Sud u . (b) If we reduce the homogeneous heat equation 
via the symmetries which are generated by a gradient HV the reduced equation is Laplace equation for an 
appropriate metric. In this case the Type II hidden symmetries are generated from the proper CKVs and (c) 
in Petrov type III spacetime, the reduction of the homogeneous heat equation via the symmetry generated 
from the nongradient HV gives PDE that inherit the Lie symmetries, hence no Type II hidden symmetries are 
admitted. 

Finally, we applied the point symmetries and especially the Noether point symmetries in modified theories 
of gravity in order to probe the nature of dark energy. We used the Noether symmetries as a geometric criterion 
or ’’selection rule” in order to select the scalar field potential in scalar-tensor theories, and the functions / ( R ) 
and / (T) in the corresponding alternative theories of gravity. 

In the context of scalar-tensor cosmology we have found that to every non-minimally coupled scalar field, 
we can associate a unique minimally coupled scalar field in a conformally related space with an appropriate 
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potential. This result can be used in order to study the dynamical properties of the various cosmological 
models, since the field equations of a non-minimally coupled scalar field are the same, at the conformal level, 
with the field equations of the minimally coupled scalar field. Furthermore, we have identified the Noether point 
symmetries and the analytic solutions of the equations of motion in the context of a minimally coupled and a 
non minimally coupled scalar field in a FRW spacetime and we have classified the Noether point symmetries 
of the Held equations in Bianchi class A models with a minimally coupled scalar field. We find that there 
is a rather large class of hyperbolic and exponential potentials which admit extra (beyond the dt) Noether 
symmetries which lead to integral of motions. For these potentials we used the corresponding Noether integrals 
in order to solve analytically the field equations and find the functional form of the scalar factor. 

Concerning the / (i?) models we applied the Noether point symmetries with the aim to utilize the existence 
of non-trivial Noether symmetries as a selection criterion that can distinguish the f(R) models on a more 
fundamental level. We proved that in a spatially flat FRW background the / (i?) theories which admit Noether 

7 7 3 3 

point symmetries are the R n , R «, (R — 2A) 8 , i ?2 and (R— 2A) 2 . The last two functional forms of the 
f (R) function admit Noether point symmetries also in the case of a non spatially flat FRW background. It is 
interesting to note that the ^ models are equivalent with the Newtonian Kepler-Ermakov system whereas the | 
models are equivalent with the anisotropic hyperbolic oscillator. For these functional forms we use the Noether 
integrals in order to find exact solutions of the modified field equations. 

Furthermore, in f (T) gravity we have proved a Lemma that for diagonal frames the only functional form of 
/ (T) which admits extra Noether symmetries is the / (T) = T n . We applied this functional form in a spatially 
flat FRW background and we determined the analytic solution of the field equations for each case. Finally, 
we studied the field equations for the / (T) = T n model in a static spherically symmetric spacetime and we 
determined a family of analytic solutions. 

The geometric approach is a new method for studying the symmetries of differential equations and has shown 
that gives directly results by using only the results (usually existing) of differential geometry without the need to 
use of a computer library in order to determine the Lie or the Noether point symmetries. This approach implies 
a better understanding of the nature of symmetries and of the conservation laws and can be used in order to 
find analogues of classical Newtonian systems in relativistic physics. It is of interest that this method would 
be extendented in other classes of differential equations and in other transformations which are not necessary 
point transformations. Concerning the applications in Cosmology, it is of interest the classification of modified 
theories of gravity with geometric selection rules. In this thesis we studied some of the basic modified theories 
of gravity; however there are other more such theories which could be studied further either by means of point 
symmetries or by some new geometric criteria. 
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